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CHAPTER I. 


NATURE Of THE PROBLEM. PRELIMINARY 
CONSIDEPATIONS. 


1. Integration is a reversal of the operation of Differen¬ 
tiation, the linding of a function of x when tlie differential 
coefficient is known, the differential coefficient of 

say, is {2x+x^)e^'. We require a metliod of retracing our 
steps, and having given the expression (2a:+a;^)c“’, we aim at 
the formulation of a method of arriving at the original function 
irV'. The result of integrating a function of x is called the 
integral of the function. 


2. In the language of the early writers on the subject, a 
differential coefficient was called a ‘'ffuxion.'’ The original 
expression regarded as derived from the differential coefficient 
was called the fluent.'' 

Thus, in Kinetics, if 8 be the space described by a particle 
moving with a uniform acceleration / in time t, and with initial 
velocity u, s — + and the velocity at any time is given 

by v — u+ft We obtain, by differentiating these expressions. 


dv 


ds 

di 




So /is the differential coefficient (or “fluxion''') of v with 
regard to t, 

u+ft is the differential coefficient (or “fluxion") of s 
with regard to t. 

Regarding n+ft and f as the original quantities, their integrals 
with regard to t (i.e. their “fluents") are respectively + 
ix. 8, and ft+n, i.e. u 

E.I.C, 


A 
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Jj. Jt will be noted that, as a constant ({uantity has no 
“rate of vai'iation,’’ all unattached constants, i.e. constants 
which do not multiply variables, as for instance n in the 
formula v = disappear on differentiation. We may 

therefore expect constants to reappear upon integration. 

Thus it appears that the differential coefficient with regard 
to time (or “fluxion”) of a lengtli, or distaiicc, is a velocity or 
rate ot change of the length. Tlie integral with regard to time 
(or “fluent”) of a velocity is a length. In other words, the 
problem of the Differential Calculus is, given any quantity 
wliicli is changing its value continuously, to And the rate of 
that chang(‘,; whilst the problem to be attacked in the Integral 
('alculus is the converse, viz., given the rate of change, to And 
what the nature of the varying quantity must be. 

4. The general character of integration is necessarily tentative. 
Newton remarked in his Method of Fluxions^ “ It may not be amiss to 
take notice, that in the Science of Computation all the Operations are 
of two kinds, either (/ompositive or Resolutative. The Compositive or 
>Synthetic Operations proceed necessarily and directly, in computing 
their several quaesita^ and not tentatively or by wa^^ of tryal. Such 
are Addition, Multiplication, Raising of Powers, and taking of Fluxions, 
But the Resolutative or Analytical Operations, as Subtraction, Division, 
Extraction of Roots, and finding of Fluents, are forced to proceed 
indirectly and tentatively, by long deduction, to arrive £it their several 
quaesita ; and suppose or require the contrary Synthetic Operations, to 
prove and compare every step of the process. The Compositive 0])era- 
tions, always when the data are finite and terminated, and often wlieii 
they are interminate or infinite, will produce finite conclusions ; whereas, 
very often in the Resolutative Operations, tho’ the data, are in finite 
Terms, yet the quaesita cannot be obtain’d without an infinite Series 
of Terms.” 

5. We have illustrated the object of integration from the 
fundamental equations of motion of a particle moving with 
a constant acceleration and with a given initial velocity. 
This is sufficient for the present. But it will be seen later 
that the reversal of the operation of differentiation will also 
enable us to calculate with precision the areas bounded by 
curved lines, the lengths of such curved lines, the volumes 
contained by curved surfaces, the areas of such surfaces and 
many otlier quantities wliich it is necessary to find in both 
Pure and Applied Mathematica 
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6. B(ifor(i embarking upon the general problem of the 
reversal of a ditferential operation, it will be instructive to 
the student to consider how such a reversal could be used 
in such a problem as the discovery of the area of a space 
bounded by curved lines. 

The plan adopted for this purpose is to imagine the area 
divided into a very large number of very small elements 
according to some fixed principle of division. We have then 
to devise some method of obtaining the limit of the sum of 
all these elements when each is ultimately infinitesimally 
small, and at the same time their number is indefinitely 
increased. And when once such a method of summation is 
discovered it will be found to be applicable also to many 
other problems, such as those already mentioned of finding 
the lengths of specified portions of curves, volumes ])ounded 
by specific surfaces, the positions of centroids, etc. 

7. In some elementary cases it will be found that the 
re(juisite summation can be performed by ordinary algebraical 
or trigonometrical means. But such processes will be 
generally tedious and almost always inadequate to the treat¬ 
ment of any but the simplest examples. 

A fundamental theorem will, however, be established show¬ 
ing how this summation depends upon the reversal of a 
(Ufferentiation. We shall therefore, after a few illustrations, 
confine our attention for several chapters mainly to the purely 
analytical problem of reversing the fundamental opei’atiou 
of the Differential Calculus, with the end explained in view. 
And when the student is well equipped with this powerful 
weapon we shall proceed to discuss more fully the uses to 
which the process may be applied. 

8. To avoid constant repetition, we may state that through¬ 
out the book all coordinate axes will be supposed rectangular, 
all angles will be supposed measured in circular measure, all 
logarithms will be supposed Napierian except where otherwise 
expressly stated, and for the present all variables will be 
supposed real and all functions will be considered continuous 
functions of a real variable. 
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9. NEWTOK^s Second Lemma. 

In the First St^ction of the Priyiclpia (Lemma II.), Newton 
enunciates and jjroves the following ’^riieorem : * 

If hi (uiy figure Aah..,kL hounded by the straight lines 
A a, AL and the curve aba ... IcL any number of parallelo- 
gvaims Ah, Be, Cd, etc., be inscribed upon equal bases AB, BO, 
CJ), etc., and having sides Bb, Ce, Dd, etc., parallel to the side 
Aa of the figure, a.nd the parallelograms aPhp, bQcq, cKdr, etc., 
J>e Goinpleted; then, if the breadth of these pamllelograms he 
diminished and the number increased indefinitely, the 
ultimate ratios which the inscribed figure APhQcKdB ...kK, 
the circavniscrihedfigure Aaphqcrd ... ykzL and the curvilinear 
figure Aahcde ...kL have to one another are ratios of equality. 



To prove this statement it may be observed tliat the differ¬ 
ence of the sums of the inscribed and circumscribed i*ectilineal 
figure>s is tlie sum of tlie parallelograms Pp, Qq, Ur, Kz ; and 
as the bases Pb, Qc, , KL of these parallelogi'ams arc all equal 
and their aggregate altitude is the sum of their individual 
altitudes, the sum of these parallelograms is equal to the 
parallelogram Ap. And in the limit, when the bases AB 
BG, ..., are diminished indefinitely, the area of this parallelo¬ 
gram which has a finite altitude and indefinitely small breadth 
becomes less than anything conceivable, however small. 
Hence the inscribed and circumscribed figures, and therefore 
also the curvilinear figure whose area is intermediate between 
the areas of these figures, in the limit become ultimately equal 

*8ee Frost’s Newton'» Principia, pages 17, 18. 
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10. Newton dev<jtes the next Leninia (III.) to proving tliat 
“t)i(3 Hiinic ultiniiitfi ratios are also ratios of e(|Ufi]ity wljen 
the hreadtlis of the parallelograms, AB, BC, ... are u^iequal, 
and are all diminished indefinitely.” 

'.riiis is proved in like manner, and may be established by 
the student. 

It follows that the limit of the sum of either the inscribed 
parallelograms or of the parallelograms which make up tlio 
circumscribed figure ultimately coincides in area with that 
of the curvilinear figui*e itself. 

11. Analytical expression of the above result. 

We shall now obtain an analytical expression for the sum of 
such a system of inscribed parallelograms. 

Suppose it be re(|uired to find tlie area of the portion of 
space boundtid by a given curve AB, whose Cartesian E<[na¬ 
tion is y = qj(x), tlie ordinates AL and BM, and the axis of 
./■, the axes being rijctangular, and all ordinates from A to .71 
being finite, and for the purposes of this article, increasing or 
decreasing from A to B. 

Following the method of Newton’s Second .Lemma, let L31 
be divided into e([ual small parts LQ^, QiQ^^ QzQi> > each 
of lengtli h,\ and let (t and h be the abscissae of A and B, 
i.e. 0L=^a, 031=1). Idien h — (t = nlt. 



The ordinates LA, etc., fhe 

points Z, Qj, ..., Qn~i> M respectively 
“h2/t), <^>(0/-f- d//.), ..., 

Complete the rectangles AQ^, P%Qv ••• • 
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Now the 8Uin of these n rectangles falls short of the area 
sought hy the sum of the n small hgures AR^J\, etc. 

Let each of these be supposed to slide parallel to the ir-axis 
into a corresponding position upon the longest strip, say 
P,i^iQn-iMB, Their sum is then less than the area of this 
strip, i.e. in the limit less than an infinitesimal of the finst 
order, for the breadth Qn~i M is h and is ultimately an in- 
hnitosimal of the first order, and the length MB is supposed 
finite. 

flence the area re([uired is the limit when h is zero (and 
therefore n infinite) of the sum of the n infinitesimal terms 
of the first order, 

... — 3 )//]. 

Tills sum may be denoted by 

a -} rh — b-h h 

<p{a + rh)h or ^ (jj{aA-rh)Ji, 

a-\-rk~a <i 

where S or 2 denotes the ‘‘sum ” between the limits indicated. 

Regarding a-j- rA as a variable x, the infinitesimal increment 
h may be written as Sx or dx. It is customary also upon 
taking the limit to replace the symbol S by the more con¬ 
venient sign j, which is, as a matter of fact, merely only 
another way of writing the same letter, and the limit of the 
above summation when h is diminished indefinitely is then 

written rd 

fp(x)dx, 

J a 

and read as “the integral of <p(x) with respect to x [or of 
(/)(x)dx] between the limits x = a and x = ; or more shortly 

“the integral of (/>{x) from a to b” 

b is called the “ upper'’ or “superior ” limit, 
a is called the “lower” or “ inferior” limit. 

12. The sum of terms of the same scries, viz., 

h(p{ci) A’b <p{(^'^rb) “["••• 

-h h(p{a -f {n — 1 )A] -\-h<p{a-\‘ 7ih\ 

differs from the above series merely in tlie addition of the 
term k^{a + nh)y i.e. htp(b), which being an infinitesimal of 
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the first order vanishes when the limit is taken. Hence the 
limit of this series may also be written 



13. In the same way, if in fig. 2, Art. 11, QiQ^^ •••» 
Qn-iM are not necessarily e(iual, but are respectively //g, 
Ag, ..., the ordinates at the several points L, Qg, , Q^i-i 
are respectively, 

0(a), 0(a + /i,^ + //.2), ..., (/y{b—hj 

and the sum of the inscribed rectangles is 
b+ }i2(/>{(th -{■••• 

and the sum of tlie residuary areas i^^/^g/^g, P^R.^P^y 

etc., is less tliau the area of a rectangle whose breadtli is tlie 
greatest of tlio quantities /q, //.g, //g ... /q^, and wliosc height is 
the greatest ordinate of tlie given curve; and as in the last 
article, this sum therefore vanishes in the limit when /q, /ig, 
//g,... are each made infinitesimally small, provided that the 
curve has no infinite ordinate either at -d, or between A and 

lienee the limit of 

ki<p{a) + /i2<p{(i 4- h^) + /'30(a + + /^2)“b • • • "b— /?„), 
is also the area of the portion LABM described in Art. 11. 

[See also Art. 1875, Vol. II.] 

14. The quantities /q, Ag, /q, ...//„ may clearly be either 
independent, or equal, or connected by any arbitrary law, 
provided only that they each and all become infinitesimally 
small in the limit when their number is increased indefinitely. 

These arbitrary infinitesimals will be chosen equal to each 
other in general, and the series to be summed will therefore 
be that of Art. 11. 

15. We postpone till later in the chapter the explanation 
of how this summation is connected with the reversal of a 
difFerentiation, and illustrate what has been stated as to the 
finding of areas by a few elementary cases in which the limit 
of the summation may be found by elementary processes with¬ 
out undue difficulty. 
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16. Illustrative Examples. 

Ex. 1. To calculate / dxy that is to find the area of the s})ace 

bounded by the .r-axis, tlie logarithmic curve y — ce”*-' and two ordinates 
O' —a and — 

Here we liave to evaluate 

Uk + eW(a+2fc) 4. gm(<i+»~u) J 

where h — a-\‘iih. 

^wnh _ 2 

This expression ~ Ltk^ocke*”'’ - 


^ma 

= Lth=^QC - 

m 




- c -- . 1. - 1 ], \>y D iff. Cal. (A rt. 21), 

^♦nft _ ^ma 

m 

<he area sought is equal to the rectangle contained by (which is 

of the dimension of a line)and tlie difference of theinitial and final ordinates. 

jb\g. if now hich and a—0, /;==!, (! —2, 

the area in question-2 (<j~ 1)~ 2 x T71828... square inches 
= 3’436r>6... s(juare inches, 
t.e, a little less than Sj square inches. 

Ex. 2. Sliew tliat in the last result, i.e, y^ce'^^y if Jj, dj? ^^35 ••• 
arca.s between 

.r—0 and jr—1, ^—1 and .^• — 2, j;~2 and .r —3, etc., 

then Aj, dg, d^, ... form a g.p. who.se common ratio is c”‘. 

Ex, 3. (Calculate the area bounded by the curve of sines y~csin?nj7, 

the or-axis and two ordinates x^a and 6 (0 < a < 6 <— ). 

\ mj 



Fig. 3. 



NATURE OF THE PROBLEM. 


9 


Here we are to evaluate ^ t‘sin mxdx^ 


that is Lth^^ch [sin ma -f sin m(it + It) + sin m(a + 2//) ... to n terms] 
wImto vh~-h~a. 


This expression — 


sni + 1 )sin 71“— 


= c[co8 m(« - 2 ) - COS w (a + (2« -1) ^} ] 


I'hiis, if tlie limits are such as to take in one half wave length, Le, the 
})ortion al)ove the .r axis from .? - () to mx — iTy ami if c—1 inch, the area 
soo';litis o"sO-coST_ 2 

'til 

or if, say, m j',,, the area is 20 s(^uare inches. 


Ex. 4. Find the value of 


1 


\v : that is the an;a bounded by the 


cubical parabola the .r-axis and two ordina'tes j:~a and x~h. 

Here we have to evaluate 


where iili — h — a. 


Lh.iX, S (a-Vrlifh, 

C“ r^O 


^[a^ +(a+ /')** + ((«+ 24)^+ ... + (aF?i- 14)'“^] 


and w'hen n becomes infinite this becomes 

“[*■''+~ <0^+4 (^ - «y] 
= ( 6 ^ + IM + ha^+a^) 


Ex. 5. Find 
We have to evaluate 


[>■ 


r. iV^ * 


a- (a F 4 / {a + 24 )' 


,,)2+-+i0- 
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This la > •■• + 6(6 + 4)]'''’ 

i.e. > a + /i} + ((i + A ( 1 +m)+"' + (6 6 + 4 )]’ 

< ’^+[(;r^+^^(^iT4)+-+(6'i)6] 
i.c. < 4/ [(-^ 1 - - y+(i - -1 +...+J _ J]), 


i,e. > Lt 


aiul when/i (linxinislies without limit, each of these expressions hc^conies 
~ Thus the value is entrapped between two ultimately equal 

" • 1 /'" 1 7 11 

expressions, and / - ,ydx— — t* 

Ja n 

Ex. 0. Integration of X“, from the definition, between limits <i and h 
{m^ -1). 

.Ifere we have to consider 

/.^^o/iDi”‘4-(a + /0"‘ + («4-2/0”‘+ ... + (a + ?7- Vi)^l 

where and n is indefinitely lar^e, m+ \ not being zero. 

Tn the Differential Calculus for Begmners (Art. 1.3) it is proved without 
the aid of the Ih’nomial Theorem [which was purposely avoided, as it was 
then proposed later to apply T-iylor’s Theorem to the expansion of (^+/0'’^ 
•■hat , 

-A4=i -\— ~ m +1. 

Z— I 


Writing 


we have 


^=i+|, 


In this result put y successively a, a + A, a + 24, ... ,a-\-{n~ 1)4, and we get 

(r/4-24)”*+^-(a-f 4)”*+^ 

/./v -------^ 


4(<^-f-4)”' 


T. (ct + —(a + n— i 4)”*+^ , , 

= Lth-o- -—=m + l, 

/i(a + n — 14)”* 
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or, adding numerators for a new numenitor and denominators for a new 
denominator, 

Lt .. .. . —- - , - ------ -’ 4 “ 1 • 

h[a^ + (rt + h)^ 4- (a 4- 24)”^4-... 4- (a 4- w - 1 hf'] 

i.e. h [«”* 4- (a + hy* 4- (a + 24)”* +... + (a + 7i ~ 1 /i)”*] ---- —— > 

i,€. in accordance with tlie notation of Art 11, 

/ x^d,r^ -.-. 

The letters a and h may represent any finite quantities whatever, 
provided does not become oo between x^a and x~ h. 

When a is taken exceedingly small and ultimately zeio it is necessary 
in the proof to suppose h an infinitesimal of higher order, for it has been 

assumed that in the limit - is zero for all the values given to y. 

When 6—1 and « —0, the theorem ultimately becomes 
1 . 

/ x'^^dx-- _ if (m4 1) be positive, 

.'0 m 4-1 

or —00 if (?ji+l) be negative. 

This result may be written also 




—-- , or oc 
4 1 


according as m+l is positive or negative. 




or, which is the same thing, 




l”*4-2”*4-3”‘4-...+^i”' 


differs from the former by - , i.e. by 0 in the limit, and is therefore also 

, or CO, according as w4-1 is positive or negative. 

The case when m4'l“0 needs special consideration. It is at once 
derivable from the result 


as a limiting form. 


' fix — fdrn-{-\-Q 




^ m-\-r 

= log 6 — log ( Th'ff. Cal, Art. 21) 
. h 
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Examples. 

fh fb 

1 . Eind tlio values of / and / and interpret the results 

geometrically. 

2. Eind the area of the portion of the parabola cut olF by the 

latus rectum. 

3. Prove by summation that 

(a) sinh x dx ™ cosh h — cosh a ; 

fb I . _ 

(ft) I — 2(V6-\/a); 

r* 1 

(y) I cos )ux dc - (sin mb — sin ma). 

4. In a right circular cone of height k and semivertical angle a, the 
axis is divided into a large number, 9i, of equal portions, and planes are 
drawn through the points of division perpendicular to the axis, the 
cone being thus divided into a large number of ciiTular laminae. If x be 
the distance from tlie verti‘x of any of these laminae, show that to the 
first order of small quantities its volume may be written 

TT.r^ tan-a being the thickness of the lamina. 

Eind, by taking the limit of the summation of such quantities, the 
volume of the cone. 

Show also that the volume of a frustum of thickness T’is 

where A and B are the arenas of the two ends. 

5. A quantity y is an unknown function of another quantity x. When 
X has the values 

5 8 10 12 14 10 

y is found by observation to bo 

2-0 2() 3-2 3-8 5*0 65 

respectively, anti the errois of observation cannot be more than 5 per 
cent. ; draw the simplest continuous curve which can represent y, and 
estimate its slope when x~ 15. 

Eind also the value of x for which the slope of the curve is equal to 
Estimate the value of the definite integral / ydx. 

17. The Fundamental Proposition. 

Let 0 (.t) be any fiiiiciion of a real varialde x, finite, con¬ 
tinuous and single valued, for all values of x from to 

x^h inclusive. Let a be less than 6, each being finite, and 
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RiippoHo the difference h—a to be divided into n portions each 
e(pial to h, so that h--it~vh. It is required to find the limit 
of the sum of the series 

li [^(^0 + </>(eE- + 2/i)“p... -f- 0 Q) — 0(^)] 

when li is diminislied indefinitely, and therefore n increased 
without limit, keeping the product nh = h—a. 

That this limit is finite may at once be made clear. 

For if h(f}{a-\-rh\ say, be the greatest term, the sum is 
+ l)h(/j(a-{-vh)y 

'l.C. (1) — (l) 0(^-6 -}- 7‘Ji ) “|- Thf 

wliich is finite, since by hypothesis is finite for all values 
of X intermediate between 1) and o. 

Let V^(ir) be another function of x such that ^(.r) is its 
differential coefficient, i,e. such that 

We shall then prove that 

+ + 2//)-|- ... + <■/)(/>)] = 

By definition, 

0 V ^)— /<=^0 .. ^ > 

1 XT r i! \ 1 

and thereiore fj>((t) — - -+ «i» 

where is a (juantity whose limit is zero when It diminishes 
indefinitely; thus 

Similarly, 

h) =\p'{(i-\-'2h )—"^(a + A) d-Aao, 

h</j(a + 2h) =\lr{a + U) -yjr{a + 2A) d• A« 3 , 

etc,, 

A^>{a4-(^? —1)A} ~\[/'(a-{-nh)—\lr{a + {n--l)h] +Aa,^, 

where the quantities a^, , ««, are all, like a^, quantities 

whose limits are zero when A diminishes indefinitely. 

By addition, 

A [9^ (<x) + 0 (a + A) + ^ {(I + 2A) + )] 

= \^(o d“ /?A) — \Jx{a) 4* A[ai + Og +... + a„]- 




14 


CHAPTER I. 


Let a 1)0 ilie ^n;atost of tlic (|uajitiiies a,, 0 . 3 , , a^. 

Then A[ai4-a2++ <,nh<x, 

that is 

and therefore vanishes in the limit. 

Thus 

4-/0 "L (j)((t-\-2h) +... + </>(?) —//)] 

The term hf/>(h) is itself also in the limit zero; hence, if 
we desire, it may be added to tlui left-hand member of this 
r<.‘sult, without affecting it; and it may then be stated that 


[(Jx {(i) + (j) {<i cjy(h — h) 4- (p (/>)] 
i.c. I ij) (.r) dx ~\lt{h) — \lr{ a). 


where 


dyp^ 

dx 




The result \/r(a) is frequently denoted by 

[v„4 

From this result it appears that when the form of the 
function which cp{x) is the differential coefficient, is 

obtained, the 2 >^"Ocess of (d(j<ibraic or trigonometric summation 

to obtain [ <p{x)dx may he avoided. 


18. The letters h and a are supposed in the above work to 
denote finite quantities. We shall now extend the notation 

so as to let 1 <p{x)dx express the limit when h becomes 

J a 

infinitely large of yp^{h) — y]j-{a\ i.e. 


I 0(ir)cZx = L4=oo| <p{x)dx. 
Similarly, by f <p(x)dx we shall be understood to 

J 00 

Lta^„[^(b)—yp-{a)] or ^tl>{x)dx. 


mean 
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I LLITSTKATIVK EXAMPLES. 

Takiijg the same examph s as liave been already considered otherwise 
in Art. 10, 

1. is tlie differential cf)efficient of - 


Therefore 




the result obtained in Ex. 1, p. 8. 

2. csin?;?A’ is the differential coefficient of -~-co8W2.J7. 

VI 

fh . r ^ 

Therefore / c* sin mx dx — — cos in .r — --(cos ma ~ cos mh), 

Ju L m Ja m 

the result of Ex. 3, ]). 9. 

,'t^ . , x^ 

3. is the differential coefficient of —• 


Therefore 

the result of Ex. 4 of p. 9. 


I — '".jj I 

Ja 4C^ 


4. is the differential coefficient of - 

X“ X 


Tlierefore 


Jo, X'“ L ,1 


?>_1 1 
a 


the result of Ex. 5 of p. 10. 

C!oniparing these solutions witli those of the same problems of Art. IG, 
the student will at once see the advantage derived from a use of the 
fundamental projiosition of Art. 17. 

5. ~ is the differential coefficient of log.r. 

X ^ 

/’ /> 1 P ”1 ^ 

Therefore / <lx ~ log x — log h - log a “ log • 

ja L Ja 

6. is the differential coefficient of 

Therefore / c"* dx = f " e~*~\ — ( - 6“*) - (- e”) = 1 

Jo «i=.0 L —Ja 


Examples. 


1. Write down tlie values of 


(1) £xda;, jjv^dr, 

TT IT ^ ir 

(2) siiKvrf.r, coBxdx, ^ eec^xdx, secxtanxdx; 

( 3 ) f — A^/.r, / —dXf f --—dxy I <fdx\ 

and interpret each result geometrically as the evaluation of an are 
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19. Geometrical Illustration of Proof. 

The proof of the above theorem of Art. 17 may be interpreted 
geometrically tlius: 

Let bo a portion of a curve, of winch the ordinate is finite 
and continuous at all points between A and as also tlic 
tangent of tlie angle which the tangent to the curve makes 
witli the a;-axis. 

Let the abscissae of A and 71 be a and b respectively. Draw 
the ordinates A A, JLW. Let the portion Ai)/ bo dividend into 
n equal parts, each of length b. Erect ordinates at each of these 
points of division, cutting the curve in P, Q, , etc. Draw 
the successive tangents APj, etc., and the lines 

AI\j, etc.y pdvaUel to tJierr-axis, and let the equation 

of tlie curve be y — \Jy^{x)y where yj/(x) — 



Then </>(d-¥b)y r/>(a-f-2^), etc., 

arc respectively 

'yfy{(t), yj/{a +/t), \y{a + 2 h), etc., 

i.e. tanPgAPj, tanQgPQi, tanJ^QPi, etc., 
and hip{a), h<j>{a-\-b\ etc., are respectively 
the lengths P2P1, QiQi^ 

Now, it is clear that the algebraical sum of 

l\Py Q,Qy lt,R....y 

is MB—NAy i.e. yf^{h) — \}r{a). 

Hence 

(PgPj + Q2Q1 +-^ 2^1 "b * • •) + [^1^^ + • * •] - ““)• 
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Now, the portion between square brackets may be shown to 
diminish indeHnitely with h. For if li^Ry for instance, be the 
greatest of the several quantities P^P, QiQy etc., the sum 

[PiP+QiQ+--] is <nR^R, i.e. <(b-a)^. 

Ihit if the abscissa of Q be called x, then 

LR, = xl^(xX R.,R^ = H/(x), 

and LR~\f/‘(x--i-h) — \lr(x)'{‘h\[/{x)-\-j^ \J^'\x~\-6h) 

{Diff, Cal, Art. 130), 
7/2 

so tllat JRj2^ = g \J/'{x -f 6h) = + Oh), 

and {b-a)~fP = ^~'^h<l>'(x-^ Oh), 

which is an infinitesimal in general of the first order. 

Thus LiuUP^P. + Q 2 Q 1 + i^ 2 «i + •••) = ~ 

or 

(a) 4* <p (<J' -{-h)-^ (p{a-{- 2h) +... + 0 (6 “ /t)] — ^(h) —yfr (a). 

Also, since Ltf^^oh(p(b) = 0, we have, by addition, 

Pih=ob [0 “H <l> (<(' + h) ^ (a 2h) + ...4'0(?>)]===V^(^)~’''A (^^)- 


20. Case of an Unknown Curve passing through a given system 
of Points. 

In a certain graph, sucli, for instance, as the graph on a temperature 
chart, the temperature being noted at stated intervals, the following 
table gives the corres[)onding abscissae and ordinates of eleven points on 
the curve: 


X 

1 

11 

1-2 

1*3 

1*4 

1*5 

1-6 

1-7 

1-8 

y 

•900 

1 

•879 

•856 

•831 

•804 

•775 

•744 

•711 

•070 


On the assumption that the graph is that of a continuous function of 
57, and the ordinate continually decreasing in the intervals betweeij the 

several stated values, it is required to calculate J ydx, i.e, to find the 

area bounded by the curve, the ar-axis and the extreme ordinates. 

Constructing the inscribed and circumscribed parallelograms as ex¬ 
plained in Art. 9, 

The sum of the circumscribed figures is 

•I X [‘9 + -879+ -856+ ... -b 639]= *7815; 

B 


K.I.O. 





18 


CHAPTER T. 


The sum of the inscriberi figures is 

• i X [ -879 4- -856 -f. -. + -639 + *600] -- ‘7515. 

The first is clearly too large by the sum of the ten small triangular- 
shaped elements (uitside the area to be found. 



The second is too small by the sura of the ten triangular-shaped 
elements which are omitted. 


The mean of these results, viz. 


'7815+ *7515 
2 


= ‘7666, will be a much 


closer approximation, but will be a little too small, because it omits the 
very small areas which lie between the chords which join successive 
points on the graph and the corresponding arcs. 

Hence, as a closer approximation, we may take 

( *7665 square units. 


[From a finite number of ordinates it is impossible to assign the 
equation to the curve, but it is customary to take the simplest algehraic 
curve which satisfies the prescribed conditions. In the present case the 

simfilest curve to fit the data will be found to be - vj-y 
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Any other curve of the form 

c^'- I)(/ -l-l)(r-J-2) 

where <p(s) is any integral algebraic expression, would go through the 
same points, but is much more complicated. 

The truearea on the supposition of the curvebeing ?/ —1 - will be found 

23 

~ 7666..., which 

shows errors as follows : 

In the first estimate, - ‘0148 in excess, i.e. a 1'9 % error in excess, 

„ second „ - *0152 in defect, i.e. a 2*0 % error in defect, 

„ mean „ - *0002 in defect, i,e. a 0*03 % error in defect.] 

21. Simpson’s Rule. 

If a curve be partially defined as passing through an odd 
number of points whose abscissae are in arithmetical progres¬ 
sion, e.g. the points 

(a, ?/i), (a-f/i, 1 / 2 ), (a-h2//, ... (a + 7i —l/i, yn), 

and if the same assumptions be made as in the last article 
as to continuity, etc., it is possible to find a very close approxi¬ 
mation to the area of the curve, which is useful in many 
practical cases, as follows: 

Consider first the case of the parabola whose equation is 
y = a-i-hx‘i-ea^, 

and let a, 6, c bo chosen so as to make this curve go through 
i-hVi), (0, y.,), (^, 1/3). 


Fig. 6. 

Then a — hh -j- ch^ = , 

a =^2* 

a-\-bh+ch^ = y^. 

So that a = y^, = ^ = 
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Now the an^a bounded by tin*, rr-axiH, tlie parabola and the 
ordinates and is, l)y Art. 10, Ex. 0, 

= 2ah+^¥ 

+ S ( 2/1 ■“ 27 / 0 + 2 / 3 )} 

= 4 . 770 +^ 3 ). 

If we apply this rule to the case in question, passing parabolic 
arcs through the (1**^ 2”^^, 8***^ points), (5^^\ 

etc., we have the following approximative rule, viz. 

^=|[2/i + %2 + ^3 

+ 2/3+ 4 ,^ 4 + 2/5 

+ 2/6+ 42/6-+-2/7 

^ + • * • + 2/n-2 + 42/„-1 + 2/»] 

= I [2/1 + 42/2 + 2:!/3 + 41/4 + -^2/6+ 42 /fl +. -. + ^ Vn-i + 2/«] 

= |][2/i + 2/« + 2(2/3+2/6+2/7+--*) + 4(2/2 + 2/4+2/6+•••)]» 

ie, ^ (sum of first and last+twice sum of all other odd ordinates 
+ four times the sum of the even ordinates). 

This is known as Simpson's Rule. It will be noticed that 
it consists in the division of the area by an odd number of equi¬ 
distant ordinates, and the substitution of parabolic arcs for 
the actual but unknown arcs passing through consecutive 
groups of 8 points. 

Other approximations can be found. Thus we may take a 
curve y = a + hx+c 7 ?-^dQ? to pass through 4 consecutive points, 
or y =^a + hx-{~cx^-\-dx^-\-€x^ to pass through 5 consecutive 
points, and so on, and thus build up similar rules. Simpson’s 
Rule, however, in most cases gives a sufficiently close approxi¬ 
mation for ordinary purposes. (See Examples 27, 28, page 33.) 

22. The Trapezoidal Rule and Weddle’s Rule. 

The approximation previously adopted in Art. 20 of the 
mean of the inscribed and circumscribed rectangles may be 
expressed in similar manner, as 
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= (yi + 22/2 +2?/3++... + 2y„., + 2/„) 

= |(.sum of first and last ordinates + twice the sum of 
all the rest), 

which is a convenient form, but not usually so accurate as 
Simpson s Rule. 

It consists, as already explained, of substituting chords 
joining consecutive points for tlieir arcs, and as we are summing 
a series of Trapezoids this is known as the Trapezoidal Rule. 

23. Other Approximative Rules. 

Other rules will be found in Examples 27, 28 at the end of 
this chapter, and in Examples 24, 25, 20, page 61. 

A very convenient rule was given by Weddle, Math. Jcnurnal, 
vol. ix., for the case where tljere are seven equidistant ordinates, 
Vv 2 / 8 ' •*•'2/7 mutual distances h , viz. 

-iV^'[ 2 /i + 2/3+2/5 ■+■ 2/7 + (2/2 + 2/4 ■+* 2 /c) + 2/4]' 

ix, 1 % X mutual distance [2 odds+ 5 2 evens + middle]. 

(Weddle’s Rule.) 

We transcribe this for convenience, but the proof is one 
most conveniently treated by finite difterence methods. It 
will be found in Boole’s Finite Differences, pages 47-48. 

Boole remarks that in all applications of such approximate 
formulae “ it is desirable to avoid extreme differences among 
the ordinates.” 

Ex. Apply the Trapezoidal Rule, Simpson’s Rule and Weddle’s Rule to 
find the area bounded by the .r-axis, the extreme ordinates and the arc of 
a circle through the seven points : 



-% 


-J 

0 


f 

3 


•86602 

■94281 

•98614 

1 

•98614 

•94281 

■86602 


First and last. 2“'^ and 6^^. and 5^*^. 

•86602 -94281 *,98614 

•86602 1 *00000 *98614 

1-73204 1-97228 

2-885C2 _ 2 

_ ^ .3-94'4!i6 


11-54248 
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For Trapezoidal Rule, Area-J(*866024-!2-88r>62+ 1-97228) 
=i(5-72392)- -95398. 

For Simpson’s Rule, Area1-73204+3*94456 +11*54248) 
-1^07*21908) 

- -95661. 

For Weddle’s Rule, Area - .^(3 70432+14 42810+1-00000) 

- -95662 

This area, being the area of that part of a semicircle whose centre is at 
the origin and radius unity bounded by two ordinates .r—*5, .r—— *5, 

may be seen to have its area correctly “ ^ —*956611..., and there¬ 

fore Simpson’s Rule gives a result accurate to the last figure. 

[See Boole, Finite Differences^ p. 49.] 
The approximation by Weddle’s Rule does not appreciably ditler from 
that by Simpson’s Rule. 

The Trapezoidal Rule errs in defect by -(X)2f)3, i.e. by about -3 % of the 
whole. 

24. Determination op a Volume op Revolution. 

Let it V>e re(juire(l to find the volume formed by the revolu¬ 
tion of a given curve AB a])out an axis in its own plane which 



Pig. 7. 

Taking the axis of revolution as the x-axis, tlie figure may 
be described exactly as in Art. 11. The elementary roctanglej^. 
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^Qv -^ 263 ’ in their revolution circular discs of 

equal thickness and of volumes ttAI/ . LQ^, '^^\Qi-QiQ^y etc. 
The several annular portions formed by the revolution of the 
portions AR^P^y P^R^P^^ considered to 

slide parallel to the ir-axis into a corresponding position upon 
the disc of greatest radius, say that formed by the revolution 
of tlie figure Pn-iQn-i^P^ Their sum is less than this disc, 
i.e. in the limit less than an intinitesimal of the first order, for 
the breadth is A, according to the notation of Art. 11 , 

and is ultimately an infinitesimal of the first order, and the 
radius NB is, as in that article, supposed finite, as also all 
other ordinates of the curve from A to B. 

Hence the volume required is the limit when Ji — O (and 
therefore n — go) of the sum of the series 

TT[0((+ TT+ h)]Vl -f TT [0 {a + 2/^)]^/6 + ... 

+ TT [f/> {a-{-n — lh)]%, 
or, as it may be written, 

7rf '^f y^dXy 

J a J a 

the equation of the curve being ^ = 0 (.c) and the extreme 
ordinates x = a and x = h, as in the article cited. 


25. Illustrative Examples. 


Ex. 1. The portion of the parabola if^ — Aax bounded by the line x — c 
revolves about the axis. Find the volume generated. 

Let the portion required be that formed by the revolution of the area 
A PM about the axis, being bounded by the curve, the axis and an 
ordinate MP. (See Fig. 8.) 

Dividing as in Art 24 into elementary circular laminae, we have 
Vol. = ^ Try^dx = x dx — 4 a7r = ^irac^ (Art. 16, Ex. 6) 

==J cylinder of radius /Wand height AM 
vol. of circumscribing cylinder. 

[Or, if expressed as a series, 


- Aira = 27rrtc2 

A 


as before.] 
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Ex. 2. Find the area of the portion PA P' of the same parabola, PI^ 
being the double ordinate through P. 

Area /M ^y a ;v ^ dv ~2^ 

= ac’^ — i Iv 1 il/. J// * 

Area = J of tlie circumscribing rectangle llPP’PJ. 



[Or we may proceed thus : Divide c into n equal portions, and erect 
ordinates. Let ON be the ordinate at x—- c. 

71 

r=n-l 

Then Area. PAM—Lt 2 •JAarh.h, wliereA — 

r==0 n 

r 1 ^+ 2 ^+ 35+(«-!)»"] 

71- ^ 

= 2cP(y ^. f|=:2c\/4«c, as before.] 


Ex. 3. The portion of a circle betw’een ordinates x — 

X—A 2 rotates about the .r-axis. Find the volume of the frustum of the 
sphere generated. 

Let the portion required be that formed by the poi tion of 

the circle revolving about NiN.^ (Fig. 9). 

Here we are to evaluate 




TAa /*/»2 p 


(Art. 16, Ex. 6) 


It is convenient for mensuration purposes to express this in terms of 
the radii of the ends of the frustum and its thickness. 
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Let 7M>c tlie tlnckiiCHs — //, 2-/^1 an<l = 

*1/ 2 ^ — t ^ 2 

^2 '■'2 • 



Fig. 0. 


Tlieii Vol. — j7r7'(Gr«- - 2/#i“ - — SAj/j.j) 

«,\:r7’{3 + 3(a» - /<■/)+(4, - 4,)^} 

->^7'(.W+3y32+r2) 

— ^ (3jry + tt 7^) 

~ i lliickncss x [3 sum of circular facoa + circle on thickness as radius]. 


0(>j\ For tlie whole sphere 

7'== 2a, yj=_y 2 = 0, r=^a-a3. 


Examples. 

1 . Find tlie volume of the prolate spheroid formed by the revolution 

^’2 y2 

of the ellipse ^ about the .r-axis. 

2 . Find the mass of a rod whose density varies as the 7?i^^ jTOwer of 
the distance from one end. ^p = />‘^, say, where D and c are constants.^ 

Let a be the length of the rod, 
u) the sectional area. 

Divide as before into 7i equal elementary portions. 

The volume of the element from the end of zero density is 

a Ti. j -4. • f I) (ra\^ 7) r(r-}- 

(O'-. Its density vanes from —) to-- ^ . Its mass is 

71 

therefore intermediate between 


and D 


l (r+l)’" 
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and the mass of the rod lies between 


and I) 




and in the limit, when n is increased indefinitely, becomes 

D wa’”+2 
c”*’ m+V 

[Or, assuming Art. 16, Ex. 6, 

Mass = / 1) - - (t> civ “ - — 7 “, at once. 

Jo c"" m + l 


3. Find the position of the centroid of the rod in Question 2. 

[For the centroid ^ when m is the mass of an eleriient.l 

4. Find the moment of inertia of the same rod about the lighter end. 
[Moment of Inertia — 

5. Find the area bounded by the parabola 4y—the ordinates 
and .r —4 and the .r-axis, 

(1) by means of inscribed rectangles, 

(2) „ circumscribed rectangles, 

taking ordinates at distances *1, and compare the results with that obtained 
by integration. 

The sum of the inscribed rectangles is 

I X ^(22+ 2-12+ 2*22+... +3*92). 

The sum of the circumscribed rectangles is 

I X X 2-22 4-... 4-3*92 + 42). 

The values of these expressions are respectively (taking the squares 
from Bottomley’s tables or summing otherwise), 

4-5175, which is a little too small, 
and 4*8175, which is a little too large. 

Their mean is 4*6675. 

The true value is 



4'^-^^_14 
12 ~3 


4-666.... 


6 . Plot the graph of y~ 


and mark on your figure tlie area re})re- 


ri 

sented by the definite integral 


Evaluate this integral by mensuration, and hence obtain an approxi¬ 
mation for TT. Note that 


26. Mechanical Integration. 

In a sense, any mechanical contrivance which performs 
additions and registers the results is an Integrating maclnne 
for the particular class of function to wliich it may be 
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adapted. Cash registers whicli record the day's takings, gas 
meters, water meters, electric-light meters, all record the 
amount passing into them. A slide rule adds up logarithms, 
and thereby performs multiplications. Various forms of plani- 
meters add up the elements of area within a closed curve when 
a pointer is made to trace the perimeter. The indicator of 
a steam engine draws a work diagram and adds up work 
elements, representing them by elements of area, from which 
the Horse-Power of the engine may be deduced. 

Sucli apparatus, however, tliough giving numerical results 
satisfactory for practical purposes, but subject to various errors 
botli instrumental and observational, fails to produce an exact 
algebraical result, and therefore fails to satisfy the mathe¬ 
matician, however useful to the practical engineer. 

We shall liave occasion later to retuni to the theory of 
some apparatus of this kind. For the present it is sufficient 
to mention its existence. 

To sum up then; we liave discussed Four Methods of 
Integration, i.e. of finding 

Cb 

I (l)(x) dx : 

J a 

1. By obtaining 

-^4+... +0(^0]' 


II, By finding a function such that from 

which we obtain 

[ </)(.r) dx = yJrQ)) —\Jr{a), 


III. By drawing tlie graph of y=</>(x) and by some means 
or other obtaining its area, by the Trapezoidal or Simpson's 
or some other approximative rule, as, for instance, by drawing 
on squared paper and counting all the squares within the 
contour with a “ give and take " rule round the perimeter. 

IV. By approximating to the area of the contour by 
mechanical means. 

It is obvious that III. and IV. can only give approximate 
results, though such results may approach a very high degree 
of accuracy. 
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For exact results we have to apply Method I. or II. 
As has been seen, Method 1. leads to very difficult algebraic 
or trigonometric summation, except in the very simplest cases. 

Hence we are forced upon Method II. for exact general 
work. This method we therefore shall in future rely upon 
and begin to develop the explanation of it in the next 
chapter. 


EXAMPLES. 

1. If the .•iceelei'jition of a moving point l)e <//X0> tlie initial 
velocity be u and </)'(0)^/>(0) 0, show that, t being the time from 

a given epoch, 

V n -f- </>'(/), -S’ =- ui + f/> (0, 

where v and 5 are respectively the velocity at time t and the space 
described. 

If the acceleration be lOcosw/ and the initial velocity be zero, 

show that 10 

= -- sin Hit, 

0) 

s^C -5 cos (Dt, 

( 0 ^ 

where C is a constant. To what kind of motion does this refer 1 
Show that the “periodic time” is — ■ 


2. If A l>e the area bounded by a curve, the coordinate axes and 
the ordinate at a given abscissa show that hence that 

hat difference would it make if the measurement of A 


ydX: W 


commences from a standard ordinate whose abscissa is 

If V be the volume of water in ii, pond, and A the horizontal 
sectional area at a height x above tlie bottom of the pond, show that 

A dx. 


where h is the depth of the pond. 


h 


3. A large number of circular discs of the same thickness - and 

successive radii „ a ^ 

a 2a •>a 4a 

f f , , i 

n n n n 

are threaded through their centres upon a straight wire and lie with 
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their plane faces in contact. Show that their total volume differs 
from that of a cone of height h and with a for the radius of its ])ase 
by the ultimately vanishing quantity 

7ra% 3n -h 1 
6 

If n~ 1000, show that the error in taking this sum as the volume 
of the cone is *1505 per cent, of the true volume. 

4. Consider a sphere of diameter 2a to be divided into 2n thin 
laminae of equal thickness by a series of parallel planes ; show that 
the volume of the sphere is 



and that this limit is J 

Obtain by a similar method the volume of the spheroid formed by 
the revolution of the ellipse 1 round the axis of length 2h. 


5. Show by the method of summation that the volume of a para¬ 
boloid of re^a)l^ltiow bounded by a plane at right angles to the axis 
is one half of the circumscribing cylinder. 

Verify by consideration of the integral 

4a f X dx. 

Jo 

6. Draw on squared paper (one inch squares divided into tenths 
is convenient) a quadrant of a circle of radius 5 inches. Divide one 
of the bounding radii into 10 half-inch divisions, and erect ordinates 
at each point. Complete the inscribed and escribed rectangles. 
Show that the sum of the inscribed rectangles is 18*15 square inches 
very nearly. Also show that the mean of the inscribed and escribed 
rectangles falls short of the true aiea of the quadrant by about 

of a square inch. 

7. Rectangles of the same breadth and of areas 



are set up side by side on bases in a straight line. 

Shew that when n is very great, the sum of their areas differs little 
from that enclosed by y — ,v = 0, x = c. 

Assume i to be positive. 


• Evaluate 



[L C. S. Exam. 1902.} 
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8. In the curve in which the abscissa varies as the logarithm of 
the ordinate, prove that the area bounded by the curve, tlu) .?:-axis 
and any two ordinates varies as the difference of the ordinates. 

P 10 

9. Approximate to tlio integral j - dx^ regarding it as a 

summation (1) of inscribed parallelograms as in Art. 9, 

(2) of circumscribed parallelograms, 
and compare with the result of integration. 

[The results are 3*9724 and 4T391, the reciprocals being taken 
from Bottomley’s tables. Their mean is 4*0557. The result to 
three places of decimals as computed from lOlog^^ is 4*055.] 

10. Draw a sketch showing the curvilinear area which is repre¬ 
sented by the definite iritegi*al 


and evaluate the area approximately from the figure. 

Without plotting, indicate roughly by dotted lines on your sketch 
the relative positions of the curvilinear areas represented by the 


definite integnils 


lOxr^'^dx and 1 \0x~^"^dx^ 


and calculate the values of these integrals. 

Calculate also 

fjo rio 

\0x-"^dx an.l ^ ^ ^ ^ 

11. In any curve in which the ordinate PN ^ the power of 
the abscissa, show that if any two ordinates be taken, viz. 

and and two others, P^Js\ and PJ^^, which are twice as far 

from the y-axis as P^N^ and P^N,, respectively, tlieu 

Area P^P,N,N. : Area P^P^N.^N^ :: 2’'^-^: 1. 

12. Prove that the area of the diagram formed by 

x = 0 from (0, 0) to (0, 4), 
y=4 from (0, 4) to (1, 4), 

- 10,r+25 =--4y from (1, 4) to (5, 0), 
y ~ 0 from (5, 0) to (0, 0), 

is 9,^ square units. 


13. In the construction of reservoir walls of great height, 
Kankine adopted the following plan : , 

Taking a vertical x-axis on which depths and ordinates are measured 
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in feet, the ordinates to the outer and inner faces are shown in the 
following scheme : 


Depth in foot. 

0 

10 

20 

30 

40 

50 

60 

Ordinate to outer 
face in foot. 

17-40 

10-72 

1 

22-3.5 

25*29 

28-69 

32*53 

36-86 

Ordinate to inner 
face in foot. ' 

1*34 

1-52 

i 

1-72 

1-94 

2‘21 

2 50 

2-83 

! 

Depth in foot. i 

70 

80 

1 

90 

100 

110 

120 

130 

Ordinate to outer ; 
face in foot. i 

41 -Tr. 

47-31 

53-61 

60-75 

68*84 

78-00 

88*30 

Ordinate to inner 
face in foot. 

3-21 

3-64 

4*12 

4*67 

_ 

5*29 

I 

6*(K) 

1_ 

6-80 

Depth in feet. 

140 

ir>o 

160 

170 

180 


Ordinate to outer 
face in feet. 

100*15 

113*40 

128*60 

146*72 

165-14 


Ordinate to inner 
face in feet. 

7*70 

8*73 

0*90 

11*21 

12-70 



(The two sets of onlinatos are measured in opposite directions from tlie vertical.) 

[Kankine, Applied McchanieSy p. 638, and Engineery Jan. 5, 1872.] 


Construct a diagram showing the wall in elevation, and estimate 
in cubic yards the volume of material necessary to construct 
100 yards length of the wall. 

14. Find the centre of gravity of a rocl whose density varies 

(1) as the distance from one end ; 

(2) as the square of the distance from one end. 

Find also the moment of inertia of the rod about the light end in 
each case. 

15. Find the mass of a circular disc in which the density varies 
as the power of the distance from the centre, {n > - 2.) 

Also find the moment of inertia of this disc about an axis 
through the centre at right angles to the plane of the disc, 

16. If the graphs of a sin— and ami^ be drawn, show that 

2o 0 

the areas bounded by the x-axis, the curves and the ordinate 
X'-:=h are equal. 
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17. A single wave on tlio sea is in the form (lefmed by the curve 

of sines, y^asin Show that the (|uantity of water raised above 

the mean sea level contained in a length c of the wave measured 
on the surface at right angles to the direction of progression, is 
2ak/7r, the raised portion extending from x=^ 0 to 

If c be 100 yards, 20 feet, a==2 feet, and a cubic foot of water 
weighs 624 lbs. weight, find the number of tons weight in the 
portion of the wave higher than the mean sea level. 

18. Show that when n becomes iiifinitclv larire, 

^^1^ 2 -f- 2.3 4 4- .. -^ 71(71 + 1) 


is the same as 


Lt 


4-2-4-32 + 


Illustrate geometrically. 


. + 7^2 


19. Show that the limit when 7f-==oo of the ratio of the sum of 
all possible products, two and two together, of the first 71 natural 
numbers, to is ^ ; and that the limit of the ratio of the sum of 
all products, three and three together, to is 

20. If thei*e be gas of volume 7’ and pressure p below a piston in 
a cylinder of sectional area A and occupying a length x of the 
cylinder, show that in its expansion, so as to occupy a length x + dx 
of the cylinder, the work done by the gas upon the piston is 

pA dx or d}\ 

and that if the expansion continues so that the piston moves 
through a finite distance—say from x~x^ to x — x.y^ the work done 
on expansion is 



Eemembering that log it = -, 

dx X 

find the value of this intcgi'al in the two cases: 

(1) Isothermal expansion, pv = c; 

(2) Adiabatic expansion, = 

Find in foot-lbs. the work done in the expansion of 10 cubic feet 
of gas, initially at a pressure of 1000 lbs. per square foot, to 40 cubic 
feet; 

(1) According to the law, pv — c ; 

(2) According to the law, — 
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21. If tiic graph of l)c drawn, prove that the areas hounded 
by the curve, the rr-axis and a set of e(piidistant ordinates are in 
geometrical progression, whoso common ratio is the same as t)ie 
common ratio of the tangents of the angles which the tangents at 
the ends of the successive ordinates make with the i^-axis. 


22. Show that the area hounded hy a parabola, tlie axis and an 
ordinate is two-thirds of tlie circumscribing re(;tangle. 


23. The circle = and the parabola revolve 

about their common axis. Show that the smaller lens-shaped solid 
formed has for its volume 

. “7ra'‘^(5^/r) - 4). 

24. If .r., ..., be a series of (plantitles taken between 

and prove that wlien n is made infinite, and the 

diflerence between any two consecutive terms of the series Ijecornes 
indefinitely small, the limit of 

^ (^V " •^V - ^)f{^'r - 1) 

r=:l 

is </)(/;) - </)(«), where f{x). 


Verify this in the case where ■= log .r, and the series 
((, ... , is geometri(;al. [Oxford, 2)id Puhlic Examhiatioii, 1900.] 

25. Plot the valiKi of cos-ir for 10" intervals from 0" to 90", and 
thus find as (dose an approximation as you can to 


without integration. 


J cos-.r dx 
The true value is ^."1 


20. If a cylindrical hob; be drilled through a solid sphere, the 
a.xis (jf the cylinder passing through the centre of the sphere, show 
that the volume of the portion of the sphere hdt is eipial to the 
volume of a sphere whose diameter is the length of the h(de. 

27. If the curve y = a + hx + cx^ -t dx^ pass through the extremities 
of four e(pudistant ordinates yj, yg, yg, the distance apart being 
//, show that the area bounded by the extreme ordinates, the curve 
and the ir-axis is q/, 

C^i + %2 "h 3y3 + ^ 4 )- 

[Simp.son’s “Throe-eighths’ Rule.”] 


28. If the curve y ^ ahx + cx!^dx^cx^ pass through the ex¬ 
tremities of 5 erpudistant ordinates y|, y^, yg, y^, y^, at mutual 

K. I.C. c 
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(listiitjct^s h, show that the area hounded by the extreme ordinates, 
the curve and the it-axis is 

, 14 (y^ + y/^) + 64 + y/ 4 ) - 1 - 24/4 

' 45 - 

[Boole, Finite DifvrenceH.'] 

'I'D. Tf a })aral^ola whose axis is jmrallcl to the y/-axis ])ass throiigli 
the points (a, y/j), (/>, y/^), (r, y/ 3 ), show tliat its equation is 

(^.. 7 . 4 .,, ( ■'• -■ c )( x- a) (x - a ){,/• - h) 

' • ^ {ii. ~ b) (a - c) ‘ “(/; - c){/j - aj (c - a)[c - by 

and find the area hounded l>y the curve, the ^r-axis aiul the extreme 
ordinates y/^ and y/^. 

30. In the cycloid 10(^+ sin 

y/= 10(1 - cos 0 )j 

tabulate the values of x and y for intervals of 4v.- from 9 - 0 to ^ ^ • 

^ 36 2 

Hence obtain appi oximate results for 

( 1 ) ( 2 ) 

corres]) 0 !uling to the above limits for 0 . 

31. If fy ) > where a < x < />, and if ])oth functions arc 

finite for lliis ran<^e of the variable, including both limits, ])rove that 

j f{r)dx > j <j,{x)<lx. 

Explain why these conditions must be postulated. Must the 
functions also be continuous? [I. C. S , U>or».] 

32. Prove that the int(;gral 

r« dx 

Jo n/ 1 - 

is for all values of n greater than 2 , nearly equal to 0-5. 

[1. 0. S., 1005.J 

33. A claret glass is 6 cm. deep and its I'im is 5 cm. in diameter. 

Its vertical section is nearly parabolic. Calculate its capacity iri c.c. 
to the nearest integer. [I. C. S., 1905.] 

34. Trace the curve y = xF{ 1 - from x. — 0 to .r, ~ 1 for the \'alues 

w~0-5 and 2 . Show the two curves on one diagram. Show that 
the area enclosed by the curve and the ,r-axis diminishes as m 
increases. pp q g ^ 1902.] 

35. A cask has a head diameter of a inches, a bung diameter of 
h inches, and length c. Find an expression for its volume, supposing 
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that a seeLion along a stave is an arc of a curve of sines, the curva 
ture vanishing at the ends of the stave. 

Evaluate the result when 13, 17, 18. [L o. 8., 1902. j 


36. Find the value of J a;®'‘‘(l -x)^‘^dx 
to two significant figures, 

(1) graphically, 

(2) l>y calculation. fl. a S., 1903.] 


37. Show, without integration, that 


J 


64 dO 

Q (o + 3 co.s (Wy¬ 


lies between ‘644 and *753. 


[PhTKRIlOUSK AND SlDNKY iSuSSEX .ScJIOLAHSHII’ ExAM,, 1917.] 


I)i ffc ren ti a t c 5 tan ^ f l! tan ~ ^ ^ .. > 

\2 2/ r)-f3cos^^ 

and hence prove that the true value of / is about ’GS. 
(Take tan ’UJ 322 and tan~^ J ~ TGh.) 


38. In a diagram of the work done liy the expansion of steam in 
a cylinder, given by Watt in 1782, there arc 20 ordinates at equal 
(unit) distances. The i-cspective lengths of the ordinates, of which 
the first is one unit distance from the beginning of the diagram, 
arc 1, 1, 1, 1, 1, -830, *711, *625, *555, -500, *454, -417, *385, *357, 
•333, -312, *294, *277, *262, *250, representing the steam pressure in 
pounds weight per square inch as the piston arrives at a position 
corresponding to the several ordinates. The initial ordinate is also 
of unit length. The steam pressure is supposed to bo constant 
(14 lbs. weight per square incli), whilst the piston travels over the 
first five divisions, and then the steam being cut oft’ suddenly, the 
pressure is assumed to fall according to Boyle’s Law (^n^ — constant). 
Show that the area of this diagram is very little more than 11 *.562 
square units, and that the mean pressure is *578 lb. weight per 
square inch. 

Justify Watt’s statement whereby it appears that only J of the 
steam necessary to fill the whole cylinder is employed, and that the 
effect is more than half of the effect which would have been pro¬ 
duced by one whole cylinder full of steam, if it had been allowed 
to enter freely above the piston during the whole length of its 
descent.” [Goodkve, On ^Jie ^team Mngftne.] 
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39. Tf stoam at pressure 1I)S. weight per S(}nnre iiieli l>e ad- 
initted into a eyliiidcr of length a feet, and l)e cut off when the 

piston has completed - of its stroke, and the steam j)ressiiro then 


fall according to Boyle’s I^aw for the rest of the stroke, prove by 
the Integral Calculus that if the piston area be A S(juare inches, 
and there be no back pressure, the work done in one stroke is 


Aaj) 

n 


logmen foot-pounds. 


Show also that the approximate result found by the metliod of 
di\ iding the Indicator diagram as in the preceding question, and 
assuming the cut-off to be at half-stroke, differs from the true result 
by about 1 *5 per cent, of the estimated work. 

[Assume f log log^ 2^-09311718.] 


40. 8team is admitted into a cylinder at double the atmos])lun’ic 
pressure (atmosph. pres.— lb lbs. wt. per sq. inch), and on the 
o])posite side of the piston the pressuie is atmospheric continually. 
The steam is cut off at half stroke. Divide tlie stroke into 20 equal 
p.arts. Sup})ose the pressure at the beginning of each of these 
portions to remain uniform until the piston reaches the next in order, 
and assume the fall of pressure after cut-off to be that of Boyle’s 
Law. Show that with these assumptions the woik done in one 
stroke is nearly 8466 foot-lbs.; the area of the piston being 200 
square inches and the length of the stroke 40 inches. [Draw the 
work diagram as accurately as })ossible on squared paper.] 


41. An ellipse, whose major axis is 10 cm. ajid eccentricity 0*4, 

has a perimeter 20 J v/1 ~ b'16 dej) cm. in length. Draw on a 

largo scale the graph of ^/i -0*i6siii"<^ as a function of </> from the 
following values, the angle «/> being in radians : 


4> 

j! 0-01 

0-175 1 

j 0*350 1 

0-524 

1 o-78r> 

1*047 

1 -257 

1 571 

siji (p 

;|o-o 

1 0*030 j 

0*117 

0*250 

0*500 

o-7r>o 

0*904 

rooo 


Hence find graphically the value of the integral and tlie peri¬ 
meter of the ellipse. 

Check your result by drawing the ellipse, and stepping along the 
perimeter with your dividers opened to 1 cm. [I. c. 8., 1907.] 
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4*J. Draw in one figure the graphs of , 


yli-iuinr" 


how they are related; the angle x> being taken in radians. 


From the graph of — — deduce the genei'al shape of the graph 

X 

sin X . 

of I - * (lx, finding its proportions roughly. What is the approxi- 

mate value of tlie integral when x is large ? [Use a large scale of 
rejiresentation and draw the graph, say, from x- 0 to x-^ 15. It is 
sufficient to describe the shape when x is negative.] [1.0. S , 1907 J 


43. In an electric circuit of resistance R ohms, L is the self- 

indiK'taneo. The voltoge suddenly rises to a value /". The current 

in amperes is /. The law of gr-owth of the current is 

r u/ /^\ (IQ 

. ) and 

Taking Q to vanish initially, prove that Q 
and illustj'ale th(‘ gi’owth of / graphically. 

41. A cuiTcut is changing aceoi’ding to the law 

-=(i + ht- ct-, 

(ft 

where t is measured in seconds and Q vanishes with t. 

Also the voltage is given by yt/+where Jl- resistance 
and L -self-inductance. Express Q and Uin terms of t. 

45. The figure shows the indicator-diagram of a gas engine 



Scalet 80 tba per square inch per inch 
Fig. 10. 
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which works on the Otto cycle. Estimate the horse-power of the 
engine from the diagram and from the following data: 

Diameter of cylinder 9y', 

Length of stroke 10 ", 

Kevolutiona per minute 180, [Mech. Sc. Trip.] 


46. Apply Weddle’s Rule for the approximate evaluation of a 
definite integral, viz. 

m 3 A 

f" 

to evaluate I logsin^r/d to four places of decimals, and compare 

J 0 

your result with the known value ^log.i. ... 

’2 ^ - [Boole, /Vn. JJijf., p. 49.] 

47. Prove from first principles that if 

.Tj, .r^, iPg, 

he finite real quantities such that, as n tends to infinity and Q'n to .r, the 
limit of _ .j.^y 2 + 

is zero, then the limit of tlie sum 


IS 


-X,' 


[OxK First r., 1013.] 


48. The velocity of a train which starts from rest is given by the 
following table, the time being reckoned in minutes from the start 
and the speed in miles hour: 


2 mill. 

10 iii./h. 

12 min. 

20 m./h. 

•t „ 

18 „ 

1-4 

n 

6 „ 

25 „ 

16 „ 

5 „ 

« „ 

29 „ 

18 „ 

2 „ 

10 „ 

32 „ 

20 „ 

At I’e.st. 


Estimate approximate!}^ the total distance run in the 20 minutes. 

[Math. Trip. Pt. L, 1913.] 

49. Show that if </>(a:) he any polynomial of the fifth degree, 

r </> (.r) dx = i\{b4>{a) + + 5</> (/?)}, 

Jo 

where a and /3 are the roots of - a; + = 0. 

[Math. Tkip. Pt. L, 1909.] 
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50. The specific heat of a suhstanco at tempcratur’o T is , where 

Q is the quantity of heat required to raise 1 gram of the sul)stance 
from some fixed temperature to t°. 

The specific heat of water (.*?, in joules) at a tem[)craturo of f being 
given ])y the following talfie: 



0" 

10" 

2(.)" 

30” 

40" 

50" 

s 

4-219 

4-195 

4-181 

4-174 

4173 

4-174 

t“^ 

GO^ 

70" 

80" 

S)0” 

100" 



4-178 

-1-1 K-l 

4-190 

4*197 

4-205 



show that to raise 1 gram of water from 0° to J00° requires 
418-5 joules approximately. [Math. Tair. Pt. I. 1910.] 


51. Provo til at 


f^sin,?:^^^ psiinr 


[Math. Tail*. Pt. L, 1012.] 


52. A uniform solid is bounded by the surface obtained by 
revolving the area ^2 ^ ^,^2 + eft,-* + c 

about the axis of x, A slice is cut from the solid liy two plane 
sections jiorpondicular to the axis at a distance h apart; prove that 
the volume of the slice is /”, where 

j7ra//3, 

.‘/j and being the areas of the two plane faces of the slice. 

Show also that the distance of the centroid of from the face 

2 ^ 12/^ ^ ’ [Math. Tkji*. Pt. I., 1914.] 
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STANDARD FORMS. 

27- Reversal of Differentiation. 

Wc now pT-occed to consider Integration as tlie purely ana¬ 
lytical problem of reversal of the ope)‘ation of Dilierentiation. 

In the Differential Calculufi the student lias learnt how 
to differentiate a function of any assigned characUu* with 
regard to the independent variable coutairn^d. In other words, 
liaving given y —\//(.r), metliods have bee'n there explained of 
obtaining the form of the function \j/{jc) in tlie e(iuation 

If we can reverse this operation and obtain the value of 
\//(.r) when yj/{^v) is the given function of ;r, we shall be able to 
perform tlie operation which has been indicated by the symbol 

f0(cr)(fj'’, i.e. {\j/{x)dx, 

J a J a 

by merely (1) taking the function \/r(^:), (2) substituting h and 
a alternately for x in this function, and (3) subtracting the 
latter result from the former; thus obtaining 

ylAh)-~ylr{a). 

28. We shall therefore confine our attention for the next 
few chapters to the problem of this reversal of the operation 
of the Differential Calculus. 

The quantity b has been assumed to have any real value 
whatever, provided it be finite; we may therefore replace it 

X and write the result as 

j (f>{x) ilx== ^{x) — \{r{a), 

J a 

40 
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When tlic lower limit is not specilicd iiud we are merely 
eiKpjiriti^ the form of tlio function \/r (;/*), at present unknown, 
whose difierential coefficient is the known function (/>{x), the 
laotation is f 

J ,j>(x)dx-=\P'{x), 

the limits bein^ omitted. 


29. Nomenclature. 

Tile nomenclature of tliese expressions is as follows: 

The function cj)(.c) wljose int(‘^'ra] is sou^lit is termed the 
''integrand/’ and the result t(?rmed the “integral.” 



or — 


is callcMl tlie “definite” integral of «/>(ir) between 
bmits a and />. 





the assigned 


wluire Uio lower limit is assigned and tlie upper limit is left 
undet(u*mined, is called a “corrected” integral. 

I f/)(.r) </.<■ or 

without any specified limits and regarded merdy as the 
rc^versal of an o])eration of the difiercntial calculus, is called 
an “indefinite” or “uncorrected” int(‘gral. 

It is customary to read the expression j0(.r)(Z:r as “the 

integral of </>(./;) with respect to ,r,” or as “the integral of 
((>{ui:)d,i\" And the process of obtaining is called In¬ 

tegration. 


30. Addition of a Constant. 

It will be observed tliat if r/)(.r) be the differential coefficient 
of it is also the dilferential coefficient of x/^(-r)+C^, where 

C is any constant whatever, that is to say, a (juantity wliich docs 
not depend upon the variable .v; for the differential coefficient 
of such a (quantity with regard to is zero. (See Art. 3.) 

Accordingly, we might write 

^ d.c = \p'(x)-\-G. 
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This arhitrary constant is, however, not usually expressly 
written down, hut will be understood to be existent in all 
cases where the lower limit of the integral is not expressed. 


81. Different processes of indefinite integration will fre¬ 
quently give results of different form; for instance, 


^ (lx 


IS sin" 


or 


— COS" 


for the expression —p-—- i.s the differential coefficient of 

either of these expressions. Wo cannot infer that sin-^a; 
and — cos”^.r are exjual. What is really true is tliat sin'"^^; 
and cos~^.r differ by a constant, for 


. 1 ^ 1 
sin“hr = ^ — cos“^ x. 


So that 


or 


1 


_ 1 

_ 1 

sjl — rr- 


(ix — sin~^a;+(7, 

(he == — cos-^ x~\-C\ 


the arbitrary constants G and 0' being lu^cessarily different. 


82. Inverse Differential Notation. 


In agreement with the acccqited notation for the Inverse 
Trigonometrical and Inverse Hyperbolic functions, we might 
express the equation 


as 


J (p(x) dx~ylr{x) 


or 1 )-^ <{)(x) = \Jr{x) 

or 


and it is not infreipiently useful to employ this notation, 
which very well expresses tlie interrogative character of the 
operation wo are conducting. 



STANDARD FORMS. 43 

33. General Laws satisfied by the Intforating Symbol 


cliV OR 


ly 


I. It is plain from tlie meaning of the symbols that 
d 


But 


y #•(.«) cl 


dx is (f)(x) 


or I) 


=</>(*)• 


|<*c= 0 (^»)+C' or jj[/>v''W] = ^>C«)+C', 

C being any arbitrary constant. 

II. The operation of integration is distributive for a finite 
number of terms. 

For if be any functions of Xy 

dx{\ '**1 ■^1 

and therefore, omitting additive constants, i,e. supposing the 
lower limit to have been assigned and to be the same in each 


case, 


j* (Zx+J ^2 == + 

Similarly, 

j* dx +1* dx — J dx = J (^1 + Rg '^^ 3 ) 

If the lower limits in these several integrations arc not 
the same, the left-hand member of the e(|uation may differ 
from the right-hand by a constant. It is in this sense that 
the equality sign is used. 

III. The operation of integration is commutative with 
regard to constants. 

For if ^^zzzVy and a be any constant, 


d 


du 




u 


CHAFrKR II. 


8 (; that, omitting additive constants oi‘ integration, 

= j* iivdx, 


or a 

wliich (istablishes the tlieoreni. 




av dxy 


34. Case of an Infinite Series. 

In the case of an infinite series of real (juantities, 

of wliich the terms are connected by a detinite law, we shall 
still have 


1 U<lx~\ a., toco V, say, 

provided the series IJ itself, and th(^ seri(\s formed by the 
integrations of the separate terms, are both uniforvily and 
u'aconditianally* oonveryent within a iTinge of values of 
X, viz. x = btox = a, say, wdiere a^ b, between which (quantities 
both limits of integration x^ and a'g 

a > j:., > jj > Ik 

For let K and S be the remainders after n terms of the 
series U and V, ix. 

U — 4“ '?//o -!-••• + d“ 

rx.2 rx.^ * cx-j 

F= I u^^dx-{-\ u.^dx\ 'a^^dx-\-S, 

J Xi j Xi J Xi 


Then, by supposition, both li and S vanish when u is 
indefinitely increased for all values of x between a and 6, and 
r *2 

therefore so also does I Rdx, for it lies between R'(x., — x^) 

Jxi 

and where R' and R" are the greatest and least 

values of R as x changes continuously from a to b, and which 
are quantities vanishing in the limit. 


Hence, F—>S'=f (U—R)dx~{ Udx-^i lidx (Art. 33, II), 

J X^ Jxi J Xi 

and when n is indefinitely increased, 


f 


udx-= r. 


* See Art. 1900, Vol. II. 
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If then a function <{> [or?) can be expanded in a power«acries 

r — Tj 

as (p{x) = tlie series being uniformly and uncoiidition- 

r = (j 

ally convergent from x = h to x — a, we can write 

Cxz r-r/:, rxz ^ r~f 1_ ,y,r4-l 

^>(x)dx=^AA xUIx--=^a/^- [Art. 16, Ex. C], 


where a > Xg > > h ; 

for if be uniformly and unconditionally convergent, so 

also will be 


,.x-\ 1 


nd '^Ar~ 


r+l 


r-fi 


Tinder such circumstances, therefore, we may exjiaiid before 
integrating. 


“h*). Geometrical Illustrations. 

Wo may illustrate these facts geometrically. 



Let the graph of y = (l>[x) be represented T)y the curve 
G1\P, Let the coordinates of a fixed point 1\ on the 
curve ho Xq, y^, let x, ?/ be the coordinates of a current 
point P on the curve, and let A be the area of the figure 
PqNqNP. Let X increase to x+ox, and in consequence let y 
become y+thj and A become A-{-SA, Then SA is the area 
of the strip PNN'l^ between two contiguous ordinates NP 
and N'P\ and lies in magnitude between y 6x and (:lJ-\-Sy)^Xy 
S '] 

and therefore ' lies between y and y+(h/. 
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1 fence, 
we have 


Hence 


in the limit, when Sx is made indefinitely small 


dA. 



So lon^ as tlie lower limit is nnassi^ned tlie reckoning 
of the artia may start from any arbitrary position of the 
ordinate case is that of the “indefinite'’ 

integral. 

When the lower limit is assigned, say x=()A^q, the area is 
reckoned from tlie ordinate -Wq^o arbitrary oj'dinate 


AU\ and is f c/)(jj dx, and is then “ corrected.” 

J ON, 

When both limits ONq and ON are numerically assigned 

CON 

1 0(,r) (/.r is “ definite.” 

J ON,, 


the integral 



If there be several curves (a finite number of them, and 
all continuous, and none of the ordinates infinite witliin 
the limits of integration), 

V^F^{x), y = I\(x), y = F^(x) 

viz. the curves QqQ, HqR, 

and a curve be derived from them by the algebraic addition 
of ordinates so that 

Y:=:^F^(x)A~F^{^)~{-F^{^)i the curve S^S, 
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tlien the distributive prop<u-i.y IT. of tlie iiitef^ratiou symbol 
asserts that 

Area 7^oAoAP+area QQ/V^AQ+area i^AQAA — area SqN^qN^S. 
A^ain, if a curve be given by the equation 
y — F(x), i.e. curve 2*qP, 

and a new one be derived by increasing all the ordinates in 
the ratio a: 1 so as to liave an equation 

y = aF’{x), i.e. curve SqS, say, 

the commutative rule III. asserts that 

Area SqN'qN’S~< tx area 1\FqN1\ 

If the lower limit be not the same in each case, as 
assumed in the figure, the stated results would, instead 
of being e<]ual, difler by constants which depend upon the 
positions of the initial ordinates in the several cases. 


no. Integration of 

f'J 

By Differentaticai of . we obtain , - , — Hence 

(as lias already been seen, Art. 10, Ex. (i). 

r 

1 dx ~ ~ , +an arbitrary constant. 

J n-\-\ 

Thus'the rule for the integration of any constant power of 
X may be stated in words; 

Increase the index hy nn ’tty, and divide hy the new index. 


•y* 


fndr^ 

- ■!:? - f. ,.i 
s 


j .a’-V = =- - ; 


^■^Trr' » 

*55 







J 1 dr or 
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o7. The case of 


1 


It will be remembered that x~^ or ~ is iluj differential 
coefficient of Thus, 

f x~^ dx or 1 ^ = loir,, X. 




Tins tiHa-el’oi’e forms an aj)pai‘c.nt exception to the general 
rule, 

r 

J n+l 

It is, liowever, only ajyparent. For we may deduce the 
logaritlimic form as a limiting case. ^Supplying tlie arbitraiy 
constant (\ we liave 

r .^71X1 1 

*" dx = + O = - - - -f J, 

j n-j-l ')i+l 

where \ - and still is an arbitrary constant, i.e. does 


not contain x. Taking the limit when 


^ - 1 
?'H-i 


takes tlie form lng^,r G(d., Art. 21). And as 0 is 

an arhitrarif constant, we may suppose that it contains 

a negativ’ely infinite portioji — “ , togi^ther witli another 

arhitfary portion A. 


n+l ’ 


Then Lt,,.-. _ i j dx = log x +A . 

This has also been seen in Art. 10, Kx. 6. 

38. In tlie same way as in the integi-ations of and we have 


and 

and therefore 
and 


(cr.r -h />)'* ^ fr (nx + />)” 

j' (o.r+ /->)’* d'V-~ 


(>i + l)a 


f — 1 log + h). 

} ax-^b a ^ 

[Although j dx is I’cally one symbol indicating integration with regard 


to x, we shall often find r/.r printed for coiive 

/ I f <ix 

7 pniited ns etc ] 


enience as 


[_jlx 

J nx+b^ 
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39. We are now in a position to integrate any expression of 
the form 

where' </>(r) indicates any rational integral algebraic function 
of X. 

This can be done in two ways: 

(1) By ordinary division of by ax+h we can express 

in ilio form Q+- ,, 

^ ax-\-b 

where Q consists of a series of descending powers of x and 22 
is independent of x. 

Every term is then intograble by the foregoing rules, and 
the result will be partly algebraic and partly logarithmic, 

the last term being — log(aic+7>). The condition that it 

should be entirely algebraic is obviously that It should 

vanisl\, ij\ = or that 0(r) sliould contain (ix~\~h as 

a factor. 

✓ Rff . i -4 + 7!^) 

-= - 4.r + 8 1< ►g (.r -}- 2). 


(2) A second process would l)e to put ax-\-h = ay, i.e. a? = y - 
and then 


il){x) V a 
ax-\-h ay 


Then expand ij>\v -j in descending powers of y, thus ex- 

\ (X/ 

pressing tlie fraction ultimately in the form ^^ » where Q 
is a series of powers of y and K is independent of y. 

Thus is expressed in a series of powers of 

together with a term 22' being independent of x and 

x+^ 

a 

each term is again integrable. 
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Thus, in tlie f()regr>iri<^ case, J putting .r + 2=y, 

(y- 2 )^-f- 0 /- 2 y 

\r + 2 
Hence 


7 ,^.+ i 8 y - 20 + !? 

y y 


=(. 1 :+2>'' - 7(^+ 2 )“ + 1 8(,r + 2) - 20 + 


.7’+ 2 * 


/--^ ‘ 2 ' ^ + 2)3 + 9(.7’+2)2 - 20(.r + 2) + 8 log (.r + 2). 


we have 
and 


{a -f-1) [ 0 (a ;)]<jy (;z;) and 


The results are of different form, but of course etpiivalent, except that 
they differ by a constant. 

40. It is also to be observed that since the differential 
coefficients of [</>(ir)]^+^ and log0(ir) are respectively 

V-W’ 

71 1 

The second of tliese ri^sults esj)ecially is of great use. .It 
may be jnit into words thus : 

The integral of (my fraction of ivhich the mtrneraior is the 
differential coeffdent of the denominator in log (denominator). 

41, For example: 

j{iu^ + hx + cf (ia.v+b) rf.r 

f cot X d.v “ dx — log sin x. 

J J sin X ° 

/ tan X dx— — / - dx = ~ log cos x~ log sec x. 

J cos X 

J 


v/ 




42. More generally, since the differential coefficient of 

F[^(3;)] is F'[^(x)]^/(x), 

we clearly have 

jr[<p(x)]<^'(x)dx^F[<^(x)l 

Thus, for example, f 1 —' 9-“COs = sid^:. 

^ ’ j 1 Fsiu^^r 
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Examplks, 

Write down the indefinite integrals of : 

1. ], 0, .y"', .r \ "“ 7 ^, 

sjx 

V •*’ V .'f 

g (f/.y- + hx + c) (nar-^ 4- + c) 1 _] 1 

.V ’ a-a;* {a — j'Y 


4. 1_-+ ^ 


a - .r a + :v* a(a-h.('Y {(t~ x) 


1 , 1 {x-(t){x + a)(x^ + a^) 

7 ..\ 2 » ' ■“ ^.4 


5. (Jalculate / ( x dx \ j - ^ --dx. 

Jo Js ' Ji 2.r + .3 

/•3 

(>. Calculate / for the values rr = 2, 2> = 5. 


8. If the retardation of a particle be 2 foot-seconds per second, and 
its initial velocity lOf.s., when and where will it come to a stop ? 

rno 

9. Given jo?? —constant, and that p — 40 when ?’-O0, calculate / pdv. 

What does this integration mean ? ‘ 

10. Calculate j (x — 1 )(.r — 2)(.c — 3)(.r — 4) dx 

between limits (a) 0 and 1, (b) 1 and 2, (c) 2 and 3, 

(d) 3 and 4, (c) 4 and 5. 

Explain the signs which occur in the results. Illustrate by a graph. 

11. Write down the indefinite integrals of : 

(i) {a^+bye’, (ii) (iii) + *)> 

(iv) (oaf + he‘Y(pax^'~'^ + he^). 

—~ ('0 / 2.r dXy (iii) / tanh ;r dxy 

/•-V f 2a.r”4-6 „n--i 


.. , / 2a/F”4-c> , 

(^Xb^+af^ 


13. Integrate 




^ 1 (fa: , . rvers““*a? , 

J Mij-* ^ ^'r-^ i 
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14. Jntej^mte 


(i) f , (ii) f j 

^ \l .rlo^.r J lo^ log .i’ 

J.i log .r log log .t’ (log log log .r)'‘ ^ 


vvhero T.r I’epresent log log log ... log.r, the log being repeated r times. 


43. It will now be perceived that, the operations of the 
Integral Calculus being of a tentative nature, success in 
Integration will depend in the tirst place on a knowledge 
of the results of differentiating the ordinary simple functions 
which occur in Algebra and Trigonometry. It is therefore 
necessary to learn the table of Standard Forms wliich is now 
appended. It is practically the same list as that already 
learnt for Differentiation, and the proofs of the facts stated 
lie in differentiating the right-hand members of the several 
results. The list was printed on page 46 of the Author’s 
Differential Calculus, There are a few additions, as we are 
now specifically considering Integration. The list will be 
gradually extended, and a supplementary list will be given 
when the results have been established. 


44. PliELlMINAKY TaBLE OF RESULTS TO BE COMMITITSD 



TO 

Memoby. 

(1); 

1 ax = . 

) 71+1 

(2) ^\dx = ]og,x. 

(3) ^ 

j* (lx = e^. 

(4) = 

(5) 1 

j* cos(r dr = sin x. 

(6) j* sin X dx — — cos x. 

(7) 1 

j* sec^ X (lx = tan x. 

,(8) fcosec^ xdx:= — cot x. 

(!»j 

r f* sin ijc 

sec X tan x (lx =\ - dx — sec x, 

1 J COS^ X 

(10) j 

r 1 COS X 

cosec X cot xdx= 1 -v-—.— dx = — cosec x. 

1 J sin^ X 

(11)] 

i 

j tan rr dir = log^sec ic. 

■ (Art. 41.) 

(12) J 

1 cot xdx^ logjSin x, 

4 
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(U) \ 

r (lx . , X 

1 \/ — XT (1 

, X 4* 

— COS~"l 

it 

(14) 1 

[ (lx 1 , . X 

..—.7 —or 

1 a-‘ ~\-x‘^ a a 

1 

(1 

cot-^ ~. 
a 

(15) 1 

[ dx 1 . X 

or,. 

1 ., X 

— cosec"^-. 
a a 

(i«)J 

\ dx .X 

--=.vers”i- 

' J2(ix—x^ 

or - 

- X 

- covers ^ . 

a 


45. It is a help to the ineniory to observe the dinieiisioiis of each side. 

For instance, .r and a being supposed linear, J ^ is of zero 

dinieiisions. There could, therefore, be no -- piefixed to the integral. 

a ^ 

/ d '/* 

" r,—r, is of diinensioiiH -1. Hence the result of 


ihtegration must be of dimensions —1. Thus the integral could not 

be tan“^--, which is of zero dimensions. There sliould, therefore, be no 

" 1 
difficulty in remembering in which cases the factor - appears, and when 

it does not. 

Also, so long as we are dealing with the trigonometrical functions, 
whenever the result begins with the letters ‘‘co,” it must be with a 
negative sign. 4'he reason is obvious ; the cosine, cosecant, coversine 
and their inverses are all decreasing functions as .r increases through the 
first quadrant, and their dillerential coefficients are negative. 

The rule of the “co^’ does not apply to the hyperbolic functions. 


Examples. 

Write down the indelinite integrals of the following functions : 

1 .r - a x + a __ 1 

.r+tx’ .r-' + cr"’ + 

2 

2. 2*, 2.r, a + + 

XX 1 1 \ 

3. cos^t;* cot.r + tan.i', cosxl-:- 

2’ 2^ \sin.r sin^xj 

1 _ 1 1 1 1 1 

1 .r-1-1 ax+h aa>\-b ’ ax + b 

- 4’ .i 7 s/.r- - 4’ — x^^ sjx^ — c*^’ 

^ __1 1 Ji _ x^ — 4 4- 4 

'xjzx‘-la’ ^+ 4 ’ 

♦See also Art. 1890. Vo!. II. 
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7. Write down the indefinite integrals of : 


(i) J (ii) j cot.r sec^u;ii?*r, (iii) j(e^-h a)**e* 

(iv) J(:v^-h a^)” (v) j (aaf^-^bA7-hc)”(S(m;^ + h)dx'. 

8. Write down the inrlefinite integrals of : 

tan“^^^‘^'’ -.r'^(sin“i.r)2’ j*.r(log.r)^ 

r. T' J i- /'\ 2.r+l , .... P 2.r;+l , 

9. Evaluate (i) I > .> , , ..,d.v, (ii) I t-j- -rTT2"‘^*- 

J1 1) J 1 Ir 

10. Draw the graph of 64(.r — 2)(.r — 3)(2 j; - 5), and show that the 
area between .r™2 and .r=2*5, bounded by the curve and the ^;-axis, is 

32 j^(.'r—2)2(.r—3)“^ , z.«. = 2 square units. 

Verify by multiplying out and integrating each term. 

11. Write down the values of: 




Vz _ ^<n~l)x 


sinh x 


-cfo:, 


fl g 2 j'_j.^ 4 * rb 

(iii) J —(iv) j cosh (log ^;) tf.r. 


12. Evaluate 




; dv. 


(ii) f‘ 


cos'^a: cf.r. 


13. Evaluate 


(iii) / cos 2 . 6 ’c/.>r, (iv) / (cosh .r + cos .r)c)?.r. 

.'o *0 

. -f 

(i) / sec'-^n.r fl?vP, (ii) / sec .r tan .3; e/j:, 

‘0 *^0 

.... M d.v .. . n dx 


14. Evaluate 


(i) (ii) /£! rf,., (iii) 


/'“--J 


.r3-6.r2+lh?7~6 , 

- dx. 


•3a’+2 


46. The processes of Integration being necessarily of a 
tentative nature and founded upon a knowledge of the 
forms obtained by differentiating the known functions— 
algebraic, logarithmic, exponential, trigonometric or hyperbolic, 
or the inverse forms, it will be reali55ed that many expressions 
may be written down wliich arc not the differential coefficients 
of such known functions or of any combination of them. A 
little consideration will i^ow that this is necessarily the case. 
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If the inverse sine had never received the consideration of 


inathematicians, the expression would liave been the 

V1 — x" 

differential coefficient of something so far uninvented. In 
the same way, if the invention of a logaritlim had not 
preceded tlie necessity for the integration of the integral 

of - would have been lacking and have |)re8ented difficulty. 


Hence it will be seen that it is only certain classes of 
alge])raic, trigonometrical, exponential, logarithmic, or hyper¬ 
bolic functions, or the corresponding inverse functions, that 
admit of integration in finite teims. Some functions there 
are which admit of integration in terms of an infinite series 
though such series may not be otherwise expressible as the 
eximnsion of any known fiinction. For example, 


71- 


— is not the dilferential coefticieut of any known function. But 


supposing J7<1, 

(1 ^ 

1 1.3 

""‘^'■^-101 “‘‘ 2 . 4 201 ’ 


,.100 4 . ^ /• 20 <) I 

^2.4 ^ 


...) 


(Iv 


an infinite series, not capable of summation, but nevertheless useful for 
ajiproximative purposen, supposing x to be a positive ])ro]>er fraction, if 
such arithmetical approximation be required. 


And to go back to the case of x~^, it is also clear that as 
by tlie failure to integrate it, by considering it a case of 

f ^ 

\x^dx— —r, there would have been a gap in the list of 

J n+1 

integrals of powers of x, viz., 

j.vd.c=-^, jx->dx=7 J.v-^d.r=--''f^, 

the properties of a function which had x'^ for its differential 
coefficient could not long have remained undiscovered. 

For if I^(x) stand for J ^dx, we must have 

X V XU 

i-''- xj^F-^[F{oc) + F{y)l 

J xy 
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which constitutes the fundamental theorem of logarithms 
and indicates how an addition may be used to perform a 
multiplication when tables of F{x) have been constructed. 

In a similar way, the expression J ^ ^ ^ where k 


is a constant < 1, presents itself in the consideration of many 
problems geometric and kinetic. Now 

the differential coefficient of any combination of algebraic, 
exponential or circular functions. Hence, this is a case in 
point. This is an integral where necessity for discussion has 
arisen prior to a knowledge of the expression of which it is 
the difi'erential coefficient. Calling it u, 

d0 

Jo Vl —/j^sin-^^ 


We call the upper limit ({> the amplitude of Uy and write 
</) = am Uy and inversely ^6 = am■^^. Thus u receives a name. 

It is a function whose leading properties we propose to 
discuss later. 


EXAMPLES. 

1. Write down the indefinite integrals of: 


(1) 

(x-{-(i)(x + h)(x + r) 


x^ + 4" - ^(ihx 

" 0)4 * 

\ / 

X (1 b 

(3)^ 


(1) 

a cos X - b sill X 

V \ X'" " A a;""", 

a sina; 4 'icos 2 C 4 -c* 




tan-’-* 

( 5 ) 

^alogz giloga 

(6) 

,1 

9 + *“ ’ 

^7\ 

1 

(8) 

cosa:(l 4- sinx) 

V */ 

sin a; cos a;* 

sin-x * 

( 9 ) 

1 

1 “ cos x' 

(10) 

siu(a: + j), 

(11) 

x^ 4- sin-a; „ 

— 8ec‘'a;, 

a:- + 1 

( 12 ) 

(1 4- sill X cos x) sec^i 

(13) 

tan a:(l + sec x), 

(U) 

a sin^x 4- h cos^x 
sin-xcos‘^x * 


(15) (cos ic - sin 3!)(2 -f sin 2.r) sec^a; cosec'^a:, 

(16) (a + tan x) (b + tan x) sec^a;, 
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a:[l +(ioga^)-|’ 


(18) ^cos (log*), 

Jj 


Was 


a"e“+l 


2. («) If/(*) - prove thiit !/(/■(:);)«'* = ^. 

{h) If/(*) = a + /sj;, prove tluit J/’’(*)(fe = « ^^ _ ' x+h'^^, where 
f’'{x) mean/(./*), the functionality symbol/occurrini^ r times. 

3. Show by expansion that 

(a) jlog (1 + *) (fx - o - ■/' 3 + ^’ 4 ■' 175 + • • • = (1 + •'■) (1 + 

(!>} Jlog i -_7T*^'^'" 

Sj-I ;P« /S •2;^I0 ,^12 .,^11 2*’0 I 

\ L 2'5.4 5. C TT8 “ iTlO ■''11.12^ KlT H ~ T.^. 16 

.'her. (.-rj-i) 

V?7 1.2...r 

4. I’rovc by DitToreiitiatioii or Integration from the Iliiiornial 
Expansion of (I +x)'', whore n is a positive integer, 

(<0 1 C\ + 2C., + + ... + nC„ - n2"-‘, 

{!>) 1 . -20, + 2 ..3(73 + 3 . ^(.\ + ...+(«- \)nC„ == n{n - 1)2’-^ 

(r) 1 C\ + St/j + :)i\ + ... = «2'-“, 

{d) PC'! + 2=C; + 326; + ... + 7^2(7,. - 77 (« + 1)2”-; 

(c) P6'i + 22a;c + 326V2+...+n3C',_x-> 

— *{71-’x2 ^ ^3«, _!),;;+ lj(l4- 

(/) 1 Co + 2C'i + 36; + ... + (71 + 1) (7,. = 2’-(77 + 2), 

, , L\ 6; 6; C. 2'-^'-l 

it\ --*1? J_i J_O- J_ ^ - = -. 


(h\ ^’o , c; (; _ 

07 f72'*‘0 3.4'^-“’^(7H-l)(7i + 2)' (/t+l)(n + 2)’ 

(i) . ^'2 _ + _ 

1.'J.3 2.3.4 3.^.5 ■■ (7i+l)(7t+2X?i + 3)' 2(71 + 3)’ 

/ A 3.4 .y 4.5 ..y 5.6 ^ (ti + 3 )(71 + 4) 

_37^+5_ 

( 77 + l)(7i + 2)’ 
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5. Prove from the expansions of sin^r and cos.x in powers of x 
lat J sin X dx==l - cos x and that j* cos x dx = sin x. 

6 . Prove from the expansion of exp x that 

J exp X dx — exp x [exp x ~ £;*]. 


7. Prove that 

f “t" (* - 0 + 


n\ x^ “ 1 (n\ ~ 1 








8. Show that 


|(rt + hr) (x + ry‘dx = b + ('» - l>c) • 


9. Show that 

10. If </>(a;) be a rational integral algebraic function of show that 

11 . By coiisideritig -af{x - by dx, show that the differciice 
of the series (j) and q being positive integers) 

+ ^,^1, _ ,) (-zllTl + (yz^l + 


V-L__,^ . 4 . M - a )^ —I' (h - a) 2 i" _ 

P + ^f+1 P + (l 1.2 ^ ^ 

(. a)--* (x_^ 1) (,. a)..,-. 

p^q+l ^ p^q 1.2 p + q--l 

is independent of x. 

12 . Verify by differentiation that 

(1) 1 

jl-i-x 4\/2 l—x^/q+x^ 2>/2 

(o\ [ - x!^ -x _ 

’ Jvi (*+'^1 - A 
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13. If <l>{x) — + ^ ^ prove that 

r(/>(x) , y, a:” p p ir”*3 ,/7\i / rx 

J X -II n ■*■ 7| -T -'n +••• + '/' W log (® - *) 

where i>,. ^ -i^A^. Write down the values of , Z?^, JJ ^. 

14. Show that ~ rational integral algebraic forms of 

<fi(x) may also be expressed as 

<i>(h) i„g (x - h) ++ r'{h) +.... 

Prove that 

Fit: _ ^ _ 702 _ 7/^)3 n 

J .-/.*-' 2 .,|' * S =| 5 ^+- 4 =| r -" ■■■} 

15. Prove that j* 2 ^og(a/;) log^^^. 

16. If 


J (r.\ Tl 

” ■" ! L ^ “ 2 (2?^ 4- 2) 274 (27i‘- 

(Ze. Bessel’s function), prove that 


ic4 _ 

+ 2) (271 + 4) 



(1) £/.(x)r?x=-l-4(x), 

(^) j F„-i(-«)-<^..nW]'^a^=2J„(x) (n>0). 

17. Prove that 

-xi^ydx -l''(^ 


when F(aj y, a:) denotes the liypergcometric series 
a . ^ 

Ty 


1 + 4. ^ ^ ^2 ^ i 2 /^ /^ + + -? a ;3 ^ 

1.2.3 yy+ly + 2 

[I. C. S., 1898 .] 


1.2 y y 4 1 


18. Assuming that the speed of the current in a river at a 
distance x from the bank follows the law 
v==Vq + kx{a - x), 

where a is the breadth of the river and and k are constants, find 
by integration how far down stream a man will be carried who rows 
4 miles an hour, pointing the boat’s head always straight at the 
opposite bank, so as to cross in the least time possible : the width of 
the river being half a mile, the banks being straight and parallel, 
and the speed of the current being 2 miles an hour near the banks, 
and 3 miles an hour in mid stream. [I. 0. S., 1905.] 
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19. Find the moment of inertia of a rectangle of sides 2a, 2h about 
a line joining the mid-points of tlic opposite sides of length 2a. 

The section of a ship at the water line is 120 feet long. If the 
middle line be divided into six equal portions, the ordinates of the 
boundary of the area at the middle points of the segments are given 
by the following ta])le : 


Distances from end 10 

30 

50 

70 

90 

no 

Ordinates - - 10 

20 

20 1 

18 

14 j 

8 


Draw a figure showing the section, rememl)ering that it is sym¬ 
metrical on ]K)th sides of the middle line. By approximate methods 
of summation (treating the segments as rectangles) find the value of 
the moment of inertia of the section a^’*out the middle line, and 
the height of the metacentre above the centre of buoyancy if the 
ship displaces 30,000 cubic feet of water. 

Tmi 1 • -a Moment of Inertia 1 

The height required = —■ ^--—. 

[_ o T Displacement. J 

[I. C. S., 1908.] 

20, A substance A transforms into a su]>stance Ti, the rate of 
transformation in grammes per second at the time t being e(|ual to ax, 
where x denotes the number of grammes of A existing at that 
instant. In like manner B transforms into a third substance C, the 
rate of transformation being hy, where y is the number of grammes 
of B existing at time t. 

Write down the relations between x, y and their ditlerential 
coefficients wdUi respect to the time, and show that these equations 
are satisfied by putting 

x—]^e' y “ Qe~ 4- 11 e ~ 

provided Q and R are properly determined in terms of 1\ y being 
zero when t = 0. 

Also show that the quantity of B existing will be greatest at 

log Nap a-log Napj 

- 1 - _n—_j seconds after the zero of time. 

a - b 

[I. 0. 8., 1908.] 

21. Prove that the integral of the sum of an infinite series taken 
over a range within which the series is absolutely convergent, is 
equal to the sum of the integrals of the terms. 

Employ this theorem to find an expan.sion of log( I -f z) in ascending 
powers of pointing out the range for which the expansion is valid. 

Having given log^2 — 0*69315, prove that loge-Cl = 4T109 to five 
significant figures. [I. C. S., 1904.] 
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22. OK is the diaTrieter }>()un(iing a semicircle of radius r, P any 
point on OK^ and PQ an ordinate to the diameter OK. If x dcuiote 
the length OP and z the area which PQ cuts off the semicircle, 


. , ^ (h , (Pz 

interpret and 

Find a curve for which the area hounded by the curve, the axes Qf 
X and y and the ordimitc at a distance x from the axis of ?/, is 


a-tan - 


[I. 0. S., 1902. J 


23. From the c(piation 
1 
y 


ah + 




■K 


where « and h are constants, find y in terms of x. 

Tlie value of a being 2 feet, and of A 10 feet, evaluate y when 
X is 30 feet. [I. 0. s., 1910.] 


24. Denoting by A the area between the curve y^f(x) and the 
axis of rr, from the value zero to the value a of x, show that, wlicn f{x) 
is a rational integral alge]>raic function of the third degree, 

^ ^ O/o + ^Ai + y^)) 

where .Vo “AO). -Vu =/('')• 

Compare the result given by this rule with the true value, taken 
to three places of decimals, for the curve ?/“sin.'r, between the 
values 0 and O'b of x reckoned in radians. [b C. S., 1912.] 


25. Verify that the area of the curve 

y— ABx + -f Dx^ 

between the limits x — h and x— - A is equal to the protluct of A and 
tlie sum of the ordinates at 


x^hjj^ and x=-hjJ3. 


In the case of the curve 


y=: A + Bx + Cx^ + Dx^ 4- Kx^ + Fx^ 

verify in like manner that the area between x — h and x ~h is 
equal to 

{5/(Wp) + 8/(0) + 6/( - /iv/p)} A/9, 

[I. C. S., 1913.] 


26. Find the differential coefficient of 

+ iT + x^j2 ! + x^j3 ! -f iry4 I); 
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ami (loducc that tho sum of the first five terms of the (3X})onential 
series is less than by the (|uantity 


. f" " ; 


What would be the corresponding result if the series were taken 
to 71 terms instead of to five terms? [I. C. S., 1913.] 


27. Weddle\s Kule for finding, approximately, the area bounded 
by a curve, two ordinates, and a base forming part of the axis 
of Xj is: ^‘Divide the ])ase into six equal parts and draw the 
ordinates at the points of division, making, with the extreme 
ordinates, seven in all. Of these ordinates add the first, third, 
fourth, fifth and seventh, and five times the second, fourth and 
sixth. Multiply tho sum by one-twentieth of the base.” 

Provo that the rule gives tlie true result when the limits are 
0 and 1 and the curve has any of the forms 

;?/ ^ a, I/ — ax-f 7j = iix\ y=-a(x - 1 /2)”, 

where a is a constant and n is an odd positive integer. 

1 

Find, by the rule, the value of Gx | —to seven places of 

Jo 

decimals. Check the result by integration. [1. c. S., 1911.] 


28. Show that the work done by a gas in altering its volume 
from to according to the Adiabatic Law 

F'’'=;'oV 


is 


PoVr 1 1 1 

y-iljV' V-’J' 


If the law be Isothermal (/ = !), show that this becomes 


W’olog^^- 

If a gas expands isothermally from state to state % 

(Operation I.), 

then expands adiabatically from state to state p^j 

(Operation 11.), 

then contracts isothermally from state /q, r’g to state 

(Operation TIL), 

then contracts adiabatically from state ^ 4 , to state pjf 

(Operation lY.), 

( 1 ) find tho amounts of work done by or upon the gas during each 
of these four operations, drawing a graph of the whole cycle 
of changes ; 
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( 2 ) show that the work done in the whole cycle of operations is 

measured by 

adiabatic portions cancelling); 

(3) that ; 

(4) that, writing 


lV’i=i¥L> 


=-“2. 

/v’7=;'iV='A2. 


the above expression for the work may be written 


1 


[This cycle of operations is known as a Carnot’s cycle for a perfect 
heat engine.] 

29. If dQ be the whole heat absorbed by a body of uniform 
temperature whilst its temperature changes continuously from 6 
to 6-\-d6, and if </> be a function of the independent variables which 
define the state of the body and such that 

dQ 

'o' 


d(ji = 


is called the Entropy of the body (Clausius). 

Show that if a graph be drawn to represent 0 as a function of 
the area between the graph, the and the ordinates corre¬ 

sponding to the initial and final states represents on some scale the 
heat absorbed. 

In the case of a perfect gas satisfying the law ^ const. ~ II, assume 
the Thermodynamic Ecpiation 

dQ = CvdO +2^ d'i\ 

where is the specific heat at constant volume, and show that in 
changing from state 0^^ </>j to state ^ 3 , c/)^, 

\di/ e^i 

Taking the temperature as a function of the entropy and simul¬ 
taneous values of 0 and d as given in the following table : 



1*60 

1-70 

1*75 

1-85 

e 

450 

400 

1 370 

340 


and assuming that one unit of area indicates one unit of heat, what 
is the total heat received during these changes ? 
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[There is a ])rief sketch of the fuiidainental foniuilae of TheiauO' 
dynamics on pages TjG and 57 of Solutions of F)enate Home rrohlnns for 
1878 which may be found useful. Students may also read Taits 
lliermodynamks or Pai'ker’s Thermodynamics for detailed accounts of 
the theory ; other useful books are Zeuner, Tlaorle Mh'ampiC de la 
Chah'ur \ Briot, Thiorie AUcanique de la Chalenr.] 


30. Tn the case of a saturated vapour, if C' ho the spocifict heat of 
the va])Our, Le. the heat imparted to one gramme t)f the saturated 
vapour to keep it constantly in the saturated state when slowly 
compressed till the temperature rises one degret^ Fahrenheit; (t that 
of the liquid from which it is dei-ived at the same })rcssure and 
temperature, L the latent heat, then it can ])e shown that 




dl L 
do ~ 0' 


where 0 is the absolute temperature. 

Let be the specific heat of the li(|ui(l at constant pressure, 
'which, as liquids are practically incompressible, is so ne.arly equal 
to C that no appreciable error results from regarding them as 
identical. 

Then rtegnault has showui experimentally that the sum of the free 

and latent heat, viz. ^ constant as had been# 

supposed by Watt in his earlier experiments, l)ut is a function of 
the temperature 0, viz. putting 6^ — 273 4'^' and /l)eing the number 
of ergs in one calorie (41,539,739*8 ergs or a])out 3 foot-lbs.), he 
obtained the equations 

(1) L+f G^de^Jia + jiff +y6''^), i 

J 273 r 

( 2 ) + 

experimentally, determining the constants a, /h y ; a', p, y for several 
vapours. 

Using these data, prove that 

(1) ^| + 6>/(/3 + 2y^'), 

(2) i = ./[a + (/i „')6^' + (2y - /i')^ - 

(3) c'^J=/b- + 2y6/'- - 3 


273 + O' 
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31. Show that the integral equivalent of the equation 


dx 

i +X + X 


p dy p dz 


is of the form 

xrjz + a{ifz -k- zx + xy) ^h{x ’k- y z) + c =^0, 
where a, c are certain constants. [Oxf. I. P., 1913,] 

32. If the variables x, y, z be so related tbat 

ys^F{:r), zr.=^F(y), xy=F{z), 

Cx Ty A* 

show that j F{;x)dx+\ F(y)dy-\-\ F{z)dz^xyz - x^y^z^, 

J*i JVi Jzj 

For example, if x -{-y z — O, 

and yz-^zx + xy= - J T!^y-z\ 

show that 


^ dy + £ dz - J {xyz - x^y^z^Y 

[Bertrand, Calc, Int ,^ p. 383.] 

33. If y—\ expand y in powers of x as far as x^, 

^ [Oxf. I. P., 

34. Prove that f 2-v^-^^“6"*siii J. 

Jo - [Oxf. I. P., 

35. Integrate j* - ir)”(l - 


[Oxf. I. P., 1911.1 


34. Prove 


[Oxf. I. P., 1915.] 


where ?t is a positive integer. [Oxr. I. P., 1917.] 

36. Prove that the fifth differential coefficient of 
a:^j* <l)(x)dx — 4x^1* xd^{x)dx + Gx-j* X“<f*(^)dx — 4:cJ x^<t>{x)dx + j* x*<l>(x)dx 
is 24</>(.r). [Oxf. I. P., 1917.] 


fcosS^- 

37. Integrate j ^ 


38. If f(x) and F(x) be two functions continuous and finite 
betweeji 0 and x, such that 

obtain their expansions in fiscending powers of x. [Oxf. I, P., 1915.] 
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n (Ir 

39. Prove that 1 — ^’ -r -- 0*388 nearly. 

[Math. Trip. I., 1916.] 

40. If y- d'xr 4 - r, express in terms of y the differential coefficients 

of the functions log(a* + y), xy 

M’ith l egard to x. 


Hence evaluate and and prove that 


i; 




[Math. Trip. I., 1914.} 


41. Prove that 


{log(a 4- Oh) ~ log «} - 0 {log(rt 4- h) - log a} 
can bo expressed in the form 

Deduce that in calculating a logarithm to base 10 by the method 
of pro})ortional parts fi'om tables which give the logarithms of all 
integers fi’oiu 10^ to 10^, the error is one of defect and cannot 
amount to J10"^/x, where /A====logj^<?^ •13429. Is this negligible in 
seven-figure tables [Math Trip. Pt. II., 1919.] 


42. Integrate f sin 0 ^1 dO, and 

^ J \ 1 + cos 0 ’ 


show that 


y 


I 4- cos(4a 4-1 )0 sin 0 sin 20 sin 3^ 

iTcos'9 f - -. 1^—j 


n being a positive integer. 


sin 2n0\ 

“27r J ’ 
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CHANGE OF THE INDEPENDENT VARIABLE. 

47. It will frequently facilitate integration if we change 
the independent variable a; to a new variable 2 ; by a suitable 
choice of relation connecting the two. 

Let x^F{z) be the relation chosen, and let 

I V (ix or j/(a:) (ix 
be the integral to be transformed. 


Let 

u={vd.x. 

Then 

11 

.But 

dib du dx j/lx » 

di=7ix(fz=^ 

or f/tn 

48. Thus, 

,'^tsui— I X 

to integrate / d.v, let tan "hr: 


dx 0 

-f- — sec^2 ; 
dz 

r^Un-ix f ^ dx' 1 

j i 1 -f-tan’-^-s; dz ^ " J 


== je‘dz~e’ — 


L + tan-<? 


Instead of writing ;X’ = taii 2 :, it would he a little shorter to take 
1 djc 

and then ^-« - r — 1* And 

’ dz 

the integral — je^dzy at once 

= = 

67 
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49. Ill the practical use of the forniula 

^f(x)dx = \fiF{z)\F\z)dz, 

after having made choice of the transformation x—F{z)y it is 
usual to make use of differentials, and instead of writing 

we shall write the same equation as 

dx = F'{z) dz, 

and the formula will thus be reproduced by replacing dx in 
the integral dx by F'{z) dz, and the x by F{z), (See Diff, 
CaL, Art. 156.) 

/ gtan—^ X 

c/.r, after putting tan“^, 

lua^ wxiuc 

dx , 

fTrr^='^^’ 

and the integral becomes J 


\v —r, we 


50. When the integration is a definite one between specified 
limits, the limits for z will not in general be the same as 
those for x. But supposing a and b to be the inferior and 
superior limits for x, those for 0 must be such that whilst x 
ranges once over its values from a to b, z passes once and 
once only through the corresponding range of values for 0 , 
viz. from F~^{a) to F^^{b), where x = F{z) is the connecting 
formula. 


51. The transformation of the indefinite integral is 

\f(z)dx=\f[F{F)-]F\^) dz. 

Let /(^^)==V^ (^)- 

Then, if the limits for x be a and 6, 

f{x) = ^ ir'{x)dx^yl.{h)-ylr{a). 

J a J a 

Now, when cr = a, 0 = ; 

and, when x^h, z^F-^{b), 
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Also 


and 

whence 


f{F{z)}F{z)dz=\ 


= i.[F{F-^b}]-ir[F{F-Ha)}] 


So that the result of integrating f[F(z)]F'(z) with regard to 
z between limits F~\<t) and F~^{h) is identical with that of 
integrating f{x) with regard to x between the limits a and h. 


52. Case of a Multiple-Valued Function. 

It must be noted that F~\a) and F-^{h) may be multiple- 
valued functions of a and h. Thus, for instance, 


sin“^| being the same thing as WTr-f ( —3 

where n is any integer whatever, is a multiple-valued function. 
The (piostion will thus fre(piently arise as to which of a 
variety of values of F~^{a) and F-^{h) it is proper to take as 
the limits in the transformed intogi*aL 

If, however, we remember the connecting formula a? = i^(3) 
and imagine x continuing its march in a continuous manner, 
always increasing from the value of a to the value of 6, then, 
starting with any of the values of F~^{(i), say a, F-^{x) is to 
change in a continuous manner from a to the^.rs^ occasion on 
which it takes up the value F~'^{h), or /3 say, increasing along the 
whole march from a to /3, if x and 0 increase together, i,e, if 
F'{z) be positive from x = a to or decreasing along the 

whole march from a to /3 if a; and 0 are such that 0 decreases 
as X increases, i.e. if F'{z) be negative from x = a to x^b. 
Then a and /3 are the limits for 0 which correspond to a and b 
respectively for x. 


J ri 

I , where 

0v/l-.r2 


we assign the positive sign to tlie radical v/f- 
(l:F 


v/l- 

iJy the transformation 


0. And the indefinite integral is j (±l)dO 
or ± Of according as + 1 - + cos ^ or — cos 0. 


jr=BinOf we have cos 
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When .r=^0, ^=8iii“*0~?i?r. 

When .r=l, ^ —sin~U ==W7r-f-(- 

In tlie march of .r from 0 to 1, sin 0 passes from 0 to 1 and is always 
positive. If the radius terminating 0 lie in the first quadrant, 

0 increases from 0 to and is positive. 


n and m being any integers. 


If the terminating radius of 0 lie in the second quadrant, 
0 decreases from tt to and is negative. 


Generally, if 0 starts from 2 w 27 r, the next occasion on which sin 6^ is 1 is 

at + ^ and sin 0 i.s increasimj from 0 to 1. 

If 0 start at (2w +1 )7r, 6^ must decrease, as x increases, and therefore must 

pass from (2m4- l)7r, where sin 0 is zero, to(2m4- l)7r -- where sin 0 is 1. 
Therefore it is proper to take our limits, either 

0 to sin 0 increasing, 0 increasing ; 


or 

or 

or 


TT to 


27r to -- , 


sin ^ increasing. 0 diminishing ; 
sin 0 increasing, 0 increasing ; 


Stt to 


bir 


sin 0 increasing, 0 diraiiiishing ; 
etc. 


But W'e Iiave noted that + Vl — .r-“ ^ cos the -f sign to be taken 

if cos 0 be positive, the — sign if cos 0 be negative. Accordingly, 


A dx 

Jo s/l - 





etc. 


54. It will perhaps make the matter clearer if a graph of the trans¬ 
formation formula be drawn in such cases. 

In the present case, x=^hu\0 referred to 0^ x axes is a curve of sines 
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whose axis is the <9-axis cutting it at 0, X, JA, A^... ; increases from 
0 to 1 along any of the arcs, viz., 

0 to A, X to J, 



and the limits are as stated : 


along OJ along y>J » along J//> , etc. 


(Iv 

d() 


+ ' 


d.v 

dO 


dr 

dt) 


55. Purpose of a Substitution. 

The purpose of a substitution is two-fold. 

(1) Given an elementary known integral to construct a 

more complex one, and thus extend one’s knowledge 
of integrable forms. 

(2) Given an integral which does not fall under the list 

of fundamental forms, to reduce it to such form 
if possible. 

And it must be noted that it often happens that though 
one substitution may reduce to a simpler form, that a further 
substitution, or further substitutions, may be necessary before 
the integration can be effected. 

56. As an illustration of the first. 

f dx 

Beginning with the known result J tan"^ a’, let us put 
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whence 


I I ---f=*“«■'(?/+, 7 ). 

J /+3+7 


I ,/«+syi+i - 4 *“" 


('’ 4 ) 


As an illustration of the second, let us try to ^(‘t hack from 
I j"* 

The presence of combined with the fact that all remaining powers 
of y are powers of suggests that we should put 

y^ = 2 ;, and dy ~ dz. 


rJ- f -ilzL-. A 
4i£‘ + 3^Hl 


The fact that the denominator is a reciprocal function (oe, coeflicieiibs 
efpiidistant from the ends equal) suggests a division by 


1 is then written as 




winch is seen to be 

The form of this suggests further that we should now^ put 


for than 

(1 

2 + ~~U, 

Z ’ 

I now becomes 

i/ 

Z-J 

du 


4 J 

l+u^’ 

i.e. ~-7 tail” 

4 

^ tail" 

■*(^ + ,-)=4tan-’ (7+i 


57, Choice of Substitution. 

It will be obvious that a proper choice of substitution can 
onl}^ be the result of experience. No general rules can be 
given, but the student may learn something as to the proper 
courae to be taken from observation of the worked-out cases 
which follow and from the accompanying remarks. 
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/ 




Ex. 1. Evaluate 
Let ; tileii dx =2^: dz. 

-z cos *JX dx ~ I - CO.S z . 2zdz=^ 2 f cos z dz~ 2 sin 0 — 2 sin \/x. 

sJx J 2 J 

Here it was desirable to (fet rid of the irrational form of the angle. 

i'' :\~dx. 

Jo vl+.r^ 

(ii'=Hec^ 0 dd. 

8 =0, 

0 = "" 


/Ex. 2. Evaluate 

Put X ^ tan 0 ; then 
When x = 0 we have 


WChaVC 


■4 ’ 


Jo sjI ■\-x^ J^ sec 8 Jo 


tan 8 d$ 


^rRCCt^l =si!c’^- 

L_ 4 




It is to be noted that when s/a'^+X'^ occurs in the integrand, 
.?’-=(/tan or x=a(‘otO or .c=rt.sinh;: are likclj/ suhstitntiom, for they 
rationalize the radical. 


When s/x^ — d^ occurs, :i 
substitutions. 

:~a?^cc8, X 

= a cosec 8 or x = a coth z, are good 

^ Ex. 3. Evaluate 


dx 

.V N/wr” — 

Let .r” —; then 

dx 

n -- = 

dz 

—j 


and 


/- 


-If . 

^ ^ f 

na^J J\-z^ 



Note that is generally a proper substitution in cases when 

i: occurs. 

Also, .r” = a»*tau^? or a” cot 8 or a’*siuh 2 for \/fr" 4*, 
or .r" —«"8in6y or al^amO or a”sech.s for - .r'", 

might be used. 

When occurs, x^=a^mc8 or a''co%cc8, or ^/* = a”coth^, 

would be useful. 
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Ex. 4. When \l2a;V'-x^ occurs, a useful trial is 

.r = a(1 — cos 0 ), e. x — avers 6. 

Thus, to evaluate 1= I dv, 

dx^asmO dO, \f 2a.r — = a sin 0 ; 

f « (1 - cos 0) a sin 0 d0 

J asiti0 

— a j (1 — cos 6)d0 
= a(^9-sin 0) 

— a vers~* — s!^2ax — x\ 


Ex. 6. When sja 


— la — .7 

i ~ X or \ - 

y a-{-x 


- occurs in the integrand the substitution 


.r = a cos 0 will often he fomid useful, or perhaps better, x~a cos 20. 


Evaluate 

Let x^acos2$) then 


J \ a + x 


dx=^ - 2a sin 20 d0. 


/"= - 2a2 ( cos 20 \l]~ - sin 20 d0 

J >1+00x26^ 

= — 2d^J(cos 20 tan 0 2 sin 0 cos 0) d0 
= — <^08 2<9 (I - cos 20) d0 

= -2a^j (co8 29 - as 

J sin 20 0 sin 46^\ 


= — (4^ — 4 sin 20 + sin 4^) 


r 2 cos 1 ~ — - s/a^ \/a“ —"] 

: L a a n/ J 


cd ^.x (x~2a) /~5 - 

= -■ cos 1-4-,- V a- — a, 

2 a 2 


58. When an inverse function occurs in the integrand such 

m QC QCr 2 / * ■ 

as sin"*^-, cos“^ tan~^ vers“^-, it is usually helpful to put 

a a a a x i i 

a; = a sin 6, a cos 6, a tan 6, or a vers 6, as the case may be, and 

work with the direct functions. 
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Many other forms of substitution will occur in due course, 
but what has been said will suffice for present purposes. 


1. Evaluate (i) J 

.... dx 


Examples. 
^ ^ dx. Put X^= 2 . 


5' 

.... dx 

(111) 

J'l (x -~ 




Put x + 2=z. 

Put x — 1 ~ 2 ; 


dx dz , 
-etc. 

X— 1 2 


(iv) f Putc"- 

(y) 

(vi) j tiinh'i^ecAv d.r. (vii) j 


Tit c* 


1-2 


dx 


coshhnx 

2. Evaluate (i) s/d^-x^dx. Futx — asind 

(ii) sj2(JLX —x^ d.i:. Put .r—a(l — cos 6>). 
Draw ^^ra})hs to illustrate these two integrations. 

3. Find the values of 

(i) X - x^ dx. (ii) ^ x^ \l a- - t- dx. 

Interpret the meaning of these integrations. 


4. Integrate 

5. Integrate 

6. Integrate 


J X V cii'^ - (a.r“ + x 


Put x~a tan 0. 


{ax^ — h) dx 

(a.r- + hy 

.r-” dx 

/ sec^ e cosoci ede. Put tan d==z. ^ 

f \l^^\^dx. Put tau.^’=2. 

J M cos^ X 


/ 


7. Integrate 

8. Integrate 

/wfb- /,7Ji+P 

9. Integrate 


[Trinity, 1883,] 
dx 


ax^ - h 


^.dx. 


^•2 (^aa^ + by 

1 a 4- hx , 

-V., cos - -— dx. 

(c 4- c* 4- 


(ili) j + dx. (iv) J 

r^nu,n~-'^x y f _ / ..X r sin-rcos.r(ia’ 

J 14-^ i Vi -TpS J a^cos^r4^Psin“^’ 



76 


CHAPTER III. 


10. Integrate 

(i)/(*(x)fW+fWW)*. (ii) /i&SSfc+Bifc)*. 


11. Show that 


j (■v-«')'\j' ==a^ (sinh 2u — 2 sitih u) 


where 


.v—4a cosh 


o ff' 


[Ox. T. PoB., 1899.] 


59. The tlvPERBOLic Functions. 

To avoid complexity of form in many integrations and to 
secure symmetry in the results of integrations of expressions 
of similar algebraic form, it is customary to make full use of the 
hyperbolic functions and their inverses, Calc,, Art. 23.) 

By analogy with the exponential values of the sine, cosine, 
tangent, etc., the exponential functions 

fyx^^-x 

~j—, 

are respectively written 

sinh X, cosli x, tanh x, etc., 

or sometimes more shortly as sha;, cha^, tha^, etc. 

By further analogy with the inverse circular functions, 

if 'll. = sinh a:; or cosh a; or tanh cc, etc., 
we write the inverse hyperbolic functions 

a? = sinh~^ix. or cosh~^'?i. or tanh^^u, etc., respectively, 
or sometimes as sh'^^ir, ch^^a:, th~^ic. 

This notation is now commonly adopted by modern writers. 
Professor Sir George Greenhill {Chapter on the Integral 
Galculus, 1888) indicates it as being common amongst 
American writers, and as being frequently employed by 
writers on Applied Mathematics. The earlier notation used by 
Bertrand, viz. ^ 

sect sin hyp IT, sect cos hyp a;, sect tan hyp a?, etc., 
is far too cumbrous for free use. 
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The propertieB of thene functions are now usually discussed 
at some length in hooks on Trigonometry [s(ie Di*. Hobson s 
Trigonometry, pages 303-316]. It is tlierefore unnecessary to 
repeat them here fully. But for the convenience of students 
who liave not already sufficient familiarity with their use, M^e 
reproduce thovse of the elementary properties which we shall 
re(|uire for the immediate purpose in hand. 


60. Elementary Properties. 

We clearly have 


coHh ^ ^ = ('■!+ 


analogous to cos^ d-f-sin^ 0=1; 

~x\2 


cosh=x+.sinh^.= P+^7+f:^-":^) 


I .,-2* 

~- ^ -=C08h 2x, 

analogous to cos^ 0 ~ sin^ 6 = cos 20*, 

whence 2cosh^ x=l -\-cosh 2 .t, 

analogous to 2 cos^ 0=1+ cos 20; 

2 sinh- X = cosh 2x — 1, 

analogous to 2 sin^ 0= 1 —cos 20; 


scch^ X + tanh- x = 



-1, 


analogous to sec^ 0 — tan^ 0=1; 


, , —sinh a; . i 

tanh x = -;^ -^ —, analogous to tan 0 = --7.; 

e^ + c“^ coshu^: ^ cos0 


cotha: 


qX p--X 


cosh X 1 i i. /» cos 0 

—, analogous to cot 0 = ^ 

smh X ^ sin 0 


1 _ 

tanh X 

etc. 


It is unnecessary to point out methods of proof or analogies 
further, and the following results may be proved by the 
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student as exercises, and will form a convenient list for 
reference * 

sinli (./:•+•;?/) = sinh x cosh y -f cosh x sinli y, 
sink (x — f/) = sinh x cosh y — cosh x sinh y, 
cosli (x + y) = cosh X cosh y + sinh x sinh 
cosh (x — ?/) = cosh X cosh y — sinh x sinh y, 
sinh 2x= 2 sinh X cosh x, 
cosh 2x = coslr x 4* sinh - x. 

— 2 cosh-x— 1 


= 1 + 2 sinh“x, 


tanh 2x 


2 tanli X 
i +tanh~x’ 


sinh x+sinh ?/= 2 sinh cosh —,] 

..t., ■ ) 

cosha;=l + ^+^^+..., 

8inha: = x+,.r+r. + ..., 

I.'i L-i 

,v .6 

tanh~^x==x+-—+ - +_ 


61. It should be remarked tliat such expressions as sin 0, 

COS0, etc., where 0 is complex, i.e. of the form u + iv^ do not 

come under the lieading of the sines and cosines defined 

geometrically in the early parts of trigonometry. They 

are re-dejined mow hy the exponential values 

e''^ —■ ^ I ^ 
sin 0, standing for —; cos 0, standing for - 

etc., for any value of 0 real or complex. 


Then writing 0~7X, where / = v/-~ 1, 
sin ix = I sinh x, 
cos LX = cosh X, 
tan ix=z tanh x, 
cot ix — —L coth X, 
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A) SO the ordinary formulae of trigonometry can be proved 
from Htem (lrJl'tUf lorfs\ viz., we have 

COS" d + sin^ 0= 
cos^- B — sin^ 0 == cos 20, 

sin (04- <l>) “ sin 0 cos 0 sin 

etc., 

and the restriction of the reality of 0 and c{i is removed. 

Then, liaving proved the addition formulae for tlie sines 
and cosines from tlieso dehnitions, we have 

sill (?6-fre) = sin 'n cos fV+cos u sin iv 

™ sin 'd cosh v-j- / cos n siiih v, 
etc. 

62. Inverse Hyperbolic Functions. 

We are, in the Integral ('alculus,more jiarticiilarly interested 
in the inverse forms. 

Let us S(‘.arch for tlie meaning of the inverse function 


sinh~*^- 

a 


Put- 

sinli“^~ ==?/. 

Tlien 

X . , ty—e-y 

e2.v_25e''-l=0, 

a 

cy= -, 


and remembering tliat e ^ wliere X is an integer, 
= cos 2 \7rdzi sin 2X7r = 1, 
we may, to retain generality, write this as 

a 

y == 2/X7r + log- - -. 


or 
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XT Cl X .1 x — 1 ® 

Now 2/X7r + io^-^ 2iX7r — Io^j: : 


— J 

= 2.X,-K,,,(-'.+f+"0 

~ 2iKir — lo^ (— 1) ~ lo^- 


2X'—l)/7r —log 


U -f- + 


—, 


for log ( — 1) — log f = {'In +1) tTr, 

n arul X' being integers. 

. Thus, y/ = /x,7r + (-l)Oo<,^i?^-^-?-^ 

where /z is an integer 

The '‘principal value” of y is then log ~and it 

(b 

X 

is usual to take this as synonymous Muth sinh"^^^, omitting 
tlie genei-ality obtained by the addition of unreal constants. 

63. Similarly putting 

cosh~^^= y, 

X , c?' + 

^=co.sh?y--=—;j~, 

p2y_2^f!!'+] =0 
a 


and 


cy = 


xdzJx/^ — d* 


and omitting as before tlie generality derived from the unreal 
constants, we shall take the solution 


y = log 


x+Js^ — ct^ 


viz. the “ principal value ” of y with the positive sign 

SC 

as cosh“^-, and t 
a 

synonymous with 


as cosh“^-, and therefore cosh~^~ is to be understood as 
a a 


log 


x+’J'jr — d? 
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64. Again, putting tanh~^^ = y, 

- = tanh y — -- 

a ^ ey-{-e-y 


and therefore 


e^y — 


a-{-x 


a — x 

and omitting generalities as before, 

, , .X 1 , a-^x 

tanh“^-~.Jog- 

a '1 ^a — x 

65. Similarly, coth-^ ^~ 5 ^ 

, , a? , a-[-\/a^ — x^ 

sech“^ == log -, 

. .X , 

cosech-i - = log -- 


66. We shall therefore consider 


sinh"^^ 

a 

as meaning 

]og--, 

^ a 


cosh~i- 

a 

as meaning 

log - » 

^ a 


tanh-^~ 

a 

as meaning 

1 , a-^x 

2 ^ a--X 


coth-i2 

a 

as meaning 

1 T x-^^ a 


sech“^- 

a 

as meaning 

, a-\-sJ — x^ 
log-- .» 


cc 

cosech”*^ 

a 

as meaning 

. a + Jii^ + oi? 

log- — 

^ X 



67. Periodicity of the Hyperbolic Functions. 

These hyperbolic functions are periodic. But the periodi¬ 
city is imaginary. 

For, since = cos Xtt db t sin Xtt ~ (— 1 )^, (X an integer), 

^iC-j-Atw ■ .1 ^ —(•C+Atw) 

we hare cosh (x -f \iir) = -= (— 1 cosh x. 

Similarly, sinh (a:-|-Xf7r) =( — 1 sinh x, 

whence tanh (a:-h Xitt) == tanh x. 
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Thus, the periodicity of siiih x and cosh is 2x1, 
that of tanh x and coth x is 7 ri. 

Also 

gO_-4- 

sinli 0 = — = 0, cosh 0 = — ^~ tanh 0 = 0, etc., 


Again, 


sinh ITT — - 


/ylTT __ y, — ITT 


: L sin TT = 0, 


cosh nr = cos tt = — 1, 
etc. 

cosh“^( — :s) =log( —z-\-sJz^— 1) 

= log(z-v/s‘^- l ) + l<)g(-l) 

— — log(2:+s/0’'^—l)-|-f7r 
= —cosh"^0 4-/7r, 
sinh~^(— 2 :) = log ( — 0 -f 

= — log {z^Jz^-]-l) 

= — sinh~^2;, 

taiih‘'^{ — z) — i log 1----^ = — ~ log ~ 

^ ^ 2 2 ^1 — 2: 

= — tanh"^ 2 :, 

etc., 

analogous to the properties of the circular functions, 

cos'"'{ — 2:) = — cos”^2: + TT, sin“^( — 2;) = — sin”^2:, 
tan“\ — 0 )= — tan“^0, 

etc. 


68. Geometrical Interpretation. 

Let a rectangular hyperbola — and its auxiliary 

circle be drawn ; then any point on the hyperbola may be 
represented by either of the parameters 6 or w by putting 

x^asec 0,1 a;=aco8h'Z-t,l 

y = a tan Oj y^a sinh u.) 
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Hence 0 and u are connected T)y tlie e^juatioms 

sec 0 = cosh u 

or tan 6 == sinh u. 

Let P be the point 0 (or u) on the hyperbolic arc AP; 
PN the ordinate, NT the tangent from N to the auxiliary circle. 



Then obviously the abscissa 

ON=x^ OPsec NOT=a sec NOT, 

Hence, the angle NOT is the parameter 0, 

Also, since ON^'—NT^ = a^, it follows that NT=yy as is 
obvious, since y = a tan 0, as also Nl^—a tan 0. 

The area of the portion NAP of the hyperbola 

= 1 y (lx—\ a sinh n, a sinh u dUy 

J a Jo 

Hinh^ ndu 


= a.P 

Jo 

= f (cosh 2u — 1) (ht, 

^ Jo 

__ a* /sinh 2u «inh 2u 


2 V 


Also, area of triangle ONP~\xy 
= ^ a cosh n. a sinh u - 


sinh 2u 

4 ‘ 

Hence the area of the hyperbolic sector OAP 
= A ONP — area ANP 


(X^ 0 

= , analogous to for the circular sector 
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This indicates tlio meaning o£ u, viz. 

^ _ 2 area of hyperbolic sector CAP 

< 11 , — — - - ^ . . 

It is this connection witli tlie hyperbola from which these 
transcendental functions are termed hyperbolic functions. 
For other properties in connection with this figure, see 
Greenhills Chapter on the Integral Calculus, p. 27, or 
Hobson's Trigonometry, p. 309, and an ''Essai sur les Fonct. 
Hyperboliques/' Mem, d, L Soc. des Sciences Phys., Bordeaux, 
1875, cited by Greenhill. 

Since cosh u = sec 6 

and . *. sinh u = tan 6, 

we have tanh u = = ain 0. 

sec 6 

coth u = cosec 0, 
etc., 

which express functions of u in terms of 0. Again, expressing 
0 in terms of u, we obviously have 
sin 0 = tanh u, 
cos 0 = sech u, 
tan 0 = sinh u, 
cot 0 == cosech u, etc. 

69. The Gudermannian. 

The angle 0, which may therefore be variously expressed as 
sin”^ (tanh u), cos (sech u), tan~^ (sinli u), cot~^ (cosech u), 
sec(cosh'ii), or coscc^^ (coth u), is called by Cayley the 
“Gudermannian” of u* {Elliptic Functions, p. 56), and 
denoted by him by the convenient notation 

0 = gdt^ 

or inversely u = gd~ ^ 0. 

Then sin 0, cos 0, tan 0 he denotes by sg u, eg u, tg u. 

Again, log tan (j ^ d- tan 0) 

= log (cosh u -b sinh u) = log == u. 

*So named from Gudermann, who specially discussed this function 
(Cayley, p. 44), 
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Hence, gd n is such that 

or log tan + 2 ) ~ which is the same thing. 

Differentiating log tan -for log (sec 0+tan 0), we get 
sec Q as the differential coefficient. Hence, 

J sec 6d6== log tan = gd"”^ 0, 

and 1 sec 00^0 is a degenerate form of the more general integral 
f d8 

1 , whcre /c = 1, wfiich is to fic discusscd later. 

Jn/ 1-/casin''0 

7(). Tables of the values of '?i = logtan i,e. the 


inverse Gudermannian of 0, are given by Legendre, Theorie des 
Fonctions Ellipticjues, vol. ii., to 12 places of decimals for angles 
in the first quadrant. They will be found to seven places at 
degree intervals in Hobson's Trigonometry^ p. 316, and to five 
places at degree intervals in GreenhilFs Elliptic Functions, 
p. 16, whence it is easy to extract the values of u correspond¬ 
ing to any angle 0, or the value of 0 corresponding to any 
given value of u, and hence from the relations cosh = sec 0, 
sinh u == tan 0, etc., we can find the values of the hyperbolic func¬ 
tions coshu, sinh^6, etc., for any values of u by the use of 
the intermediary angle 0 by means of the ordinary tables of 
secants, tangents, etc. In the absence of direct tables of the 
hyperbolic functions this will be the proper mode of com¬ 
putation to follow in numerical calculations. See Lodgers 
Report to Brit Assoc, 1888, and remarks by Greenhill on 
p. 15, Elliptic Fiinctions,^ 

71. Unless extremely close approximations are required it 
will be sufficient to take the values of log tan from 


* The Smithsonian Institute of the City of Washington publishes a set of 
Mathematical Tahiti of the Hyperbolic Functions, by G. F. Becker and C. E. 
van Orstand. 

The Harvard University Press publishes Tables of Complex Hyperbolic and 
Circular Functions, by A. E. Kennelly. 
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the following graph, which indicates the march of the func¬ 
tion from 6 = 0 to 6 = 90". There is not much deviation 
from a straight line from 6 = 0 to 6 = 45°, but beyond that the 
function begins to increase more rapidly, passing from 4*7413 
at 89° to 00 at 90°. For the first part of the graph, obviously 
the ordinary rule of proportional parts will give a fair approxi- 



measureH of 0, showing the march of the inverse Gudermannian function.] 

mation. Within the last 10° or so of 90° it is desirable to 
adopt the special mode of approximation shown in Greenhill, 
loG, cit The ordinates are given to four places of decimals at 
5° intervals, which will be sufficient for the purposes of 
approximation in this book. The numerical data for the 
graph were taken from Hobson’s Trigonometry. 

This graph is that of 

y = gA-^x, 

the inverse Gudermannian, and equally serves to illustrate the 

graph of x = gi\y, 

i.e. the march of the direct Gudermannian. 
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72. Let us illustrate the use of the graph—or the values tabulated in 
Eig. 15. 

If, for instance, we require the value of sinh 1 from the tables (which 


should of course be 


, and therefore we can check it). 


n lies between ‘8814 and 1*0107, 
i,e. tan""’ sinh *8814 — 45°, By proportional parts, 

tan"^ sinli 1 0107-50°, (9-45°^*1186 

taii-i sinh 1 -0000 = 6>. 5" T293’ 

<9 = 4° 35'+ 45°-49° 35'. 

sinh 1—tan 49° 35'—1*1744, from the tables of natural tangents. 

To check this, 

2*7183-*3679 2*3504 , 

8nihl= =-^2-=1-1752, 

which shows an error of about *0008. 

73. There is also a useful table giving the values of various powers of e, 

viz. ; eil, e^l ; 1, e+iB, c.-fcsV ; 

gi:!, eil, eil, eil, cil, e + i, e+J, eiA, 

in Bottomley’s tables, p. 56, which will be convenient in some cases. 

JC.gi. (extracting the values from these tables) 

, , c i + 6- i 1*1052 + 0*9048 2*0100 , 

cosh *1 -- - ~ =--= Y - ^ 

If great accuracy be required it will be necessary to use the 7, or 
perhaps, in cases, the 12-hgure tables, but such extreme accuracy would 
but seldom be required in practice. 


= 1*005'0. 


Examples. 


Establish the following results : 
1. j cosh a: da; ~ sinh a;. 

3. j sech2.r ds =tanh x. 


2. J Hinh .r d.v ~ cosh a:. 

4. Jconech^jo da'—~ cotha;. 


5. f = I sech a; tanh xdx~ — sech x, 

J cosh'^.r J 

6. j === j cosech X coth xdx=: — cosech x. 

7. Jcgxdx=gdx. 8. J‘cg^xdx=:sgx. 9. 

\ / V sgz4 + Rgr / . \ eg 1C egV 

10. (a) sg(u + i>) = :p-f--— (b) Cg(i/ + v) — 

\ / e>\ / l+sg|/;ggi?" ^ ^ ' l+ag?tsgv 


/ \ o 2 sg 

(,) ,g2« = — 

(e) tg2» = 2 
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74 Inte^als of cosec and sec^r;. 

Let tan ? — s:; then. Liking the logarithmic differential, 


2 tan 


o X j dz . dx dz 

— sec^ j;, dx = —, %.e. .-= —. 

X 2 Z 8111 X z 


Thu8 j*cosec x dx — J= J^ o* 

In this result j^ut x = ^^-\-y] tlien dx = dy. 


And 


I see y dy = log tan ( ^ + 2 ) • 

That is, fscca; dx or f =log tan ( T + f) = 

J jeosa; ° V4 2/ 

as we have seen before. 

75. From this result we may infer the integral of 


gd ~’^Xy 


dx 


For 


tcos j;-f-6sin x' 
a cos x-\-h sin x == /^ sin (-f- a), 


jm I- ...I ~ ^ ^ 

where a- -|- h'^ and tan a = t ^ 

b 


J acosir + 6 sin a; li] 


dx 


sin (ct'+a) 

1 f 

R] sin (;r-f a) 
X-{-a 


= ^ log tan- . 

7G. The integrals of cosech;/; and sech;>6‘ give no trouble. 

[ cosech a;dr== [ = 2 [ -j - —- - = 2 [ r dx 

J jsmha: Jc-*' —Je^—1 


U 

J\e*-1 e*+l/ 


de^ 


(!*-l 




e- —e •“ 


e^+e ^ 


X 

= log tanh g, 
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1 — 

= 2 tan~i qx _ cos~^— k- 
= coa~^ ( — tanh x) 

= — cos"’^ (tanh £) + const. 

= — 8in~i (sech x) +const. 


77. Integrals of 


sjx^-^d^ 


and 


Jx^- 


-a^ 


The differential coefficient of log, is 

Thus, f , - = log = sinh-i -. 

^••■11 r iXx . X "1“ n/ Xd" ■”* (t“ I ^x 

bimiJarly, 1-/- = -— - =cosh~i~. 


In the inverse hyperbolic fornivS which it is now possible to 
use, these results resemble that for the integral 


1 


(lx 


viz. =,sin-1-, 
a 


and the analogy is an aid to the nicinory. 

The student will note the avoidance of complexity and the 
gain of symmetry referred to in Art. 59 as the result of using 
these forms. 

We might have established these results thus: 

To find 1 - y , - put z — asinhu; then 
J V 3r + or 

dx = a cosh u du and Jor+— a cosh u. 


Hence, f :=[du = u~ sinh~^ -. 

Similarly, putting 37 = acoshw wo have 

f dx {asmhudu f , ^ 

I —^ - r -rr r ^ = I -—r--= I rfW = W = COSh"^ - . 

JVa? —J asinhw J a 
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'78. Integrals of + 


I. To find 


j s/a*-^ — dxy put x^a sin 6 ; tlien 
dx^a cos 6 dQ ; 


J cos2 0rf() = Y J (i +co8 20) dO 


= --sin 20+^6 


= i a sin 0 . a cos 04-^0 


or 


J — x^ dx = 


ic n/ a“ — . , 

-—-L. — 


f— Sin" 

2 a 


II. To find ^ J-i-xj dXy imt X == a Hinh z; then 
dx — a cosh 2 ; dz. 

Then, since 1 + sinh -0 = cosh- 0 , we have 

J V dx = a? j* cosli^ .c; dz = y J 2^ +1) dz 


%.e. 


or 




~\-x^dx- 


= -7- sinh 2z d— ~ = a sinh 0 . a cosli 5 : + ~^z, 
4 2 2 2 

xjad^x^ 


+ 2 s 


X -\-x^ ct", x-^-sj~^x^ 

- -^-L lotf -— -; 


and in the latter f^rm, if tlie integral be indefinite, we may 
drop out the a in the denominator of the logarithm, as this will 
only add a constant to the whole. 

III. To find ^Jx^—d-dxy put a; = acosh 2 ;; then 
dx=^adm\izdz. 

Then, since cosh^^i—1 = sinh‘^ 2 :, 

^s/x^—a^ dx~a^ Jsinh^^? <^ 5 ; = Y|(cosh 2z—l)dz 

ct* . , „ a^z 1 . Y V 

= — Sinn zz -^ a sinh 0 . a cosh 0 —, 
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j* dx = "" 


y -cosh-^ - 


xjx^ — a^ a; + s/a;2— 


and tlie a in the denominator may be omitted, as before, if the 
integral be indefinite. 

[This last integral has already appeared in Art. 68 in 
finding the area of a portion of space bounded by a rect¬ 
angular hyperbola, an ordinate and t)ie ^^^--axis]. 

79. From Art. 78 we may deduce the integration of sec^x. 

For, putting tan x = t, sec^ xdx== d.t, we have 


= \/T+/. 


J sec^ X dx — J \fT+dt — ——4- ~ sinh“^ t 
or = ^ log (< + Vf+I*), 

r . 1 f 

i.e. I sec^ X dx — ^ tan x sec x+^ log (sec x + fan x) 

1 , . 1 , 14 -sin X 

or = -r tan x sec x + . log ,-r— 

2 4 1 —sinx 

sin a? ,1, . ^ 

or = — o~ + '»log tan 

2cos2x 2 \4^2/ 

Just in tlie same way, putting cot x — c, ooi-^eirxdx——dc, 
we have 


\coiiO(!>^xdx = 




6^1+1 


9 log (c 4“ Vl + 0 ^) 


~ cot X cosec X—]. log (coscc ic4“ cot x) 

^ 1 cos X I j ] 4- cos X 

2sin-a: 4 '^1—cos a; 

1 cos a:; . 1, , x 

_ _ ^ 4 > ^ tan-r. 

2sm^a; 2 ^ 2 

80, We may now deduce from Art. 77 the integration of 

f dx 

JTTi 

where It is a quadratic function of x, viz. 

R = ax^-^2bx-hc. 
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^‘Case I. a Positive. 

When a is positive we may write tliis integral as 

dx 



—.^4-- 
a a 


which we may arrange as 
dx 


-I' 




1/ 


b- — ae 


1 

\/ a 


_^ 

V(* + a)'-+ 


txc —/>* 

H r2 


according as is gi*eater or less than ac, and tlie real form 
of the integral is therefore (Art. 77) 


±cosl.->— 

Ja Jb^-<w 


or 


1 . , ^ ax-{-h 

sinh“^-T— 

\/a sjac—h^ 


according as 6^ is > or <; ac. 

In either case the integral may be written in the logarithmic 
form 

log (ax -\-b-\-J(ijax^ + ^bx -f c)» ix. log (ax 4- -f sftiK), 

the constant log ^ ac being omitted. 


Also, since 
and 


cosh“^ z — sinh~ V 
sinh“^2: = cosh-\42-|- ] ^ 


-;-.-cosh-»-r + ^L= 1 sinh-»_*^ 

s/a sjb^ — ac sja Jb^-ac 

1 .11 ax-\-h 


and sinh-i-y::r-': -=4- cosh-i 

s/a sjac—'b^ \/a 


(62>ac) 


{h^<ac), 


Jac — 6* 

which forms may therefore be taken when a is positive and 
6® > or <; ac respectively. 

81. Cask II. a Negative. 

f dx 

If in the integral — xr — > ^ be negative, write 

. J \/(tx 4“ 4” e 

•“Ct == jOL. 

Then our integral may be written 

Ja 


i r 
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, Ax--h . 1 . , - 


yjx. - oAXJi , - , v.sj. f- -— 

slA kIA c A V —a 

or, omitting a constant, 

1 j axAh r. . , 

cos-^-:; * lor - 8in“^ 

b^ — ac L 


for - 8 in“^ 2 : = cos~^3 


Also, since cos"^ 2 ; = sin~^-yi — : 2;2 we have 

- axAb . .J — ali 
cos“^ = sm~^ . ,- 

s/b^~ac VO^ —(ic 

82. To sum up then; it appears that when li — ax^A^bx + c 
we have tlie results : 

[ ^ ^ , a negative, 

I V—a Jb^—ac 


1 • 1 1 s! it K 

-n It —1 ^ 


/>* > ac. 


Jb^ — ((C [ff positive, 


or -f.cosh-i^^i^iL. 

Jar-b^ j 

and the real form is to be chosen in each case. 
83. Ex. 1. Integmtey-^^ 

w , 1 . 1 r djp 1 . ,14a: 4- 3 

We may write this ^— =--rrsiiHi 

-v/a; V(.r+J)‘'+f| 

or it may be written ~r;C 08 h“*^^s/2.r- + 3x+ 4 

<s/23 

or ^ 2 '°^ (4^'+3 + 2N''2V2.(;* + 3.t + 4), 

rejecting the constant-^ log —. 

V 2 v23 

Ex. 2. Integrate f--====££========» 

^ jv4 + 3a:-2a72 


b^ < (ic, 


This may be written 4 f - 7 . — 

• V2./N/fpq.r-jy 


and therefore is 


1 . _i4.r-3 

~P Bin ‘ , 

V2 V41 


which may be written as 


1 ,2x/2 ,_, 

^cos--^-y4+3.:-2x*. 
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or \jud.. 


84. In exactly the Bame way, J J(i.r-^2bx-}-c dx, when a, is 

positive or when a is negative, can be deduced from the results 
of Art. 78. 

It appears then that the general rule in all cases of 
dx 

m 

where R is quadratic, will be, ‘'Divide out the coefiicient of 
and then complete the square, and then make use of the suitable 
standard form.'* 

A. X I R 

85. Functions of the form - may be integrated 

by first putting Ax-\‘ B into the form \{ax-\-h)-{- ijl, which may 
be done either by inspection or by ecjuating the coefficients, 
and we obtain 

Ax-\-B = ^ax+h)+{B- 

Cb \ 


Thus, 


Ax-\-B _ A ax-\-h aB —A h 1 
a' ^ Jr' a Jr 


The integral of the first fraction is ^ JR, and that of the 

second has been discussed in Arts. 80, 81. 

More general forms, such as 


Jax^ + '^bx+c 


or 


■M. 1 _ 

(l){x) J ax- + 2l)x -f c * 


where / and </) are rational integral algebraic polynomials in x, 
are to be discussed later. 

. » (* dx 

80. Before leaving the integration of student 

should observe other forms into which the results may be 
thrown. 


For some purposes a ‘double angle’ result is preferable to that given, e.g. 


a 

dx 

=-COS -r=C0S- 

a 




But we may throw this into the form 2 810 “'2 by making and 

UBiiig 2 8in“^2==cos’‘^(l - 22*^). ^ 



fa 

y 

V4-' 

U-* 

V 
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r div 
J s/.v{a~a;j 




2 8in~^ \/"2 cos“*^ 


d(x-}-h) 


^ a~x 


'J{^+h){a- x) Aj{{x + b)(a-hb — x + h)} 


Bin 7 =2 cos 

> a-\-b 


‘-‘V"zT = 2Un->V-*-^^ 

> a4* 6 y a~x 


« hi 


/{x - b){a - x) 


r dx 

J v^(.r + o ) (.r + ) 


i-i a/'^—^ 2cos"”*f ~2 tan""*^- 
y a ~ b ^ a~b “a 


{a>x). 




(« > > 6). 

, _, 2.r + a + 

^ COSil-—'J 

o- ~ b 


the ordinary form ; l>iit writing this — 2sinh * 2 , i.e. cosh *(2^2 + 1), 


2.r -f « + ^> 


l)=£ + J; 

/ a- o 


r=2sinli-i J'-' + * = 2cosh-i a/-I±? = 2 taiih"'-v/'^, 
J V(j;+a)(.r + /)) >a-t >a-6 >;r + a’ 


if a > Z>, 


28inh-* V^'^ + '*=2cosh“*^fti' = 2tanh-*^‘'l^^ if a < 


and so for other cases. 


87. Of such the following forms are particularly useful: 


f tia; 0-1 /a' 

J 'sj 'jc{a — x) y a 


f _ c> ^ others can be derived from 

J slj^(a^ x) "" > a I these forms as shown above. 

f^£_ = 2cOBh-l /i'. 

Jsjx{x'-a) ya j 

88. It will be noticed also in many cases, as, for instance, in 
the integral of Art. 81, viz. 

f = L= sin-i v {R = ax^-ir2hx-\-c), 
isjR J-a 

that the J'R of the integrand reappears in the integral. It 
did not do so when the result was arrived at as 

1 ax-\-h 

-r=cos 1-^^====^, 
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but was made to do so by tlie subsequent transforiiiation 
cos ~^z — sin^Vi — Examine tlie earlier integral (Art. 44) 

{ dx . . -.t 

This could be written f . ~ , 

J s/a'—or a 


This could be writtei 


f dx J(d — x~^ 

^ 1 / .> J^^COS-^-~ ’ 

j sja-—xr a , 

f = cos-i^j'^ (R = -a^). 

J sjR a 

J Jx^A-a* a 


So also I -j ——r = sinh~^ ^ 

could be written as =:cosli"^^^ 

i.e. = (/e = x= + a2). 

J sj R u. 

Similarly f . - — coslr^- = sinh“'^'^‘^ 

J \/x^ —((r (f (t 

could be written as f = sinh“^ —(li — x^—a^). 

J jR a 

And though these forms are obviously not the simplent forms 
of the various integrals, it is frequently desirable to adopt 
them, as they exliibit a visible relation between the integrand 
and the result of integration. The simplest forms are tliose 
tabulated to be remembered in the two lists of standard forms, 
Arts 44 and 89. 

89. We are now in a position to make our list of 
ADDITfONAT. StANHAKD FoHMS. 

1. J cosh xdx=^ sinh x and j* .sinh x dx == cosh x. 

2. J sech^ xdx = tanh x and J cosech*^ x dx ~ — coth x, 

3^ f ^ dx={ sech x tanh xdx= — sech x. 

J cosh^a; J 

4- j* = I cosech x coth xdx=^ ^ cosech x. 
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5. 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

V2. 


18. 


14. 


15. 


in. 


17. 

18. 


I / r > — .= sinh“^~. 

I s/x^^a^ ^ a a 


dx 

dx 




x^(i^ — 7? . . 


1 

I yja^ — x'dx = 

\ 

1 

f . ^ - = 28 m--J*. 

is/x{a—x) ^ 

■'4 


-a- ^ 

= cosh " ^ 

a 


, W/ . . iJU 

2 a 


Wa-' + a?" , . t 

2 2a 

- xjx' — a- , I 

Va;- — a .2 aa? = , — cosh ~ ^ . 

2 2 a 


‘^™ = 2sinh-\/-. 


J\4T(a + a:) 

f —== 2 coslr 

J\/:3^(a;—a) 

1 


'4- 


cosec cc dx - 


= log tan-. 


= f4'^=i 

J Sin X 

J sec xdx ~ (J 4 * == ^ + tan x) 


1 -f- sin X 


X , 1 -f sill Jy 1 1 

= o AOg^-.— = gd-^x. 

2 ® 1 — sin a? 


1 


- = — 1 soch " ^ 


rfa; _ 
a;>/ li^ — «. 

(Za? 1 . .X 

1 —= — cosech ■ ^ -• 

' X\Ja--\-x^ « 

dx 1 a? —a 1 . V 1 cc 

X'^ — a^ 'la ^ x-\-a a a 


i 

{ dx , . 1 , a + aj 1 , ,_, a: 

I 4 .(® < «) = 5 -log —= tanli * . 
ia^ — x^ 2a ^a — x a a 


It is customary to obtain 17 and 18 when wanted, rather 
til an to commit them to memory. They will be discussed 
later (Art. 127). 

♦ See also Art. 1890, Vol. TI. 


K.I.C. 


O 
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kxampj.es. 

Write down the integnds of 
1111 


9 ^ 2-4 


, V16 - M \/3#-6, >/2 + 3x2. 


1 


1 


1 


(x - 4)’ \/x {i -xY s/x (i + xY j2-\-2x~ ;/‘2 Jx~ -2x + 2 
Jx- + 2lu\ 


3. 


v^9 -- x'^* sjx- - 9 ’ \/9 - 4x2* v^l - ocr' Jx^ + 1 


___ ^ , - ax + h 

4. xs/x^-\^a\ {x ^ h) sj■¥ (i'\ ^ 

5. X {x- + a-y , {x 4- a) (x^ + 2ax + hy, {ax - h) {ax- - 2hx + c) 

a;2 4- 2a: 4- 3 a :2 2x 4-3 a:2 4 - 2x 4- 3 a:2 4 - ax + h 


6 . 


Vl- 


jx:^ 4- 1 ’ 4 a: 4 I * Jx- 4 CX 4 d 


7. \/a;2 4 4a: 4 5, J - x- 4 4a; 4 5, J ^x^ 4 4a; 4 T), V ~ 4a:2 4 4;r 4 5. 

8. >4, X ix + a)J^, 

V X - a \ a - X \ a - a; V a: ~ w (a: - a)^ 

n /n 7\ 1 l4tan2a: 

9. cosec wa:, cosec (2a; 4 fd, 1 --, --—- - 

^ 4 cos'^a; - 3 cos x 1 - tan- x 

4 (cota; 4 tana;). 


10 . 


1 


1 


a sin a; 4 ^ cos x 


asiux + hcosx^ sin 2:c4 cos 2a;’ r sin a:4 d cos a* 

11. Deduce f cosec a; {/a: = log tan ^ by expressing cosec a; as 


12. Deduce j" sec xdx = log tan + ^) by 

(i) putting sin x = Zj 

(ii) putting sec x 4 tan x — z. 

Show that J sec X </a; = cosh”^ (sec x). 

13. Integrate I ~~ 

J si 


cos OdO 


sin 0ji~ 811 ) 2 '*^ & 
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MPLKS. 

b, and PN an ordinate to the 
fdinate, show that 


the aniJfle OPN, 


the summation beirig 
and B, and NN' being 

2. Find the area in 

ordinates, the ordinate x^jr^ ail? 



If the range =- 0 to .r ^ a on the J-axis 
portions of length h and rectangles be inscribed in the Newtonian 
manner, examine the limit of the area of the last of these rectangles 
when h is indefinitely diminished. Find the whole area from .r = 0 


to a; = a. 


3. Find the value of j* 

f dir 

4. Evaluate (i) 




[I. C. S., 1884.] 




[Oxford Second Public Ex., 1880.] 


r (^ d.r 
J (2j-> + 3x + 4)^ 

r a;-l 

(iv) ~ " ~idx, 

^ J (x^ + 2x-l)' 

r sx+4t 

(v) I X da*. 

^ J (x^+2x+5y 


[Colleges 1891.] 


[Trinity, 1892.] 


[Math. Trip., 1887.] 


I dx 

may be 

__ 

(i) 2 cos-1oras(ii) 2sin-i +2^ 

2%fa 2wa 

(iii) 2tan"^ where B = - xK 


where B —<4- xK 


or as 



100 Cl 

6. If 11 - ax' + 2h,r + r andi 


that 



8. Show that (i) I - - -- ^ 

.... f dx 2x- - 1 , - 

11) U4 -*, 3 

9. Integrate J \/l 4* dx. 


tan 6^.) [-QxF. L,]888.] 
(Put a) = soc d.) 


[OxF. I , 1888.] 


[Trinity, 1888.] 


[Trinity, 1882.] 


10. A sphere of given radius a consists of an infinite number of 
concentric shells of very small thickness, the density at the surface 
of any shell varying as the power of its radius. Find the mass 
of the sphere. k kuB., 1903.] 

If any diameter AB cut one of the shells at P and the density of the 
shell varies inversely as (i) OPjAP. PBj (ii) OP^jAP. PB^ find the 
mass of the sphere in each case, 0 being the centre. 


11. A triangle ABC is divided into strips by lines parallel to BC; 
a point is taken in each strip, and the square of the perpendicular 
from this point to BCh multiplied by the area of the strip; the same 
is done with all the strips, and the sum of the products is formed. 
Ex[)re8s by a definite integral the limiting value of this sum when 
the breadths of all the strips are diminished indefinitely, and 
evaluate the integral in terms of the base BC and the distance of A 
therefrom. [Ox. I Pub., 1901.] 


12. Prove that if = a;® + an integral of the form 
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can always be rationalized (provided / is a rational algebraic func¬ 
tion) by one of the substitutions 

u 27/ u 1 + 

•~ 'nr " or -7 2 “ --g ’ [Coll, a, 1890. ] 

sjp^-q l-y“ 1-F 

13. Find the relation connecting x and y, being given 


14. Show that 


15. Integrate 




[I. 0. S., 1889.] 


[Ox. L, 1888.] 


f i^inOdd j* cc 

jN/acos-6^-f 2 />cos^4-c’ JVrtsin‘*^6^ 

.... f_ __ dO 

J cos Os/a cos^ O + 26 sin ^ cos <9 + r sin*-^ <9’ 

r 

^ J sin ^\/a cos’-'^ -f- 26 sin 6 cos 0 + c sin^d’ 

/ r 

(V) I- - ___. 

J sin Os/a cos- 6^ -1- 6 sin- O + c 


\0sja cos^ O + 26 sin 0 cos <9 + r sin*-^ <9’ 


cos 6 dO 

/a sin‘*^ 0 -t- 26 sin 9 - 1 - c’ 


Jsiii ^x/acos’-'^ 

(v) I - - _ 

J sin Os/a cos-6 


16. Intc£>:rate 


C C dx 


[Tkin., 1888.] 


[Trin., 1888.] 


17. (a) Evaluate j* (x-- 6x+l^) dx, first directly, second by 

putting - 6x -f-13 = y. (Draw a graph and explain fully.) 

2b 

(6) Evaluate j* {ax^ ~ 2bx-{-c) dx^ 

and explain by a graph the result when 2b^=^3ac. 

Obtain the same result by substituting 

(I'Xr - 26a^ + c = y, taking b'^ < ac. 

Also obtain j* (ax^ - 26ir + c) dx ])y this substitution, explaining 
your limits for y by means of the graph. 

18. Point out the fallacy in the following argument: 
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-r» . 1 j When .r- -1, y= -1.\ 

But putting a: =, — o* tiri i if 

^ y y- When . 7 :== 1 , y= IJ 

r dx _ r dy _ r dx 

J-il+^2 

for, as the result is numerical, the letter used in integration cannot 
affect the result. 


Hence sj = 0 ; but j 


l + a -.2 2’ ■ 


19. Point out the fallacy in the following reasoeing : 
W e have, if we put x = e\ 




But when a = - 1 , we have 


= k°-€^ = k^x^. 




and these two results do not agree. 

i1/ l/l l 


20 . Prove that 




[Cayusy, KF .] 


and show that if gd w = a^u + 4 * + ..., 

then will gd“^ u == a^u - - ... . 


21 . If 


sec X + tan x=== I + aS', j j ■+• 4* 6^3 • 


show that 


that 

+... 

and - 

V 2 + Ur"-* - - + cos -2 = sm - 2 -, 

and that S^ — 

2 , aSj = 16, 6 ’, = 272, .S', = 7936, etc. 


[Dif. Oak., Art. 673, etc.] 

22 . Integrate 

f * » 


J {a 4 x) (c 4 x)^ 

by putting 

c + x — {a~ c)z- or (c ~ a) 

according as 

a > or < c. 

Taking the case a>c, consider the same integral with a + da replac- 

ing a, subtract 

the original integral, divide by da, and take the 

limit when da is 

indefinitely diminished. 
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Deduce also 


23, Evaluate 


r 

Hence obtain I-—v* 

J (rt + xy {c 4- xy 

r dx 

Deduce also | v 

J {a + x){c + x)^ 

r dx 

23. Evaluate 1- 1 * 

(ii) if a<c, ~ ^ [Matu. Trip., 1878.] 

r {x-p)-'^^^ , 1 r 

24. Sho»th.t 

where (f ^ (ip^ 4- ^hj) + c 

and ys/ax'^ + -2bx + e = {a 2 ) + b)x + hj;> + c. [Collkohs, 1901.] 

25. If F{x) = aj(x) + a^f{2x) + a^f{^x) +..., 

_, ^'2 . ^8 , _ Jo 


24. Show that 


prove that 


4-^2 4-4. = 

r'^2* 3* 


n*-v(odf ■ 
•'0 


5. Integrate (i) 


[Ox. J. M. Sen., 1904.] 


'1 - x^ dx 
I 4-cr.2 'J\ ^2-4 


[Euler.] 


27. Show that if F{x^ y) be a rational function of x and y, 

can be thrown into rational form by the substitution 

ya; + 5 

Hence show that 

f f L- |®f dx = 3 tan-1 JEl? _ 2 /IZ§ - 

J VI + 2»/ V 1 + 2* V 1 + 2x 2 

28. Show that if F(x, y) Ikj any rational integral function of ;c and y, 

J F (x, •sjasfi + 2te + c)dx 
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can be thrown into rational form by any of the substitutions 

(1) -f 'Ibx + c=^\/a{x^- z), 

( 2 ) s/ax^-{■Ihx + c^xz-k-Jc^ 

(3) X - {x - x^)y 

where x ^^ arc the roots of aa;- + + c = 0. [Hkrtrand, (7./., p. 39.] 

Apply each of these methods to the integration of 
f X dx 

J sjy- - 6.C +6 

showing that the result in each case reduces to 
Jx- - Ga; + 8 + 3 cosh"^ (x - 3), 
as derived by the method of Art. 85. 


29. If 
show that 


- Za-x = ahj. 
dx _ 1 dy 
Jx- - ^ s/y- - 4rt- 


and hence obtain Cardan’s formula for the solution of a cubic. 

[J. M. vScii. Ox..] 


30. Evaluate f 

J 0 1 - sin-a cos-^.r 


and deduce the expansion 
•2a 2 . , 

= 1 + -0 sm-a + 


2.4 

3.5 


sirda + . 


where ->a>0. 


[OxF. I. P., 1915.] 


31. Show that 


dx 


Integrate 


[Euler, C.I., iv.] 

r dx 

J (1 -H{( 14 - -x^}^' 


32. Show that the integrals 

f dx r x^-\lx 

I “. .—r and I-r 

J(1 -a;”‘)(2.T”‘- ly-^- J(1 -x^)(:lx”^-\f^ 

are reduced to the integration of rational fractions by the respective 
substitutions 2^:”* - 1 = and 2a;"* - I == 

[Lkxkll, Aetts de PHershourg^ 1781, ii.; Lacroix, (7.7)., ii., p. 65.] 
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INTEGRATION BY PARTS. POWERS OF SINES 
AND COSINES. 

Integration by Parts. 

90. Lot u and ir be functions of x, and let accents denote 
did’erentiatioiis, and suffixes integrations, with respect to x. 

Tims n stands for and n\y for f| tZx’l and 

. dx- - JLJ J 

on with n , etc. 


so 


Then 


d 


div 


dvb 




wn' dx 


which we may write as 

(^nw)' = uw 4- wn'. 

11 follows that Vy'w = J uw' r-f- J 

or J uw i lx — uw — J wn (lx. 

This may be put into another form. 

Let ^i = (j){x) and iv (^i.e, = \/r(a:) = ??, say ; 

v^ — ^yp{x)dx — 'i\. 

Then the above rule may be written 

j* <p(x) \j/'[x) dx — (f)(x) 11 dj^ — j* 0' {x) 11 ^r(x) <ia:| dx, 
j uv dx — wtij, — J uv^ dx, 


that 


^.e. 
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or the two functions 0 and may be interchanged, and then 
J* <f)(x)yfr(x) dx — \//'{x) I J fp{x) (^a;| — j* \}r'(x) |J dx^ dx; 

i,e, J uv dx = vu ^~ J v'u^ dx. 

Thus, in integrating the product of two functions, if the 
integral be not at once obtainable, it is possible to connect 
the integral 

J <p(x) \jr{x) dx 

with either of two new integrals, viz. tliose of 

j* <li{x) I J \jy^{x) dxy | ^\x) | J dx, 

and supposing tliat the integral of one of the two factors 
^(x), \Jr{x) is known, one of these new integrals may he more 
easily obtainable than that of the original product, 

91. The rule may be put into words thus: 

Int. of Prod. 0. function x Integral.of 

— Integral of [Diff. Co. of x Int. of 2'“*], 


92. Ex. 


jx sill nx 


Here it is important to connect if possible jxHin nx dx with another 
m which the factor x has been remoxed. There is a choice as to whether 
we put u—x and v = sinw.r 

or ?i = siii and v — x] 

but it will be observed that in the connected integral j xCv^dx, u has 

been differentiated, v integrated. Hence the removal of .r will be effected 

if we take the first alternative. 

mi f 1 • cos nx 

Then u~x, w — 1, = sin vix, ?? i ~-. 

n 

Thus, by the rule, 

/ . , r cosvi.r”! r., r cos??.?:”! , 

XB\nnxdx — .v^ -Vr J~ / l” 


X co.s n.v 1 


+ / cos nx dx 


xcoH Min nx 
n 
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Thus 


93. It m to be noted tliat unity may be regarded as one of 
the factors to aid an integration. 

j log .r d.v~ j 1 

= a: log .r - j.v 1“ 

~ .V log .V — j.v ^ dx 

= .rlog.r- jl dx 
= X log X — .r — .r (loga^ ~ 1 )f 


or as it may be written~.r lot 




Thus 




94. Repetition of the Operation. 

The operation of integration })y parts may be repeated as 
often as may be considered necessary for the evaluation of the 
original integral. 

.i,. - /«.,■>){ - 

‘■)*.(4^)( -/(4.34')( 

f(4.3.3.,>C^yv.(4.3.3.I)(~’^). 

Then adding and subtracting alternately, 

r . . y . ..f c(mnx\ sin?i.r\ 

• J X* sm nxdx=(x*) —j - (4.^3) -^ j 

4.(4.344)( + !”'.-)-<4.3.*.)(!“) 

4.(4.3.2.1)(-'=?r)' 

The student will note that no arithmetical simplification is attempted 
until the whole operation is complete. The total operation is much less 
liable to error if simplification be postponed to the end. 

We now obviously have 

/ X* sin nxdx= P cos 'iix+Q sin ?«.r, 

4.3.2.1 


P= 


:-+ 4 . 3 * 
n ir 


where 
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95. The General Rule. 

It is obviously possible to formulate a general rule for the 
repeated operation. And such a method is most serviceable in 
practice. 

The rule is 

j* uv dx — U'i\ — -f •.. 4* (— 1 

4“ ( — 1 y* j* tZ.r, 

where is written for with 7t—-1 accents, i.e. the (71 — 1)^'' 
differential coefficient of u. 


For 


nv dx 


uv-^^ dj\ 

'ii'v^dx 

j* n"v .2 dx, 

u"v,2. 


j* dx, 

u"v.^ dx = — 

etc. == etc., 

j* 'u''"v^ dx, 






lf(‘ncc, adding and subtracting alternate]}", 

^uv dx — nVy — u — 4-... H-( — 

+ (- 1 )“ j (^a:. 

Ex. 1. Thus applying this to the last example (Art. 94), 

+ ( 4 . 8 . 2 ..)(- 22 ”), 

each term being derived from the preceding by the simple rule of 
“ difr. 1*^ factor and integ. 2®*^ ” and connecting by alternate signs. W hen 
one of the factors is a rational integral algebraic polynomial, it is ulti¬ 
mately destroyed by the successive differentiations. 
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Ex. 2. / x^<f*dx = x*^ — 7w.r”‘-.> + w(»i — 1 

./ a (x^ ^ 

-»4(»«-l)(wt-2).r’”-^'^^ +... + (- 

9G. If one of the subsidiary integrals returns to the original 
form, tills fact may be utilized to infer the result of the 
inteirration. 


Ex. 


(hx dx ~ ^ sill h.v - f cos hxdx .(i) 

J a aj 

.(ii) 


and 

/ e"* b f 

1 tf'^^cos bx dx— - - cos />;/■-+-- / sin hx dx. .. 
J a aJ 

Hence, if 

J*y~ j e^^^ain hxdx and (ff~z jcos hxdx. 


r • 7 bre^*^ ,^7*1 

1— -sinfxr- - cos 6.7-H— P\ 

a u L a J 

and 

e""* J bfe^^ . J h ,-.“1 

<)~ — cos bx ~ — sin ar — 0 > 

a a L. a a J 

whence 

D «r si n hx “ h cos h.v 

- — 

a- -f 

^^b sin hx + a cos bx 
-. 


Or we niiglit have written equations (i) and (ii) as 
aP+b(i^~e''^ sin twA 

, ,, , 1 and then solve for P and Q. 

-hP + aQ i^os bx, j ^ 

We may write P and Q as follows : 

P==z(d^ -f t?^) ^ <?'** sin (^hx ~ tan ,1 

Q = (/^2 ^ 1/2^ - ^ __ ^ ^ >J 

forms which are frequently useful and which are derivable at once from 
the formula for the differential coefficient^ viz. 

y —e“* bx — («^ + b'^y^ (bx + n tan-^" ^, 

ajf' cos ' cos\ a/ 

by putting ?i= - 1. [Pff- Calc., Art. 93.] 

And this is what we should be led to expect. For if to differentiate 

^**cos i*^ ^1^® same as to multiply it by •Ja^ + b^ and to increase 

the angle by tan"^ the effect of integration, which is the inverse opera¬ 
tion, must be to divide out by the factor + and to diminish the 
h 
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An<l it is ill this form, viz. 

Va2 + //^cos\ 

that the integration of j (&:r + c) is most easily remembered, 

97. In cases of the form 

e®sii) hx sin cx sin dx, sin^ x cos^x, sin^' x cos nx, etc., 

p and q being positive integers, tlie trigonometrical factor must 
first be expressed as the sum of a series of sines or cosines of 
multiples of x by trigonometrical means, and then each term 

being of form ' mx can be integrated. 

cos ^ 


98. Ex. 1. 


7 — sin 2.v cos .r dr. 


sin 2x cos u' = i (sin sin .?•) ; 


I~^je^(sin 3.r -f sin x) dx 

=[7i 0^ -1)] • 

Ex. 2. I ~ si n^ x cos^ x dx. 

Now sin - .r cos^ x — | si n^ 2x cos J (1 — cos 4x) cos x 

~ cos X ~ cos 3.r — cos 5.r) ; 

.j sin^ X cos^ x dx = J cos .v — cos 3.r — cos d.v 

- M I )" (=’•''■ i) ^ 7k i)] 

Ex. 3. Integrate j dxhy Viirts.” 

j 'J dx — X s!d^ — .v^ — j .v s/ (d — X'^ dx 

J \'a^ - 

k[Note this step. Some such rearrangement is frequently necessary.] 
=:Wa2- :r2q. ^2 sin-ii- ^Kjd^ - aP' dx.^ 
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whence, t^an^<[K).silJJ^ ainl (livi<ling by 2, 


/■ 


!- x^(hc~ 


vslar 


- , a- . jJ’ 

+ sin-* , 
2 a 


which agrees with the result of Art. 78 obtained by the method of sub¬ 
stitution of a sin ^ for x. 


99. The method of Integration by “Parts" shows immedi¬ 
ately that whenever a direct function r/j(x) can he integrated, 
so also can tlie corresponding inverse function i.e. if 

j* </>(x) (lx can be found, so also can | (l)~^{x) dx be found. 

For, putting <lr^{x) = z, 

x~(J)(z) and dx — (z) dz. 

Hence J (J)~^ (x) dx — ^ zcj^'iz) dz 

= 00(s) —I <j){z)dz, 

which establislies the rule. 


100. Geometrical Consideration. 

This is no more than miglit have been anticipated from 
geometrical considerations. 

Let PQ be any arc of a curve referred to rectangular axes 
Ox, Oy, and let the coordinates of P be {x^, y^) and of Q (iCj, y^). 
Let the equation of the curve be y~(/){x); or if x, y be ex¬ 
pressed in terms of a single variable t, let the equations of the 
curve be say, 

V =fzi^) ^ ; 

and let and be the values of t corresponding to the values 
x^^, and x\, y^, d x and y respectively. 

Let PN, QM be the ordinates and PN^, Qilfj the abscissae 
of the points P, Q. Then plainly 

area PiV'i/Q — rect. OQ — rect. OP —area PQM^N^, 

pi r^i 

But area PiVifQ = I ydx=^\ iji[x)dx, 

fyi fyi 

area PQM^N^= 1 x dy = 1 {y) dy, 

^ Vo J yo 

rect. OQ — x^y^ and rect. OP^XgyQ, 


Also 
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Fig. 16. 


Hence the dependence of tlie one intcgr'al upon the other is 
obvious, and to establisli tbe possibility of caleulatinir the area 
PNMQ is to establish incidentally the possibility of obtaining 
tlie area of PQM^ . 


Further, 


V dtv — 1 

du 

J'dt 


J 4 J 

^/i(<o) J 

and 


rM) f 

ndr=:=\ 

'h (Ip 

C tit 


J ?/y J 

J 

and 



■Jff> 


So that the equation (1) may be written 



(iu 

(it 


dt — 




and thus the general iiile of integration by parts is established 
geometrically. * 

TJie meaning of the process is therefore this: In cases where 
there is a difficulty in finding the area PNMQ, we may find 
instead the area PQM^A\ and deduce the former result from 
the latter. 
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Kxami*les. 

Integrate by part‘d 

1. xe^y .?-‘cosha’, .r-Riuli.r. 

2. X cos Xy cos 2Xy x^ cos'*^ x, x^ cos 3x sin :r, x sin x sin 2x sin 3x. 

3. <?*sin2.r, e^sin'-^.?:, e-'’*sin^.x'cos.r, ^“^cos.rsin-.rcos3.r. 

4. .r*log.a7, .r^Mog.t-, (log (log .r)^. 

5. c"* sin 2 XV sin gx sin 7'Xy e“® sin px sin qx cos rx. 

6. e'"'*' sin px sin qx cos- r.r, cos px cos qx cos^ (p + q)x. 

7. Evaluate 

ij X sin X dxy x^ cos x dxy x'^ cos 2x dx. 


8, Integrate 

Jsin^Ki'dXy j^xbin'^xdxy Jx^sin“^KvdXy Jx 


tfin^^x dx. 


101. Reduction Formulae. 

It not infrequently occurs that a function which it is 
desired to integrate is not imnijediately integrahle or reducible 
by substitution to one or other of the standard forms 
whose integrals have been committed to memory. But 
it may happen in such a case that the integral may be 
connected in a linear manner with tlie integral of another 
function, or with the integrals of other functions, which are 
simpler or easier to integrate than the original function. 

Such a connecting formula is called a Reduction Formula. 
Thus an integration by parts makes one integral depend upon 
a second integral, and is a Reduction Formula. 

Many Formulae of this type will be found and used in 
subsequent chapters. 


102. We have seen how a repetition of the process of 
integration by parts will enable us to calculate the integrals 

Sfn = j* Bin nx dx, — j* cos nx dx. 

We propose to construct “Reduction Formulae'' for these 
integrals, giving S,^, C^i in terms of respectively. 

Integrating by parts, we have at once 


Sm = 




and 


a.- 


sin nx m 


n 




>«—1 • 


K.I.e. 


T1 
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Thus, 

and C,n = 

i, <?, Sffi = 

and Cjn == 


n/jc m— I 


Sfti „2 


COS nx . m — 1 


Gm-'l 


cosnx , m . sill m 

n nL n 

sin nx mV 

x»^ -— ij 

n n L 

cos nx . sin nx m (m —• 1) 

"Z-1-- -.5— 0;„_2, 

"* 71'"' Tl/"" 

,cosnx m(m—1)^ 

- y 


n 

sin nx 


Thus, when the four integrals for the cases m = 0 and m=l 
are found, viz. 






sin nxdx— — 


cos nx 
n * 



j sin nx 

cos nx dx =- 

n 


s,= 


c,== 


1 

1 


. j cos nx . sin nx 

x sin nxdx— ’-x -h o- , 

n n“ 


, sin nx , cos nx 

xcos nxdx—x H-r>- ^ 

n n^ 


all others can be deduced by successive applications of the 
above formulae. 

This illustrates the use of a reduction formula. But for 
expressions like x”* sin tix, x^^*^cosnx it is ordinarily better in 
practice to apply the method of Art. 95 at once and avoid the 
successive substitutions. 


Examples. 

Write (Jown the integrals of 

1. J sinh a; dxj Jx^cosh^xdx. 

/* 2 ’ ^ f? 

2. / x^ainxdx, / x^sin^xdx, I x^ sin x cos x dx. 

Jo 'Jo 'Jo 

3. x^ sin X dXf x^ cos^ x dxy x^ cosh .v dx. 

4. x^(a^ cos^ x + lr^ sin^ x) dx, x? log x dx^ x tan“' x dx. 

r* . . 

6. sin x cos^ x dx^ x sin x sin 2.'r sin 3x dx. 
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103. The Determination of the Integrals 

Je®* sin hx dx, j* x^ cos hx dx, 

may be at once effected. 

For remembering 


e®* hxdx — — (bx—(f>\ 

cos r COB ^ 


- - u 

where r = va^ + 6“ and tan , we have 

^ a 


x^ 


•ju W2(j 

^ax gjj^ ^ax gjj^ — 9^) “ ^2 ^0) 


-f ^ ^ ^ sin (6ic —3^>) - 


Yl ! - 

4- (— 1)” e®^ sin (bx — n-\-\ <p) 

or == e®^ (P sin hx'—Q cos hx\ 

where 

^7i ^7i“2 

Pf^“ COS </> — wCOS 204"W(n— 1) cos30— ..., 

Q == - sin 0 — n sin 20 + w(ii — 1) - sin 30 — .... 

Similarly, 

J .T® €®^ cos hx dx = c®* {P COS ?>.r + Q sin 6a;}. 


104. Integration of 


(7^ = J cos” hx dx, “ J 

We may now express cos” 6a; and sin” 6a; in a series of 
cosines or sines of multiples of hx and then integi*ate each 
term by Art. 96; orswe may obtain formulae connecting (7„ 
with (7„_2 and with thus: 


-=I 


7 7 e®* 

^x (»Qgn (lx= — cos’ 
a 


^bx + \^. 


nb co8”“^ hx sin hx dx 




gax 

— cos”"^ hx sin hx 
a 


J ~ e®®{cos” 6a;-—(n — 1) cos”~26a; sin^ 
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-.rr -- ecjs^^ ■- cos””"^ hx sill hx 

:i a . (t 


1 bx—(n— l)co8” ^hx} dx ^; 


/ '})“1)“\ fiCix ‘y)Ji 

/. (l -\—) C.. ~ — cos’* hx + ~“o cos**-^ hx sin hx 

\ {(- J ’* a tr 


+ n {n •— 1)' y Cn^ 2 - 


Hence 


.^ „ .T a cos hx-^'iih sin hx . ii {n — \)hr^ 

C., = e- cos«-i hx - --- - C„_,. 




Similarly 


„ ^ . , 7 (X sin hx—nh cos hx . n — 1) ^ 

Sn = 8in”-l hx -2“;- oT. -h —V-^ 157^- ^n-2- 

And as J dx, j* sin hx dx, J cos hx dx (that is, Sq, Cq, 
and C^) can be written down (Art. 06), the integration of 
I e^^cos’* hxdx and J hx dx can be completed, in any case 

where n is a positive integer, by successive reduction. 

105. Ex. Integrate J siin^ X dx (i) by themultiple angle ” metliod, 

(ii) by ‘‘reduction.” 

(i) Let cos.r+tsin :r = ?/; then 2t sin .r—(see Art. 112). 

2V sin‘'x= (/ r. (y 3 - i-) + 10 (y - 1 ) 

= 2i sin Dx — lOt sin 3.r + 20t sin x ; 

.'. siii^.p — “(sin 5.77 — 5 sin 3.77 +10 sin x). 

J c* sin* x dx 

— ^ je* (sin 5.r - 5 sin 3.p -f 10 sin x) dx 

=J [ ‘ 3) + sin (.^• - ]. 

(ii) Proceeding with the reduction formula, a=L 6 = 1, w = 5, 

« * . ^ sin ;r - 5 cos x , 5.4 ^ 

mn* .r -+ ir+ 5. 
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, „ , • sin .r -3 cos 3.2 ,, 

Similarly .S.,=e- sin^ a;-^ .S, 


r . 

iSi= I e*sin.rc?^=— 
/. Sg = e* sin^(sin a? - 5 cos .a?) 

^^•4/ • 2 


9in(a--^) 


5.4 r . „ sin .a; — 3 cos /a; .3.2 . / 

+ 10 +1(V2^V" 


106. Integrals of form 7,, —J (log ;/•)’" being a positive 

integer and ni not equal to — 1. 

Integrating by parts, we have 


(l«« *)" - I J (los i/a;, 


= i+T0%-)’‘-^-T4-i. 


Writing ^ for log a?, 


7n _ f ■ /n -1 _ («' -') / i • 

h 1 m4-1 L^a-f-1 m-f-1 ’ 


and proceeding in this way, we ultimately get down to Zj^, 
which i3 


I log X dXy ie. - - --- I — 7—7 , w;. 
I ^ ?a+l (>)/, +1)“ 


Hence 


mH-lL m-fl (m-fl)' 


,„_1 e 7„_2 _ -J ln_S 

^ I I T \‘;i ^ 1 li \!i 


(m+1)^ 


‘ ‘ (m+(m + 1 )^ J.^ ^ 


107. I£ the d<^finite integi-al 1 (log a?)^ cZx be required 
(m>-— 1), note that ^ 

/ptn+i(iogx)^=rO when ir=l and r>0, 

and that Z>4=(r^”*^^(log «/= 0. 

[Biff, Calc.y Art. 474, Ex. 3.] 
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Hence 




and finally, 
Hence 


['.Jr, 


(m-f-1)^* 


i.e. f cc^"(log x)” <Za:== ( —1)”^ 

Jo 


nl 

(m+ 

which is also directly obvious from result (2). 
When m= —-I, 


.(3) 




108. The reduction formula established by integration by parts was 


4-' 




We may point out that this could be obtained by the rule of “the 
smaller index + 1” of Art. 217 by putting (log.if;)” and differen¬ 

tiating, but in this case tliere is no advantage in using this method, as 
the same formula is immediately written down by “parts” as above. 

109. We may add, in passing, that J cannot be integrated in 

finite terms except when m~ -1. In that case, we have 




Ill other cases put .r = e*'. 


Then 




-dy, 


and expanding the exponential, we have 

+ + 2/ + +•••]*/ 

= log.y+(m+ +•^+... 

= log{log.r)+(,n + l)log.r+("'-’)= ['?«/>’ + ..., 

and the integration is expressed as an infinite series. 
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110. Integrals of the form ^ .r”*(log where n is a negative 

integer, may ho reduced to the above form by using the reduction formula 
in the reversed form, and writing n for n - 1, 


/ 


.'r”'(log.r)”ci?.r= 


n+ 1 


/. w-f-1 


n-\- 


Y J* j?”* (log ^ d,v. 


Thus 


f. 


(Jog.r)'^ log.v 




log .r 


d.v 






But as those expansions are not finite in expression, they are of but 
little practical importance. 


111. Integrals, however, where in is negative and n is 
positive, can be expressed in finite terms by the reduction 
formulae, and present no difficulty. 


= - g (log ^ C ^ 

__ 1 (log.r)'^ .3 (log.rV^ 3.2log.r 3.2.1 

9 .r® 9-'' .r® 9'* .r® 9^.r® ’ 


i.e. 


- 9 ^. [ (log +1 (log x)‘‘ + (log -i) + ^ 'll-]• 


Note on a Trigonometrical Process. 

112. We return to the Method of Multiple Angles already 
introduced in Arts. 97, 105. 

The process of expressing sin^ a;cos? a; in multiple angles is 
a matter of Trigonometry. But for the convenience of the 
student it is briefly indicated here, as it will be extensively 
required in what follows. 

Remembering that 

(cos X + 1 sin xy = cos iix+i sin nx (Demoivre), 
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cos X + 1 sin x—y ; then cos x —z sin a; = 


cos nx -\-1 sin 'nx = tf^ and cos vx — i hui 7ix = ~ , 

U yn 

Thus 2 cos cc —7/4*2^ sin = 

y y 

1 . 1 
2 cos =;?/” + > 2 i sin ri x — y^ —. 

Thus, if wo require, sjiy, sin®a; in a series of sines or cosines of multiples 
of a:, we proceed thus : 

2\« sin" x-^[y - - H (/■ H-p) + 28 {y* + - 56 [f + + 70 

~ 2 cos 8.r 16 cos 6.7* 4- 56 cos l.r — 112 cos 2.r 4- 70 

and siu®.r —(cos 8.7; - 8 cos 6.r 4- 28 cos 4.r - 56 cos 2.r 4- 35). 

sill® thus expressed is then ready either for finding tfte 71 '^' dljferoUhd 
coefficient^ or for viitegration^ or for expansion in powers of .c, as may be 
required. 

If we required siifb/'cos'-^.7', say, in a series of sines or cosines of 
multiples of .7;, then 

sin^’ X. 2- cos^ x~ (j/ - M (//4- M (See the next article.) 


=,'/*+- -* (/++,9++?) ■' 

— 2 cos 8 .'f — 8 cos 6 . 7 :4- 8 cos 4,r 4- 8 cos 2.r - 10, 
sin® X cos- . 7 ’ — — cos 8.7; 4 - 4 cos 6.7; -* 4 cos 4x — 4 cos 2.r + 51 , 


and is ready for integration, etc. 


113. It is convenient for such exampdes to remember that 
the several sets of binomiiil coefficients may be quickly 
reproduced in the following scheme: 

1 

1 1 


1 

2 

1 





1 

3 

3 

1 




1 

4 

6 

4 

1 



1 

5 

10 

10 

f) 

1 


1 

6 

16 

20 

15 

6 

1 

1 

7 

21 

35 

35 

21 

7 1 

1 

8 

28 

56 

70 

56 

28 8 1 





etc., 
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each number being formed at once as the sum of the one immediately 
above it and the preceding one. Thus, in forming the seventh row, 

0 + 1=1, 1+5 = 6, 5 + 10=15, 10+10=20, etc., 

and in multiplying out such a product as the one in Art. 112, we 
only need the coefficients of (1 — ^)^(1+^y'*, and all the work appearing 
will be 

Coefficients of 1—6 + 15 — 20+15 — 6+1, 

Coefficients of (l-0^(l+0 1-5+ 9- 5- 5 + 9-5 + ], 

Coefficients of (1 - tY* (1 + 1)'* are 1-4+ 4+ 4-10 + 4 + 4- 4+1, 

each row of figures being formed according to the same law as before. 

Idle student will discov er the reason of this by performing the actual 
multiplication of 

u + 6^ + ct“ + +... by 1 + ^, 

ill which the several coefficients in the result are 

0 + (X, (I + by h + c, 6‘ + (f,... . 

Similarly, if the coefficients in (I + O'* (1—0^ were required, the work 
appearing would be 

1+4+6+4+1 
1+3+2-2-3-1 
1+2-1 ~4-l+2 + l, 

and the last row gives the coefficients required. 

The coefficients here are formed thus : 

1-0 = 1, 4-1=3, 6-4 = 2, 4-6=-2, etc. 

Powers and Products of Sines and Cosines. 

114. Sine or Cosine with Positive Odd Integral Index. 

Any odd positive of a sine or cosine can be 

integrated immediately thus: 

To integrate 

J sin2”+i X dx, let cos x—c; sin xdx=^ — dc. 

Hence 

j* dr = — J (1 — c’)” dc 

= — J 1 — . -h ( — 1 y ” J dc 
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~ _r_nn ‘'*"- 

;i 1.2 5 ■*■■■■ ^ 2 m + 1 

= - cos X+ -c, 55^-* - ”C, ...-(- 1)" "Cn 


COS 


.2n+l . 


y -2 5 • ••• V 2n4-l ’ 

Similarly, putting sin a: = 5, and therefore cosxdx — ds, we 
have 


I co8^”+^ aj da; = I (1 — 


ds 


= sina; 


t, + L,-. -...+(-]) G, 2^^^ . 


115. Products of form sin^ a?, cos® a;, p or q being an odd 
positive integer. 

In the same way as before, any product of the form 
sin^’a; cos® a; admits of immediate integration by tlie same 
method whenever either p or q ls a positive odd integer, 
whatever the other may be. 

Thus, to integrate Jsin^'aj cos^^+^ a; dx. Let sina;=s; then 
cos xdx==ds and f sin^ x cos^^+i a; da; = f 5^' (1 — ds, 


and expanding as before, 

sin^’+^a; ^ sin^'+^^a; , sin^'+^a; 

= -'TT~ “ ”^i “ T^+ ^‘> —tt" 

p+1 ^ ;? + 3 - p-\-b 




vjiii?'+2n+l;3; 

+1 


116. When p + q is a negative even integer, the expression 
sin^’a; cos® a; admits of immediate integration in terms of 
tan X or cot x. 

For, put tana; = ^, and therefore ^eQ,^xdx==dt, and let 
i? + ?== -2n, 

n being positive and integral. 

Thus 


siiF X cos® a: da; = J tan'^ x € 08 ^+®+^ a; d^ = J {1 + dt 

= |(«” + +. • • + iP+2«-2) dt 

tatf+ia; , tatf+Sa: , tan^'+^a! , , tan>’+**”-i a: 

= 7 +r+ ^i-p+ 3 + ^*-y+r+-+ 
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Similarly, if we put 

cot x—c, then — cosec ^ xdx — dc, 

and 

I siiP' X cos"^ xdx= — ^ cot^ x xdc= c-)""^ dc 

_ COt^-^+^^ X _n-in CQt'^ +^”~^ X 

q-\-\ ^ g4-3 ^ g^+5 "‘ g'4*2n—1 * 

This result is the same as the former, arranged in the 
opposite order. 


117. Use of Multiple Angles, sin^^, cos'^.r, sin^ .^ . cos'^ i:c, 
where p and q are positive inte<fer8, either odd or even. 

To sum up then, when in sin^’a;, p is odd, or in cos''a’, q is 
odd, or in sin'^a:cos''a: one of tlie two p, q is odd, the best 
method of procedure is that of Arts. 114, 115. 

But when both p and q are positive even indices, this 
method cannot be adopted, for the series used are not 
terminating series. 

We then express the function to be integrated as the 
sum of a series of sines or cosines of multiples of x, whicli 
can be done in all cases by the metliod of Art. 112, or in 
simple cases without having recourse to that method. We 
then have 

sin^'x, cos" a: or siiP'a: cos" a? 
expressed in the form 

or EAnCosnx, 

and each term may be integrated at once, giving 


. cos nx . sin nx 


as the intej^al. 


118. Ex. 1. 

( A small even\ 
ludex. / 


Ex. 2. I cos^xdv= 

/A small odd\ J 
\ indsx. / 

/*,, , siirhr 

~ l (1 - as = 8111 X - - — 


3co8.r + coa 3.^? , 3 . . 1 • « 

_____-^-=s= _ sill X + r-= sin 3.V 

4 4 12 


, / 1+ cos 2^ , XI 

vdx~ / - 2 ’ a^ = 2 + 


01 otherwise 
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Ex. 3. f cos*xd:>;= I (l±l"~Y,i.c = J - 

/A wimll cv«n\ J J \ 


+ 2 COS %X 4- 


1 -|-coa4.a? 




( A ftiimll cven\ 
iu(l«x. / 

~ y (I + i 2a?4- J COS 4.t*) dx 
~ 8-^+i sin 2:174- ^ sill 4x. 

119. But for )iiglier powers we adopt the method of Art. 112. 


Ex. 4. 

^ A larff« c'ven^ 


- 

V index. 


^ sin^xdx. 


Let cos .V 4- i sin J7—.y, etc. 

2V B!n».r = (.!/ -i)“ = (.»/ +p) - « (/+^) +28 (./ +i) - .-,6 

= 2 cos 8.r -16 cos 6.r 4- 56 cos 4x — 112 cos 2.r 4- 70 


+70 


J sin*.r(i?.r =-^\ 


I rsiri 8.r 8 sin 6.r , 28 sin 4,r 56 sin 2:r 


8 


28 sin 4,r r)6sin2:r.„„ "1 

+-•4- 


.Ex. 5. f siiY’.r tf.r= — / (1 — c®)^t/c*= — f (1--4r+4-6c^--40® +c®)ci?c 
/A Irtrtjfl od»l\ J J J 

\ Index. / 


4 cos^ .r 6 cos® x 4 cos^ ,r cos* x 
= _CO«;«,+-^- ^5“+"-7- 


Ex. 6. Find 

(Itoth Indieeae 


Find j sin^ x cos'^ X dx. 

fl«ven.) J 

Then, as in Art. 112, 

2® sin^ X . 2'-^ cos^ x — — 

[and the working of the multiplication is 

Coefficients in (1 — 0^ 1 — 8 4* 28 — 56 + 70 — 56 4- 28 — 8 4-1 

Coefficients in + 1-7 + 20-284-144-14-284-20 -74-1 

Coefficients in (1-0®(1 + 0^ 1-6 + 13- 8-144-28-14- 84-13-6 + 1] 
.*. 2®t®8in®a7.2^cos®j;‘ 

= 2cos 10.r- 12cos8.r+26cos6.r- 16cos4:i7—28cos2.^7 4 -28 ; 

J sin* X cos2 X dx 

1 rsin 10.r 6 sin %x 13 sin 6r 8 sin 4,27 14 sin 2^7 ,. T 
““^L'TO 8 ^ 6 *“ 4 2 


1 rsin lOor 3 sin 8x . IJJsin 6:r 


2^L 


10 


6 


— 2 sin 4r- 7 sin 2:r+ ^4.17^. 
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Ex. 7. Find /"sin*a; 

(OriH odd.) J 


C 08 ® ^ d.v. 


j sin® X COS''* X dx~ j sin® .r (1 — sin® a-) d (sin x). 


8in®.r siii^^o: 


9 11 ■ 


. 8, f 

ixponenlial J 


Ex, 

(An exponential 
factor ' 


COS® X dx 


= — ^ e*^ [cos 8.r — 4 cos Qx + 4 cos 4.r-f 4 cos 2x~ 5] dx 

(Art. 112) 

— _ ^rtan“*4) _ ^ 

~~~W L' Vg8 " s/io 


^ f e^si 
i\ J 


+2 \ 4.2. 

v/5 


sin ru7 cos® x sin® x dx. 


(-f)_.g. 


V2 


Ex. 9. Consider I 

/An exponeutiai factor and' 

( a trigonometrical factor \ 

\ slu nx, in which n is not ) 

\ ueeeesarily integral. / 

As before, 2® cos® x 2®4® sin®^? = (y 4- ^^ ' 

Coefficients of (1 + ^)® 14-3 + 3+1, 

Coefficients of (1 +^)®(1 - ^) 1 +2 + 0-2- 1, 

Coefficients of (1 + ~ 0’ 1 +1 - 2 - 2 +1 +1 ; 

cos® X sin® ^ ^ (cos + cos 3.r — 2 cos x) ; 

sin nx cos* x sin® x^ ^ 5^+2 sin nv cos 3.v - 4 sin nx cos x] 

= - i [sin (?i + 6):r+sin (n — 5)07 + sin (n + 3)o7 + sin {n - 3).r 
- 2 sin (n +1 )x - 2 sin (w - I ).r] ; 

whence Je^ sin nx cos® x sin® 07 dx 

^ (J* rtan ~'(71 + 5)} 8in{(n — 6 ) 0 ? —t an ~^(?i —5) } 

8 in{( 7 i + 3)o7-tan-Mn+3)} sin {(n - 3 )x - t an^^ (n - 3)} 


+ 3)® +1 


V(w-3)^ + 1 


9 {(» + l)a? — ta n~*(w +1 )) _ ^ ain {(< 1 . — 1 ) j? — 

V(»r+i4^ '/(«-iy‘+ 
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120. Integral Powers of a Secant or Cosecant. 

Even positive powers of a secant or cosecant are even 
negative powers of a cosine or a sine, and come under the 
head discussed in Art. 116. 


Thus, j sec^^ dx = tan x , 

j »ec*x dx = Jo + tan^^) d tan x 


^ . tan^.ji7 

= tan^H-, 

O 


J Be A dx~ ^ (1 + 2 taxi^x + tan^.r) d tan x 


= tana?+- 


2 tan^jp ta.u^x 
_ H Y , 


and generally 

J sec^‘^2 ^dx — where t— tan x^ 


Similarly, 


= tan— - -1- 6^n 

o O 


J coaec^xdx^ —colXy 

j cose'j^x dx = — J (I -{■ (iot^x) d cot x 


tan2”+i X 
2n + l 


= — cot X - 


cot^^ 

- 3 , 


and generally 


etc,, 

, cot^,r cot^.a7 


/cosec--:. 


121. Exactly in the same way 

j* sec^a; cosec^ x dx 

can be integrated when 4-^ is a positive even integer, either 
in terms of tan x or of cot x. 

This has been done already in Art. 116, for it may be 
written 

J cos'^x 8in“«a; dx, 

where —p — g is a negative even integer. 
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122. Odd Powers. 

But for odd positive powers of a secant or a cosecant, we 
have to adopt another method, because the Binomial Series used 
would be non-terminating. 

We now proceed as follows: 

By differentiation, 

d 

(n + l)8ec”'^2x = -^^(tan irsec^x) 

and (71 +1) co8ec”+2^ - n cosec^x ^ ^ cosec^x); 

whence 


(«+i)| 


sec'^+^x cZx = tanxsec”x H-n 


J sec ”x 


dx 


and (w-f-l)|cosec ”+2 — cot xcosec”x+nJcosec”xc?x. 
snce, ch 
Jsec^xcZx == 


Hence, changing n to n — 2, 
tanx 
n 


1 


^ , cot xcosec”'-x . 7? — 

cosec" X ax =-::—- h 


sec" ^x ,7i — 2f -9 7 

—=- 4- 1 sec^^^x ax, 

— I 71 —IJ 

91 — ij 


11 —1 


Now 


J sec xdx — log tan^™ 4 ^ 


Hence 


j* cosec xdx = log tan ^. 

j sec^jT da: == ^log tan(see Art. 79), 

f r 7 tan .r sec^.r . 3 tan .r sec .r 3 1, ^ Vtt , 

- - --^- 

etc., 

and generally 

j 


sec"xrfx = 


tan X sec""’^^; n — 2 tan x sec"“*x 


n— 1 


n— 1 


n-3 


(A) 


cosec"-* X dx. 
gd-*x, 


(n — 2)(n—4) tan x sec"“®x , 

(n odd). 
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The same formula would equally a})ply if n be ev€m, except 
that it would terminate differently, viz. the last term would be 




(ti— l)(w—8)... 5.8 


(n even). 


In the same way 


- , cot cosec A- 1 , , .r 

cosec‘^.^? rt.r ~-:::-1- 2 log tan -, 


cosec®jro?.r— - 


2 

cot .r cosec^.r 3 cot .v cosec .r . 3 1 


and generally, 

f cosec'* ic dix = 


+ j~logtan~, 


c(3t X cosec”~2ic n~2 cot x cosec x 

T 


n—1 n~\ n- 

_ {n—2) (7^—4) cot X cosoc'*"^'a; _ 

i)(n—8) n~~5 

, (n-2)(n~4)...8.1, , a; 

+ r -\~/-log tan ^ 


-8 


(n odd) 
n even.) 


(^-l)(n-:3)...4.2 

(w/—2)(n—4)...4.2 , 

or - i-w - 

But as explained above, if n be even we should not in 
general employ this method, but that of Art. 120. 


123. Since positive or negative powers of secants and co¬ 
secants are negative or positive powers respecti\*e]y of cosines 
and sines, it will appear that so long as ^is an integer, whether 
positive or negative. 


Jsin^ajrfa;, Jcos^trrfcr, Jsec^a:&, Jcosec^a7rf.x 


can be integrated. Also it appears that j sin^'xcos’^ajda; can 

always be integrated directly if p and q are positive integers; 
also that, even if one of the two p or be negative or 
fractional, the integration can still be directly effected if the 
other be a positive odd integer. And further, this integration 
can be directly effected if p-fg be a negative even integer, 
even though both p and q may be fractional. 

For other cases of where p, q are negative 

integers, a reduction formula is in general required (see 
Art. 228). 
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124. If the student has any difficulty in reproducing the 
'formulae of connection marked (A), they may be obtained at 
once by integration by parts thus: 

d tan X 


Jsec’^'^^ajdaj —Js 


1 = 1 sec”ic'^ 


= scc”ictan x- 


’^xi^n^xdx 


-Jnsec^i 

= sec” X tan x —(sec”^ ^ a; —sec”ic) dxy 

i.e. (w+1) J sec”"^ ^xdx — sec” x tan x +n Jsec” x dx. 

And similarly for 


(n+i)[ 


|co.« 


cosec”+2a^ 


cosec^^^xdx== —cosec” a? cot ir4-w|cosec”fl;dx. 

125. Integral Powers of tangents or cotangents. 

Any integral powers of tangents or cotangents may be 
read i ly integrated. 

For j* tan”ic dx — Jtan”"^^:^ (sec^a;— l)dx 

= J tan ” " 2 a: tan x — J tan” ~ ^xdx 

tan”~^a^ f, , 

r=— — Jtan” ^xdx, 

n—1 J 

And since j* tan x dx = log sec x 

an j* tan2a;c?a; = |(sec2a;—l)da; = tana?—a?, 


we may integrate successively tan^ic, tan^cc, tan®x, etc. 
Thus we have 

jd.v — — log sec x, 


2 

wl/ 

tan^zr dx ——^-tan x -f x, 


I' 

/ - , tan‘*.v taii^j? 

tan^.r dx =—^-2-1- log sec x, 


I 


tsiW^xdx’ 


lE.l.C. 


tan^.r tan3.s7 
5 3 

etc., 

I 


■f tan X — X, 
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and generally 

J tan”.a 


, tan” tan” ^.r , tan" . *i^tan®.r 

=-,-...4-(“l) “"V"' 

71-1 n-~3 71-5 2 


+(~1)^ log sec .r (72 odd) 
tan"'i.r tan”~3.^ . ./ -.w 

(72 even). 

12G. Similarly for cotangents, 


J cot’^ xdx~^ cot^‘ ^ a;(cosec^ x —1) 

cot”“^rr f 9 7 

=-,-1 cot’*“^a; aa:, 

71— i J 

whilst I cotrp dx — log sin x, 

j* cot^aJcZa; = | (cosec^aj — 1) dx= — coti 


Thus we have successively 


j cot^.r dx ~ — log sin x, 

f 7 cot^.r . cot.r . 
cot^xd.r— 1—I— 


cot*.r . cot2.r , , 


and generally 

r , cot"“» 
J n -1 


cot”“'.r cot"”^.r cot”""^;? 
71—1 ^ 72 — 3 72 — 5 


**'0 Ooti^ T* ^ 

_ (_ ]) a J_ _ (_ 1 ) 1 ! log sin X {n odd) 


cot”~^r cot” cot" ^x • . - ”cot.r . . 

or =--- +- -- 

72-1 72-3 72-5 ' 1 ' 

(72 even). 

Hence any odd or even positive or negative power of a 
tangent or cotangent can be integrated readily. 


EXAMPLES. 

1. Integrate sin^x, siu*a;, sin^ar, sin^cc, sin^cc, sin^io;, sin®"a;, 
doing those with odd indices in two ways. 

2. Integrate sin^x cos^a;, sin^ cos®a;, sin^a; cosmic, sin% cos^oj, 
sin^o; co8%, sin®x cos%. 
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3. Integrate cos^xcoscc'^a;, sec^-Tcosec^j, 


4. Evaluate f f cos**a:t^a;, f Qos>Hdx. 

Jo Jo Jo 

5. Integrate sin ax sin 3a; cos^.r, sin nx cos^x. 

6 . Show that 

f . . . 1 1 1 

1 sin X sin 2x sin 3x dx— - ■ cos 2x-^ cos 4a: + 

J 8 16 24 

7. Show that 


sin 3x dx^ - ^ cos 2x-^ cos 4a: + J- cos 6a:. 
8 16 24 


cos (m + n)x' cos (m - n)x 
2(m + 2{m - n) 


, siii(m-rt)a: sm (m + n).a: 

1 sin mx sin nx dx = ' -- /-/ . 

2(w - n) '2(711 + n) . 


f . , cos(m4'W)t’ cos(m-7i)a* 

^ ' J 2(m + n) 2{m - n) 

.... r . . , siii(m-rt)a: sin (m + n).a: 

( 11 ) \ m\ mx 8in nx dx ^ /-- /-/ • 

' ' J 2(w - n) '2(711 + n) . 

..... f , sin (m- n)x sin (m + 7i)x 

(ill) 1 cos wa: cos ?/a: aa: =—^- - —^^7-r-. 

^ ' J 2(m - n) 2(m + n) 

Deduce from (ii) and (iii) the values of 

j* sin%a: dx and j* cos^ mx dx^ 
and verify the results liy independent integration. 

8. Prove that 1 sin mx sin nx dx and 1 cos mx cos nx dx are both 

Jo Jo 

zero so long as 771 and n are integral and unequal. But if m and n 

TT 

are equal integers their values are each equal to 


GENERAL EXAMPLES. 


1 T> .Li ^ f 7 dv du f d^u , 

1. Prove that | u -—dx — v r + P’ 7 i^x. 

I dx^ dx dx J dx- 


2. Perforin the following integrations : 


(i) ^ 

1 cos~^a: dx. 

(Ii) J 

(iii) 

^ x^, tan"”^;?: dx. 

(iv) j 

(V) 1 

X sec X tan x dx. 

(Vi) j 

<™> j 

» 

tan^^s/l - x^dx. 

[St. John’s, 1886 .J 

(viii) j 


s-“^~ dx. 

X 


(vi) J {ax + h) log {cx + d) dx. 


j tan~^a: dx. 

[Ox. II. P., 1889.] 
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(ix) 

(xi) 


3. Integrate 


(i) (ii) 


4. Integrate 


(x) 

!. (xii) J £C” log X dx. 

i) \ fix. (ill)- ^dx. 

in in 


<"■> \i 


p^mtan-l* 

1—,— s-dx. (ii) 1- ,(lx. (iii) Itj-— ^dx. 

J 1 +*2 J(l+a;2)7 J(1 +.'S2)2 

r ^Wfcan~'a: 

J- ^x. (v) -- dx (7i== a positive intcge 

(l+*¥ J(l+*2)^'^’ 


dx. (v) 


“ dx {n == a positive integer) 


5. Integrate 


(i) j*a!^3*'"c( 

(ii) 

(iii) jxe'sii 


COS ax dx. 


sin hxdx. [a 1888.] 


sin^xdx. 


6 . Integrate 


(i) (sin hx 4- cos hx) dx. (v) 1*2 S'" sin Ax dx. 

(ii) (sinh 4- cosh hx) dx. (vi) |c0s(6l0g-3rf: 

(iii) sinh Z)a; cosh ax dx. (vii) Jcosh (^h log ^ 

(iv) cosh aa; sin (viii) J Z? sin ^ cosh (c 


cosh ax sin hx dx. 


(vii) Jcosh log dx. 

(viii) i Z? sin ^ cosh (cos 6) dO. 

J [a 18 ? 


7. Integrate 


(iv) p 
(vi) |>/r 


cosh X 4> sinh x sin x 
1 4* cos X 


r-\ /•••X fxl-since, 

(ii) I e" ^-- dx. (ill) 1 e* -- dx. 

i I + cos X ^ J 1 ~ cos X 

in X , \ f 

J I + e^' [Mbch. Sc. Tkii 


./r 4- e”* dx. 


(vii) 


1+e* [Mbch. Sc. Tkip.] 

I j 

’ T5- ^dx. 

(1 +a:)2 

[Ox. I. P., 1890.] 
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8 . 


Integrate 


(i) _ 

^ (log x)^ dx. 

[Ox. I. P., 

1888.] 

(ii) _ 


[Ox. r. p., 

1889.] 

(iii) 

j* tan“^ X dx. 

[Ox. II. P., 

1887.] 

(iv) 

j* log {x + + x^) dx. 

[Math. Trip., 

1882.] 

(v) 

j* X log (x + s/a* 4- x^j dx. 

[St. John’s, 

1884.] 

(vi) 

J (a + x) s/a- 4- x-dx. 

[St. John’s, 

1888.] 

(vii) 

1 (a* 4- x^)\la-{-x dx. 

[St. John’s, 

1888.] 

(viii) 

1 sin {hx 4- c) dx. 

[Coll. , 

1892.] 

(ix) 

|x^(l -x^)^dz. 

[Ox. I. P., 

1890.] 


9 . 


Integrate 



X sill hx sin cx dx, 
X e" sill hx sin^cu; dx. 


10 . Show that if w be a rational integral function of x, 

where the series within the brackets is necessarily finite. 

[Trin. Coll., 1881.] 

11 . If w s I cos hx dXy e'*^ sin hx dx, prove that 

V h 

tan~^ - + tan”^- « bx, 

u a 

and that {a^ + h^) (u^ + v^) — e®**. 

12 . Evaluate | x^ log (1 - x^) dx, and deduce that 

111 82 
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13. Integrate Jsee^ ^ cosec^ ^ |sec^^sin 


14. Find the value of 


H d**v d'^n\ 


[7, 1890.] 


15. Evaluate 


CrdH.^dv dw\ d^i^dw du\ d^w^du 
j Lti?a;^\ 2 ar ~dx)'^dx^\dx dx)^ dx^\dx dx)\ 


[7, 1890.] 

16. Establish the following formulae for integration by parts, 
u and V being functions of x, and accents denoting differentiations 
and suffixes integrations with respect to x^ and denoting u with 
n accents : 

(i) j" uv dx = u't)^ - uv^ + - u'"v^ + ...+(“ 1 

+ (-!)“ I w'"'rff„+i. 

(ii) J J (uv) {dxy = uv^ - 2 mVj, + Zu"v^ - iu"'v^ +...+(- 1 

+ ( - l)"ri f + ( - 1)” I i dx, 

[a, 1888.] 

17. If w be a function of x^ and differentiations and integrations 
are respe3ctively denoted by accents and suffixes, and (n) means 
n accents, show that 

iog«=i-(i)«,+(!)«,-(!) « 3 +...+(-irJ(i)V 

[St. John’s, 1889.] 

18. \i u, Vy w \>Q functions of and accents and suffixes denote 
differentiations and integrations respectively, show that 

^uvw ^ {vw)'u^ - (vwyu^ 4 * (vw)"\ - ... 4 * ( - 1 | {vwf”*^dUy,^ 

+ (v}u)\ - {mi)"v^ + {'^y\ - ... 4- ( - l)”**^! 

^(myw^ - (uvy'w2+(uvy"w2 - ••• + (■ 

[St. John’s, 1889.] 
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19. Prove that 


3? X* 


af(/a 


[AIath. Trip., 1878.] 


20 . Find the value of 1 af dx correct to five decimal places. 


[J. M. ScH. Ox., 19(H.] 


21 . Prove that 


j dx — x + ^j aV 4* + ... 


-^ [" 3?"e-“'-'dx. 

1.5. ...(2m- 1) J„ 


[Ox. I. PriB., 1899.] 

22 . Find the sum of the series, supposed convergent, 

075 ~ 3'.*577 5T7:'9 " “ ■ [Coix., 1881.] 

23. If y and z be functions of x, and = - zj/, prove the 

following: 


(i) j -M-* (i/z" - ay') tZa = - (1 + 


[CoLu. 1876.] 


(ii) the integration of zy~^u'^\yz" - zy") can he reduced to that 
of y-‘\ [St. John’s, 1886.] 

24. Show how the method of integration by parts may be applied 
to find 

where f{x) is a rational algebraical expression of tlie degree. 

Prove that f(x) dx-0 

liovethat ax-V. [Coll., 1876.] 

25. Prove that j* (cos ir)” dx may be expressed by the series, 

sin®.r siiria; ,,.sin’’a; 
sin x-N^ + N,^ - iVy-y - 4- ..., etc., 

2 

JVj, iVg, ... befing the coefficients of the expansion (1 4- and 
n having any real value positive or negative. [Smith's Prizk, 1876.] 

26. Prove that 

= « sin I* - 
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27. Express the infinite series 

I 1 1.3.5 1 

2'‘"2.4‘2"^2.4.6* 3“*“"* 

as a definite integral, and find its value. 

28. Show that 


[Ox. H. P., 1902.] 


i cos mxcos 


^ . sin 2x m (m - 1) sin 4a; 

^xdx = A+x + m — 2 — ^- lo — 4 “ “*“ *•* 

sin 2mx. 


where 7 ti is an integer and A is independent of x. [Coll, a, 1885.] 

29. Evaluate the integral 

- '^TTt . 27r,^ 

J sin —jr . sin + a) tUf 

and draw curves showing how its value depends on that of A. 

[Mkch. Sc. Tkip., 1899.] 

30. Prove that if y=f{^) and x^<i>{y) are equivalent relations, 
then, between any corresponding limits, 

|v7' (*) dx = dy. 

Hence, or otherwise, prove that if tan ^ = \/l — c tan a, 

d x _ P 

31. Prove that the remainder B in the series 

d - tail e-h tan«fl + ... + j.—+ -B 
may be written as a definite integral, 

( _ 1 )«+i f^ tan‘"^**^^l9 de. ^ 

' 'Jo [Coll., 1881.] 

32. Show that the integrals J /(^) dz are connected 


thus: 


j: 


f{z)dz = xj{x) - ~/'(a:) + ^/"(a:) - • • ■ 

+ (- 1 )”-' J /'"-'’(a:) + ( - 


and that if one can be integrated the other can also be integrated. 

[Bernoulli.] 
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33. Integrate 

I {{In + 1) cos {In + I) 0 + {2n - 2) cos (2/i - -|) 6} (cos 6)^dO^ 
and prove that when n is a positive integer, 

j cos {2n + I) 0 (cos 0^ dd = 0. 

[Oxford II. Pub., 1913.] 

34. Find the sum of the areas included between the axis of x and 
the arc of the curve y — sin (:r/a) from the ordinate x = i) to the 
ordinate x = mra^ n being any positive integei*, odd or even. 

[OxF. I. P., 1911.] 

dx when n is any positive integer. 

[OxF. 1. P., 1916.] 

36. Show that I x log (1 + \x) dx —2 (1 - 2 log :]), and prove that 

this is less than f Ix'-dx, rn/r m t -i 

Jo - [Math. Tkib., Part I., 1913.] 

37. If tan”;rJ.r, show that (/i - 1) (7’„ + =tan^*“^iP. 

Given that tt = 3*141592..., log„20*693147..., show that 
I tan^i/;(7.^; —0*09657..., J tan^x</a;== 0*11873... . 


[Math. Trip. I., 1915.] 


38. Prove that 


{ oil! 

V.-- 

0 


1 




[Math Trip, L, 1917.] 

39. Find the area A between the curve 

y = a (sin x-h I sin 3.c + 4 sin 5x) 

and the axis of x between the limits 0 and tt ; and the volume F 
obtained by rotating this .area about the axis of x. 

Prove that 4F=7r2a^. [Math. Trip. L, 1913.] 

40. Show that 

[Math. Trip., Pt. I., 1916.] 
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127. Integration of 

Either of these forms should be tlirown into Partial 
Fractions, which can be done by inspection. 


2aJ \(( + x^a-- 


or =~tanh~^~ (x<Ca). 

a a ' 

f * _> f(j— 

Jar —2aJ Va;—«- x-j-a/ 

= ^-[log (z-a)-}og(x+u)] = log ^ 

or =*—?-coth~i- or —^-tanh""i~ (a;>a). 

a a a x 

The Partial Fractions are so simple that the results are not 
usually committed to memory. 

12 s, These inverse hyperbolic forms should be c<)mpared 
With 

C dx 1. ia;l 1 

I . - y.-.-.. . = - tan~^ = - cos~^ = ~ sec*"^- 


|a^4-a^ a 
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The three results are : 


{ dx 1 , 'X 1 , .X 

—5= ~tan”"^~ or- 

J a a a a 

<*<“>■ 


-itanli”"^ 

a X 


129. Extension of above rule. 

In the same way, a and /? being real, 

I dx 1 , .aJ-ha 

'^^+(x+ur~ ^ ’ 


dx _ 1 


Ij 1 -tX-jrcL . 1 I 

tanh~^ —, ^.e. ;r 7 ^ loer 7^— 


13 ’ 2/3 ^/3-(x+a) 

* (ir+a<^), 


, dx 1 ^X’\~a 


1 , , 1 iS . 1 1 x + a — B 

— -5 tanh~^—^, ^.e. log --^ 

a;+a 2/3 + 


(x+a>^). 


130. Integration of 


I d x 
(ix^-^hx-{-c 


Since ax^-\-hx-\-c can always be written as 

“[(*'*‘^) of “ [(*+“)*+/®*]- 


of form a[(z+a)®-(S‘']; 


taking the first or the second according as h^<^^ac or 
the rules of the former article apply. 
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131. Case I 


<C, 4ac. 


dx _ 1 
\ax^ + bx~\~c a 


' hW — 


2 , . 2(tx+h 

sfiaa — Ir J ‘^^ao — b'^ 


2 , 2ax-^b 

- - ^COt~^-7- --■ 

V 4ac — 0^ V 4c<.c; — /> “ 


I fj ax'" -f" bx -f- ( 


J iac — 


J 4ac — ¥ 


, etc. 


132.. Case II, 


‘ dx __ 1 
1 a^-{-hx-\-c'~ a 


6^>4ac. 
r dx 

I / 1 ) Y*2 //-i—4(7 c} 


__ 1 . 2ax-^h'-\l¥-‘^c 

s/ 6“ — 4ac ^ 2ax^b -\-'Jb'^ -->4a c 

2 , j 2air + 6 

or = coin ^ -j-v:rr==z:^ 

v — 4 a 6 * v ¥ — 4 c(' 6 ’ 

2 , .J^a Jax^-\-bx-\‘C 

or =— 7 =^^=:r cosecli-^-^-» 

J ¥ —• 4^ac >/6^—4tt6' 

which is a real form if 2ax-\-h'^ s/¥—-^ac, 


- 


a I — 4ac' 

j 


iac ( , b Y 


__ 1 , j¥—4fac-^(2ax + b) 

j¥~iac ^^7t^'~4ac~(2ai»4-^)' 

2 ill + b 

%.e. -tanli“^ ^ == etc., 

j¥— 4>(w J ¥ — 4ac 

which is a real form if 2aaJ-f-6<;N/6^4ac. 
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133. Of these several forms the real one is to be chosen in 
each numerical case. The general forms are equivalent, except 
that they differ by a constant which may be unreal. 


134. Another Method. 

As the factors in the second case are real, say 
a{x~x^{x—x^, 

the usual proceeding is to write the work as follows without 
the formal completing of the square in the denominator: 


I 


dx 


=if. 


dx 


ax ^-f hx + c d] {x — )(x—x^) 

_ 1 f ^ ^ C dx 

~~ a — ^^2) J X—Xy a{x^ — x^)j x—x^ 


1 , x—x^ 


Jotr 


(((X^—X^) ^X~X2 


135. Other forms of the above results. 

Other forms of tliese results may be exhibited.' For instance, 
taking R = ax^ + hx-^c, and 4(rc — ~ 4rt = — 4a ; 

then 


2 tan-^ 


2 ax+h 


, / ^ax-^-h \ 

--=:sin-M /c o , ; , ) 

\ axx-\-bx-\-c/ 



and 


2tanh--|^^ = sinh- + ^) = . 

V ax^-\-bx-\^c/ 


whence / = sin“ 

%IK 




or 


2ilK 




the real form to be cliosen. 


13G. Integrals of expressions of the form 

~ax^'-\-bx^c^ It ■’ 

can be obtained at once by throwing px-\-q into the form 
px-\-q^\Ejj,, ix, ^.\{2ax-hh)+iJL, 
where \ jjl are constants to be found; 
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for then 


"J aa;‘H 


•^bx-^-c 


' dx = A 




= A jR -f" 


and the second member of the rii^ht side has been discussed, 

187. This transformation is one very frequently required. 

It may be performed either by inspection, or by comparing 
coefficients. 

(i) By inspection, 

(ii) By comparing coefficients, 

2«\=p, \ . p ph 

Thus 


I ax^-{-bx-i-c 


f 

2a J ax* 


2ax^h 

i*-\^hx-j-c 




dx 

+ bx-{‘G 


: g log (ax-^ + hx+c) + [q -g) 


Tt is essential that the numerator of the first partial fraction 
shall be the differential coefficient of the denominator, and 
that the a^s of the numerator of the given fraction are thereby 
exhausted. 


138. Ex. 1 




^ [ dx If 2.r+12 , 

Js + ix-hd)^ 2jx^+li!x-+38 

f 9-7x , f 9-7x , 

J 35 + 2x -X* ~ i (7 - a;) (5 

J\ 3 7-x 3 5+.r/ 


' y 'og (7 - ■*) + y log (5 +a). 
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This difference is to be noted in such examples as the two precedinj^ ; 
in the first tlie form of the result is real for all real values of x ; 
in the second the form giv'en is only real if x lies l>etween —5 and + 7. 
For values of x > 7 we should write it 

ylog(.r-/)4- log(.r-f’5), 

and for values of x < ~ 5, 

- log (I - x) -f log ( - 5 - :r). 

These three forms differ by unreal constants. 


Examples. 


xdx 


■® + 2.r-f a 
X dx 


'■h 

f(.v+l)dv _ 


-f- 2x -p 2 




2.tM-3.r + 4 
■* + G.r+10 


dx. 


8 . 

9 

10 . 

11 


j(ax + by 

■k 

■ f(a.v 


dx 

(ax + h)^ + (cx + (f )** 
dx 

X + 1>)^ - (cx + (f)• * 
X dx 

X dx 


l(a.v 


+ hf + (c.T^ + dY + (e;t*+f)* 
dx 


/* dx 

■ je-*+2(^+.3 


Note on Partial Fractions. 

139. In tJie author’s Differential Calculus (p. 72) a Note 
was inserted on the methods to be pursued in the case of 
finding the Differential Coefficient of an algebraical fraction 
when it was necessary to resolve the fraction into its simple 
or partial fractions. It is now necessary to repeat this Note, 
with some additions and alterations, as success in the integra¬ 
tion of complicated rational algebraic fractions will depend 
upon the ability of the student to obtain the equivalent partial 
fractions with facility. Moreover, many subsequent articles 
will depend upon the general theory. 

140. Letbe the fraction in its lowest terms which is 

to be resolved into its simple component or partial fractions, 
/(cc) and being supposed rational integral algebraic 
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functions of x, the coefficients bcinj^ real find, unless the 
contrary be stated, rational. 

Then if the degree of f(x) be not already less than the degree 

fix) 

of (p(x), we can, by ordinary division, express form 


do*" + a,x—» +...+a„ + , 

wliere 4 -quotient, and x('^') 
remainder, of lower degree than 
Hence the integration of 


is 


{/« 

J 


,~i 4 -h ••• 4 

n4l ^ n 




<j>ix) 


dx, 


and we only have to attend to 

^ }^{x) 


Hence we may confine our attention to the case wlien f(x) 
is of lower degree than <p(x). 

Also wo may, without loss of generalit}^ consider the co* 
efficient of the highest power of x in efix) to be unity. 

141. It is proved in Theory of Equations that if (j)(x)=^0 
be a rational algebraical equation of degree n, 

(1) there are n roots, real or imaginary, 

(2) that imaginary roots occur in pairs, a±:t/3y y±iS, 

etc. 


Any of these roots may be repeated. 

Then tlie general form of ^ is of the nature 

0 = (x-d)(x-6)?'{(3:-a)*+/3*}{(a;-y)2+(5®}«’, 


where we have taken the case of 

(1) a real linear factor occurring once only ; 

(2) a real linear factor occurring p times; 

(3) a pair of unreal factorSy each occurring once; 

(4) a of unreal factors, each occurring g times. 
Any other factors which there may be in 0 must be of one 

or other of these categories. 

We consider these four cases separately. 

ft 

And as we are going to suppose that is a fraction in 

its lowest terms, none of the factors described above will be 
factors of f{x) also. 
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142. I. To obtain the partial fraction corresponding to the 
factor x—a occurring once only. 

Let (f>(x)^(x — a)'ylr(x) for short. Then does not con¬ 
tain X — a as a factor, and yj/'ia) does not vanish. 

Let 7 —— ~~ ^ ^^ 7 - v * an assumption justifiable if 
(x—a)Y{x) x—a yjr(x) ^ 

we succeed in finding A, supposed independent of x. 

Then = 


yjy(x) 
all values of x. 


= A^^-~{x—a) is an identity and true for 




Hence putting x = a, = 


Therefore 


/(«=) 


/('O 


x(*) 


{x — a)\ly(x) {x~(i)\jj'{a) \{y(x) 

Hence our rule to find J. is, 

Write a for x in every portion of the fraction 


fix) 


except in the factor (x—a) itself * V'4'(x) 

And this process may be applied to every partial fraction 
corresponding to a factor of ^(x), which only occurs once. 
Moreover, since 

(f)(x) — {x — a)\[y {x), <j}'{x) = (x—a) \Jy'(x) -f- yfr (x), 

and ’^'(a) is finite, ^'(a) = *^(a). 

Hence we may also write A in the form • 

^ <p {a) 


143. Ex. 1. ,— 




■(.r- 1)(1 -2;(1 -3)^(2 - 2)(2 ~3) 


■^(s-ihs-D^-s) 

1 _^ _3_ 

~2(.r-l) x—z2{x — ^)' 

Thus, here, three partial fractions must occur. No others can occur. 

For if there wei’e a fourth fraction say, the denominator of their 

sum must be (.r-1)(^ ~2)(.r—3)(.r-3), which is not so. 

Hence we have obtained the whole expression. 

1S.I.C. K 
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Ex. 2. 7 --; Here the iiumenitcjr not beini? of lower degree 

(.v~a)(.v~b) ® 

than the denominator, we muHt divide by the denominator. The result 

will then be expressible as 

(j* - a)(.v - ft) 

where A and B are to bo found. 

Since -j- = (.r~a)[.r-f-a-pft]4-^H-(;r — a), putting s — a we get 

A and similar ly ^ = ^ 

We may here stop to remark that A and B can be written down by the 
rule “Put x — a everywiiero except in x-a itself” just as well in the 


07'iginal expi'essio)i , — -as in- rv — 4-a + ft). 

^ ^ (.r-n)(.r-ft) (.^-a)(:i;-ft) 

Thie remark is general^ aiid will usually save much trouble. 


Thus 


(.r -a)(.r~ft) 


-t=: .r + (U5 + ft) 4- 


__ Jl 4 . J!_ . J . 

a-bx — ah~a x -h' 


Ex. 3. Let the roots of .r”—1 be a, /?, y, ... and F{x) a rational integral 
algebraic expression of degree lower than n ; then, by the second rule 
of Art. 142, 

--L 4 . 

a’" — 1 ;r ~ a vijS” ^ x — fi 

^\UF{a) /3F{I3) ^ yam 

\ .r - a x~~ fS * * / 71 ^ X — 

where the summation is for all the roots. 

This may be also further expressed as 

2a - a ' 


or 2i^(a). 

^ x~a 2n ' 

If F(x) be written as Ax”*-^ Bx^^ + K{7n < n), then, since the 
sum of the powers of the roots of unity is zero when 0<r<w-, 
we have 

2F{a)-^?iK=^nF(0 ); 

'2.— F(a)-I F{C>). 

— 1 n x~ a. 2n x- a. 2 

By taking F{x)~x and putting deduce that 

sin(^i~2).r 1. 27Tr .( rTr\ 

- - 1 . — -L . ™ — > gin-cot \x -). 

sin ux n r=i n \ % J 

[Math. Trip., Part II., 1919.] 


144. II. Next suppose the factor (it?—a) in the denominator to 
be repeated r times and no more, so that we may write 
<f){x)—{x—ayyp'{x) where ^(a) does not vanish. 

Put x-^a^y. 
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rpi 1 fia+y) 

0(i)""?7'^(a + 2 /)’ each function by 

any means in ascending powers of y, 

= 1 + -■ 

Divide out thus: 

etc., 

and let the division be continued until is a factor of the 
remainder. 

Let the remainder be y^xiv)* 

Hence 


/(5)=^o, A + X(2/) 

^(x) y '^\l^{a + y) 

= __?P„ ,_C'l ._<?2. , , Or-i ■ x(a!-a) 

(cc~ay (a;—o-X”! (cc—a)»*-2^ *** a*^ \/r(a;) 

Hence the partial fractions corresponding to (x—af are 
determined by a “ long divisionsum. 


145. Ex. (i). Take 
Then 


T. Put^~l=y. 


the fraction =ij • 

y 2+y 

2+y )1 + 2y4-y*( .i + Jy+iy 


l+jy 

iy+y* 

?y+4,y* 

Jy* 

M±i.y^ 

-if 

13 1 

Therefore the fraction = —-s + —•+ 


«^+y 




2y3 4 y a 8 y 8 (2 + y) 

1 ‘ ’ 3 1 

4- 


2(.r-l)*'’'^4(.*;-r)a'^8(.^~l) St'r+l)* 

146. Remarks. 

(1) In practice it is desirable to perform the division by the ‘‘detached 
coeflficients” method, and the above work appears as 

2 + 1)1+2 + 1(J4-J+4 
1+4 
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(2) In cases where there is but one other linear or quadratic factor in the 
denominator </> (.r) and that not a repeated one, this process the 

whole operation. 

.r* 4* 2^’ 


Ex. (ii). 


(.r — X)®(.r*4-1)* 


Put 0 ?—1+y. 


The fraction ~ 

.?/» 24-2^ + ?/ 

242+1)3 + 4 + ] {? + J-2 + J-J 
3 + 3 + :! 


l + l+I 
_ a _ 5 _ 


i 


1+} 

i+i+i 

z}z±zl 


Hence the fraction = — + — ~ ^ r, — ~ ~ ^ , a 

2 // 2y 4?/® 2y- 8^/ 2 + 23^+y 


■ly 


S + .T 


1 


2(.r-l)«^ 2(.r 
and is then ready for integration. 


1 3 1 

1)4 4U;-1)''’^2>~])» 8(.r-T) ' 8 l+.r 


1 ^-3 

*T" 3 


Ex, (iii). 


In such a case we find the three partial 


(.r-l)V-2)*‘ 

fractions corresponding to .r—1, and then, either/ro'Wi the remainder or 
beginning ovei' againy the two corresponding to (.r —2)*. 

147. Instead of expanding out /(ct + t/) and >/^(<^ + ?/) 
separately, as shown above (which is however usually best in 

practical cases), we may expand tis though it were 

F{a-\-y) by Taylor's theorem, or otherwise, which shows a 
compact theoretical form for the several coefficients, (7 q, (7^, 
... , of Art. 144. 


Thus 


Aa+y) f(a) , ,yl . 

n\ ^ dct\\j/‘Q>/ *** I 'y' d./'ii \ \l^n J ’ 


'^{a+y) V^(a) 

So that 


[r da^\\fraJ 
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148. Nothing has been assumed so far as to the reality of 
the several roots, a, b, etc., of ^(a:) = 0 . Hence the rules 
obtained equally apply for unreal or for real roots. 

If theri ^(x) = {x—a)"(x—byi(x—cy ..., 

whether a, b, c he real or unreal, so that p + q+r-\- ...=n, 
the degree of (f>{x), we obtain, by methods explained above, 
a result of form 


-^0 , _ , 

<l> {x) {x-af (a;- 


+ 




+ 

+ 




Jh 

-h) 

c*. 


''' '"^x—a 


(x—ay~'^ 

Jl, 


(x~byi~^ {x — h)'‘~' (a:—’ ~^a: —6 

a, 


{x—cy (X — cY ' {X — cY~'^ ^ X — C 


and imagining tliese fractions to be reduced to a common 
denominator and added up to get back to the form '^ 7 —w the 


coefficient of a;”“i is obviously + I?y_j + Cv_i+... 

The integral will be 


0 (a:)’ 


(l>{x) 


A 


zEzl 


. A _ 

{q — l){x—b)'‘~' (q — 2j{x—b)'‘-^ 


x — a 

Ml 

X- 


+ ^D-ilog(»—a) 


! + £,., log(x- 6 ) 


0„ 


G, 


a 


r-2 


x—c 


+ C',._,log(x—c), 


{r—\){x—cy'~^ (r— 2){x—cy~'^ 

etc., 

i.e. in general partly algebraic and partly logarithmic. 

149. The conditions necessary that the integral should be 
purely algebraic are clearly 

V. = ««-. = C'r-. = -=0, 

and in number the same as the number of different roots of 
0 (a;) = 0. But the coefficient of a;”"' in f{x)j(p{x) has been seen 
to be 

i4p_i + 5<i.-i4"Cv-i”i" •••» 

and this must vanish when the above conditions are satisfied. 






160 


0 HAPT 3 R V. 


Hence the index of the liighest power of x in the numerator 
must be at least 2 less than that of the highest power of x 
ill the denominator. 

If then the number of different roots of <f>(x) — 0, viz. 
a, b, c, . -. , be /c, say; and if the degree of f(x) be lower by 2 
than the degree of ^(x), we must necessarily have 


Ap_i + 4- Cr-i + • • • =0, 

and one of the h conditions, = ... =0, must be in¬ 

cluded in the others, and there are then only/t —1 independent 

conditions to be satisfied for J = 0 to be entirely algebraic 


150. III. Consider next the case of an irreducible quadratic 
(x-af + IS^, 

not repeated, occurring in the denominator-, <j)(x),and let 
<p{x) = [(x—af+^]‘^'-{x). 
f(x') . 

Then the partial fractions of i.e. of 

f(^) 


lx —a — i^){x — a + //3) 
corresponding to these unreal factors, are 

fjaAi^) _ 1 , /(a — i^) 


1 


{2i/3)\}r(a-\-i/3) X — a — i/3 (— 2ifi)\fr{a — //3) X — a-hi/3* 

or, separating out the real and unreal parts of - 

^ {2il3)y{r{a + i/3) 

as F ■+■ cQ, these partial fractions are 


F^iQ P^tQ 


or 


which is of form 
where P 


X —a— 1/3 a; — a4-</3’ 

Lx-\-M 


2P(x-a)-2Q/3 

{x-~af + F ' 


^ I f 11 

4 L (a + ijS) 10^ (a — i/3) J 
and V- + 

and L^2F, M^-~2Pa-2Qfi. 


which are both 
real, 
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151. IV. Case of the factor {X'—aY' + jS^ repeated r times. 

Let (f>{x) = [(aj— 

Then it will be possible to write 

/(?) „__ fix) _ PrX+Qr 

fix) ~ [(* —a)'^ + i8‘^j’'V/(a;) [(x—aif+fPY 

joix) 


^{{x-^xY + ^Y-^i^ix) 

For this is equivalent to determining and Qy, so that 
fix)—iPrX + Qy)\]^{x)^Xrix)i{x—aY + ^], 

Le. so that /(a^)~(i^ra^ + Qr)\^(aj) 

contains x—a — tjS and x—a-^i/S as factors, and this will be 

effected by taking and Qr such that 

— Ji _J_ ./Q\ _i_ /^) 0^.1 /(^ x —f/ j) _ p 


^{a + iisy 


: Pr(a +z/3) + 


\fp{a — i/3) 


r{a — l/ 3 ) 4" Qr 


and if when separated into real and unreal parts, 

becomes A + iB, then Pra-\-Qr — A and — 


i.e. 


jj B n A 

I’-^ and ^- 


Thus Py, Qr, and therefore Xr are determinate. 
This being so, it is obvious tliat 

_ Xrjx ) _ 

[{x—a)~-f ^^Y^^i'ix) 


can itself be expressed as 

Pr~lX+Qy.i Xr-Ax) 

[(i- aY + fPY"' [(a:- + M’-^ix)’ 

and by continued repetition of the argument we get finally that 
fix) _ PyX+Qy Py^iX+Qy_, Pr-«X+Qy^^ 

^(x) “ [(x-a)q-/3-^]-‘^[(x-af+/3'^]’--‘'^[(x-aT+^^^^^ - 

I PiX+Q^ yi(x) 

'^ix-aY+^'^yfixY 

and the values of the r pairs of quantities, 

Pr and Qy, Py.^ and Q,._„ ..., P■^ and Q,, 

are successively obtainable as described. 

The general form of the result is thus established. But this 
mode of finding the numei-ical value of the P’s and Q’s is 
laborious, except when r is small. 
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152. It now appears that the general result of putting 
f(x) 

into partial fractions, where (ir) is, say, 

{x—a)(x— h)^ (x ^+pic -f j) (x^+rx-\- s^y 
the last two factors being irreducible to real linear factors, 
and f{x) is any rational integral function of x of any degree, 
will be of the form 
f (x) 

<f>{x) ~ integral algebraic quotient 


4 - _ ^2 _ 4 4. _ 

^ x—h^ {x—bY (x—bY 
, Px +Q 

x^+px+q 

Rp:+S^ 

/y*-^/>*'n-L. _o I I «\2 / 


+ ...+ 


(x-hf 


x'^+rx+s {oi? + rx-\-sY (a^ + ra:4-s)' 


R.^x “f* 

r2 r-r; 4- 


+ ...+ 


R^x -f 


This is the general typical form of the result. If other 
factors occur in <f>(x), other partial fractions will occur in the 
result. But all others will be of the types exhibited. 

153. The integration can therefore be effected. 

For (1) The integrals of the algebraic terms are of type 

^A.afdx^A.^. 

A. 

(2) The integral of - dx is .4 log (a;—a;. 

X "““(X 

(3) The integral of —dx is-- — v . . 

^ Jix-bY \-]{x-bY-' 

(4) The integration of f dx has been effected 

inArt.i36. 

(5) The integration of can be effected 

J (a;‘^ + fa; 4 -^r 

by means of a reduction formula, as will be 
explained in a subsequent article. 

Hence we may then regard the integration \^J^dx as 

f (x) ^ ' 

complete whenever is a rational algebraic function of x. 

154. In practice, when irresoluble quadratic factors are 
present in the denominator we may first of all determine the 
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partial fractions corresponding to the real linear factors, single 
and repeated. Then, if there be only one quadratic factor, and 
that not repeated, it will appear without further trouble in 

the remainder of 

<p{x) 

or a repeated factor, we may subtract the simple partial 
fractions when obtained and then after simplification discuss 
the remainder. 


But if there be several such factors 


155. Use of ** Undetermined or Indeterminate Coefficients.” 

We may often with advantage apply the method of “indeter¬ 
minate coefficients.” 

When the fraction has been reduced by division till the 
numerator is of lower degree than the denominator, i.e. of 
degree n — 1 at most, and we get, as in I., 

-l-V—I P^+Q I yS RkX + S u JJ 

^{x) x—a'^{x~-by~^x^-i-px-i-q {x^ + rx + sy* 

we have, upon multiplying up by <f>{x) an identity in which 
the right-hand side is of degree n — l and consists of n terms 
when arranged in powers of x, and the left side is of degree 
n — 1 at most, viz. f (x). 

Now <f> (x) is of degree 1 -f A-f2-j-2/x, which must =n, and 
the number of quantities 

A, (P, Q,), (Pi, .S,, 

is 1 -f X + 2 ‘ 2/jl, i.e, = n. 

Hence, upon equating coefl[icients of the n terms on the 
right-hand side to the corresponding coefficients in f{x), we 
have just enough equations to obtain tlie n quantities, pro¬ 
vided that these equations are all independent. But as we 
have established otherwise a means of finding these quantities 
we may infer the consistence of the equations obtained by 
equating coejficients, 

156. Many of the coefficients, or all, may be found by the 

substitution in the identity of numerical values for x. Obviously 
any number of equations of this kind could be obtained, but 
only n would be independent. The most suitable values to take 
for this purpose will bo such as will make one of the factors 
x—a, x—hy x^+px+q or vanish, for such values 

would cause many of the terms of the identity to disappear. 
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In substituting roots of viz. adtit^ say, only one 

root need be substituted. Then the real and unreal parts on 
each side of the identity may be equated. 

All the B's and A, i.e. X 4-1 of the quantities, can be found 
by the easy rules given above (Arts. 140 to 147). Hence X + 1 
of the equations obtained by equating coefficients will not be 
independent of the others when the values of A, 
which have been found, are substituted. But there will still 
remain 2 + 2/x independent relations from the equating of 
coefficients. The substitution of a root of x^-\-px-\-q and of a 
root of + = 0 with the equating of real and unreal parts 

will furnish four other relations and reduce the number of 
independent equated coefficient equations” to 2^—2, which 
are linear and to be solved in the easiest way available. The 
student will perceive that in practice it will be best to combine 
several methods to determine the coefficients and to use 
redundant equations to check numerical results.* 

157. If none but even powers of x occur in both numerator 
and denominator, we may put and thereby reduce the 

labour considerably. In such fractions, the quadratic factors 
becoming linear by this substitution, their occurrence may be 
termed pseudo-quadratic or quasi-linear. 


y±\ 


This is of form .- 

(.y + 4)(y + 9)> 

Putting, then, .r* (or .y) = 2 - 9, 

^2-j-l -8-4-2 

- 5 + 2 ) 


(a7» + 4)(.2,-2 4-9)2 ?( 

-64'2;^*-8-4-2^f 


8 32 

5"^ 25 


" 5 

32 


6 ^25 
25 


.r*+l ® 1 ^ ^ ^ 

'* (:f*4-4)(a’* + 9)*”52*^252 25 -5 + 2 

_8 1 3 1 3 1 

5 {.r* + 9)* 25 + 9 25 + 4* 


* Soe aJso Art. l891, Vol. 11. 
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Q____ 

^ * • (.r - 1) (^» -f-1) (i* + 4p* 

The partial fractions are of form 

CRv-\-B Fa;+G 

(.a;*+ 4) (^® + 4)®‘ 

Multiplying up we have the identity 

+ {Da;+E){x-l)(,v^ + l){j^^ + 4) 

+ {Bv+0){.v-l){jo^ + n 


Putting 

Putting 


Putting .r = 2 t, 


1 =50A, 


l = (Bi + C}(i-l)9; 

l=:(2i^t + t;)(2t-l)(-3) ; 


4F+0^h 

F-G^O, 


j- whence 




Equating coefficients of .r®, 

A 4r B4 “; 

/. />— -:^4-i^h=52J?- 

Equating absolute terms, 

16^ - IGC~4F- (/ — I, whence ^= 226 ^ i 

_ 1 1 8 .r +1 1 j 2 ?+J_ 

" (^- l)(.r‘‘-fl)(.^’* + 4)2 50 ^--1 18 .r^Vl x^-44^lb (.r* + 4)®' 


158. Case when the numerator is an odd function of x and the 
denominator is even. 


A-~^\dx takes the form 

}4>(x) J 


'dx, 


and putting 




and the factors in the denominator which were quadratic 
factors in x are linear in y. 


Ex. Thus 


;(.^•®-l)(.^’« + l)’* * 2i(y~l)(y-hir ^ 

_1] ^.y-1 1 1 

2 ^^'y+l'^2y4-i 


1, 1 1 
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159. Case when the denominator is odd and the numerator even. 

The same process inay be adopted. 


Thus 


/: 




^(.r“ + 4) 


, 1 f y + 1 , 


160. Integration ^2' 


^dz 


The partial fractions are of the form 
v«. Jr 


, where q <n. 


and the integi’al is 
The value of Ar is 


tan ^ ~. 

1 tlf <Xr 




(ai^-a/){a 2 ^-ar^) ... «r^) ••• 

The denominator factorized may be wi itten as 

(ai-ar)(a 2 -ar) ... (a;.>.i-ar) (crr+l-«r)(«r+3--«r) ...(otn-t^r) 

X (a.i-PfO(a2 + «v)... (<?r.-i + »r) («r+j4-a^)(ar+2 + «J ... («« + «J. 

Taking the case when aj, a2» <^3> ••• iorm an a.p., with common 
difference 6, this denominator ./>, say, is 

k-n 

D— ( “ l)6(r — 2)?>... 26. />, b . 2 b. Zb ...{fi--r)bx IT {a^A- 

*=i 

where in forming the product of the factors in the lower line the missing 
term (or^-f a^) has been supplied ; 

)l=n 

Z>=:(-l)»-i6"-^(r-l)!6«-"(?t-r)! U (a*-f-ar)/2a^ 

*=»i 

and A,. = ( - 1 (r -1)! (w - r)! n”(a* + aJ. 

ft=5l 


If b = aii we have 
and 


«*4*a,.=(r4’^)ai, 


n (a* + a,.) === ai” (r +1) (r-f 2)... (r + w) 

I ri 

giving for this case the partial fractions 

0 r=n A. 2 sr }-2 1 

_ .r. _y r - 1 W~r 41 _ I _ 

Q^^2«-2g-2^^^V V (w + r)! (?i-r)! + 

and the integral 




(n+r)! 1 a^’ 
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161. Obviously we should also have iti the same case 
f dz 

J (z ‘+«/) ( 2 *+«?) 


Q rr —n 


,=i ' lu + r)\{n-r)[ z^ + a* 

162. Taking the case ai~2, /> = 2, and therefore a^ = 2r, 


(^2 + 22) ( Z ^ + 42) (3^ + 62) ... (^2 - I - 22^'^/) 

1 1 r2<7+2 1 

(270 1 « ^ 22«-2«-2 ;e 2 ^ 22 r 2 

1 (2«)2v+^ (2» (2a 

(2/t)! "®z“+2V '£^+(2)i-2)'-i'^ ■‘z^ + i2n-4y‘ 


^ ^-£2.^ ^2?i — 2)2 -£2^(2n — 4)2 

92gf2 -1 

+ ...+( 


and its integral 


(_ i)<7t>'-i 1 

(2)1)!“" 22"-* 


[■■^'r,(2«)‘'^+' tiin-> - 2»r,(2)) - 2)2»"• tan-1 

+ ...+(- 1)"-' 2"0„_, 22«+it.an-i|J.(A) 


163. And similarly, if the index of z in the numerator had been 2g+1 
instead of 2q, the same work shows 
_j2«+l__ 

(2'-*+ 2“)(^2 4- 4'^)...(4:- + 2*)t“) 

_(_ l)ol”-l 1 
“■(2 m)! 2 '1'—1 

+...+(-1)— 

and its integral / 

(_l)«+”-i 1 ' 

“ { 2 n )! 2 ^" 

[*"<?,( 2»)2«+2 log(*i'+2 V) - ®“C',(2n - 2)'^^ log {z^ +(2 m - 2 )2} 

+ ...+( -l)»-‘’'"f;_,2“'rH!log(^2 + 2'i)]. ...(B) 
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164. Taking the case «i"l, ^ — 2, and therefore ar = 2r-l, 

(-s2 +12) (,2 ).] 

_ L__y ^ - 1 2n_l ^ _ 1 _ 

_ (_j)5-"« j _ j2» - IJ^' _2„_, „ (2» - 3)2«+> 

(2n-])! 22''-2L %'‘ + ('2«-1)''* ‘z^ + jaw-Sy-* 

^ ‘^z“ + (2«-6)= ••■ + ' ' 


and its integral 

(_!)«-»+» 1 
“ (2»-iy! 22»-2 

[^s—i (7, (2»i - 1 )2» tan-‘ 2 ^+J “ (2« - 3)^' tan"* 

+ ...+(-1 a._,l2« tan-*j]. (C) 

165. And for (^a + i2 ) [ 'z^ > (2» - !)■=] ‘'**® ****^^S*^1 '"'i'l 

°- (L -- 1T)T - >)'•+’ log{z2 + (2« - ])=) 

- 2"-iCi(2» - 3)2»+* log{z2 + (2?i -3)=} 

+ ...+(- l)"-*»>-*C'„_,l2»+*log{z2+12}]. (D) 


166. Consider the integral / ^(m < 2^^) 

” J - 2ct”;r" cos iia + cr '* ^ ^ 

Here /(.r)=a;’”, </)(,r)—.r2”-2a’*.2’" cos72a + a 2 n (^rt. 142) 

='Tf ‘[;r^ - 2ax cos (« + ^) +«»], 


</>'(.r) ~ 2wa?”~ \.r” — a” cos 7ia). 


Let 


. 2 ?' 7 r 
a + - 

n ^ 


The factor - 2(i.v cos x 4* a- ^ (.r - ae‘^) (a? - ae “ 

and gives rise to the partial fractions 

Aae^’‘) 1 + 1 ^ 


.r - <f>'{ae *■ '^) jr - a« ' 


,w tw-x 


a e 


__ 

<f>'{ae^^) _cos wa) 

g-i(n-m-l)x 


t sin 71 a - m -1 ^ 


Now 
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Hence the two partial fractions 




2 ina^ 


sin ?ia [_ x — ae*''^ x-ae'~''^ \ 


e-‘<”-”*-^)x(x-ae~‘X)-e‘<”-”»-^>x(a; - ae‘’<) 


1 


:2t?i sin 


x^ - ^ax cos X + 

r2«isiii(n-«i)x - Sart sin (tz -m- 1)x“l 
^ L x^ — '±ax cos Y + J * 


— 2a**a;^ cos 7za + 


_1 r2a sin x <^080^ ^) X *” ^(a; - a cos x) sin (n — wz -1) X”] 

in nn n^n-m -1 ^ | (x —a COS X sin^ X J 


2n sin waa' 
Hence 


j 


jL" 
x'^dx 


x^n _ cos 7ia + 


(m<2?t), 


f I 

, - n-i / o \ a;- a coal a^ -) 

1 1 / , V / . 2r7r \ ^ _i \ n J 

—_-> 008(7? - zzz - 1 ) I a H- ) tan ' y -. i... — . 

7ZHin 7za -4^ ' n J . / , 27*7r\ 

a sm H-J 


0 

^sin(« -M -!)(« + — )los[“^- - 2«a; co8(a + ?") +a*] • 


In the same way he inteorated. The 

results are given in Exs. .*19 and 40, pages 106 and 167, 


167. Ex. Calculate 


r _ dx _ 

Jo .r* + 2a^x'^ cos 2/:l + ’ 


Here (Art. 1 C 6 ) »»= 0 . « = 2 . 

The indefinite integral is 

^^.r-rtcosQ-/?) 
a sill (^-/i) 




/Stt 

a: — a cos (“ 


+ cos(---^)tan 

- ^ sin log |.r2 _ 2ax cos ( g “ /^) + 

-> J sin (~ cos 1^) + «^}] 

1 r • .ai-asinfi, . ,a; + asiuj8 

5 —- ftin R tan"^- tt- + sni B tan ‘- tt- 

2fl* sin 2^ L ^ cos p cz cos p 

~ i cos ^ log (a;2 - 2ax sin /?+o®) + J cos ^ log (x^ + 2aa? sin /3 + a^)\ 
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and taken between limits 0 and oo 

-2a»sin2;3t'"^^6+f)] = 4i?^ 


TT 

COS/3 


The indefinite integral may also be written as 

1 r ■ o 4. -1 cos 6 , rj 4. 1 sbi 131 

'-^j^+cos^tanl. ' 


168. An integral of the form 

n 


(lx 


j c-^daf 

can always be integrated as follows : 

Let I be the L.C.M. of q and s, and let - = Q and ' = , 
^ q I 8 I 

Let x-=^z\ dx^W'^dz. 




Then 


fd-^hTfl ffa + hz>' , 


' c + dx^ 

and the expression to be integrated is now rational, and when 
expressed in partial fractions each term can be integrated. 

J - - 


(Let^=.«) =/[±-j6^«cf. 


6 J — z~ 


: 4-1 ^ z^-z-h 1 


R 2 s ““ 1 

= 4* 22^ ~ 3^:- ~ 4 log ( 24 - 1 ) — log ( 2 '-^ “ 2 4-1) 4- 2 \/3 tau~i ^ 3 " 

= 4- 2.r^ — — 4 log (14-^^) — log (1 ~ 4-^^‘) 

2 .r^ - 1 
4- 2 v3 tan~* ——• 

169. In exactly the same way the integration of 

ri±]^k±^)ldx, 

^ c + d{a 4- /Sa?)* 

can be effected by putting a + /3x=z^ when I is the L.C.M, of 
q and a, and more generally that of 


r /[(a+< 3 .)i] ^ 
J ipiia+^x)’] 
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wJiere f{t) and are any rational algebraic functions of t\ 
for, putting I3x = z\ as before, tlie integral becomes 

1^(2'*) /3 ’ 

and the integrand being now rational and algebraic, we can in 
aii}^ such case proceed to put it into partial fractions and then 
integrate. 

EXAMPLES. 

Integrate with regard to x the expressions in the following seven 
groups : 


1. 

Linear unrepoated factors 


(W 

1 

(*-l)(x-3)(x-5)' 


x{x^ - 1) 

(iii) 

1 - 3ir2 

, .7:2-fx + I 

(^2- l)(x2-4)‘ 

3x - :c8* 

(V) 

(X-!)(*-2) 

(:r.-a){x-b){x-c) 

> {x~a^(x-b,)(x- -c;y 


(vii) 

{x - a){;x - l)(x - c) 

X \ 

x^TiOx^ib' 

'{.n^ - a^^{.v:‘ -/<,••*) 

(ix) 

J-f 1 

(x) 

W X3_3l2;li + 31]a;_1001' 

x-+l0x-l[9' 

2. 

Linear repeated factors: 



(i) ^ 



^ ’ (x-])“(x+l)' 


..... iC-fl 

(v) (x^-7x+12)-K 

. .. x^-Zx + S 
v''^^v _ 12* 


(iv) (ax'^-{■ hx^)~^. 

(;x~af{x-by 


J, - 1.1. -t- lUX- IJi Q g ^ 19QQ J 

3. Quasi-linear occurrence of factors. Powers of x all even : 
f dx {i:x^-^-a^){x^ + ir^)^ 

]{ir}^-hii^)(x^ + l/^y ]{x^ + df(x^-hd^^) 

,... (*iC“(;r2 + a2) f x^dx 

<■'■> ) (^+i)(g Ti)- 


(^0 m 


x^dx 

I)(2ic2 + i)’ 


. K f acr^-hfe 7 ^ ’N f + h i 

]{cx- + d){ex^ 

In the last two c, d, e, /, g, h may be considered positive. 

K.I.C. I, 
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4. Quasi-linear factors. Numerator an odd function, Denominator 
even, or Numerator even, Denominator odd : 
f dx f 0^2 + 2 , 


... f dx .... f 0^24.2 

j".!'- Gx® + i - 6a:’ \{ax^ + bx ■\r c)'^ 


1 ) 


+ (ax^ -bx^ c)2’ 


5. Quadratic factors not repeated : 

(i) ( 

fsi’ + l, 

<"■) Jin 


(“> y; 

<iv) y 


* + rr^ + 1 


X* - 4 - 1 


15 


J(:r2 4- a^) (x^ -f- dx, (vi) j*(a*2 - a2) (a;^ + a^x- 4- a'^Y'^dx, 

r Xp" 4- 3x 4“ 1 1 / • * * \ f 


6. Linear factors repeated. Quadratie factors not repeated. 

xHx .... dx 

{x ~ l)2{a;'^LlJT4j' (1 4- a:)^(1" 4 - 2ir 4-l:c2) ’ 

^...^ x^^dx .. V dx 

(x- l)'-^(x''^ + 4)’ (*+!)'■!(*■'!+ 1)’ 

^ ^ dx / . \ dx 

(x~ l)2(a;2 4-I)‘ ^(x-TYJx^Try 

. ... dx _ , .... _ 

i8'(a2 4. xc2)* S8(a2Ta:2)(P 

(ixJ__ (x) ___. 

^ ^ (X - 1 )3(s2 + X + 1) (2* - 3)2(4x2 + 5) 

7. Repeated quadratic factors : 

dx dx 


^ ' x{x^-\-\f 
..... (x-[-\)dx 

<"•) IF+TF' 

8. Evaluate f xJisbuOdO 


^ ^ (a;~l)2(:r2+l)2' 

(iy) 

^ ^ (.x2 4 -C 2)8 


9. Evaluate 


j* \/isin6d0 and | \/cot>6d6. 

... p'_ dx _ 

^ ' J 0 (io&H - cos2a; sin2a; 4* siu^o;’ 

Jo cos^a; 4- cos^a; sin^rc 4- sin^ar’ 




RATIONAL ALGEBRAIC FRACTIONAL FORMS. 


163 


C 08 X dx 
(I +siniB )(2 + sma;)* 


10. Evaluate j* 

11. Show that p-^a“)(a:“ + i2)(a;2 


4- c^) 2 (a + />)(/) 4- c) (c 4- a) ’ 


12. Show that 


i: 


dx 


27r 


0/ -\-h 


, ± ax 4- (t^) {x^ ±hx + h-) J 3 (ih (a^ + ab-h U^) ‘ 

[7, 1891. . 

13. Show that the sum of the infinite series 

11 ^ 1 / A I AX 

a a 4- a a 4- 26 a 4- 3a ^ ' 

can he expressed as a definite integral, viz. 

ri fa-l 


j;' 




At. 


And hence prove that 

X ~ -J- 4- 1 - IX) + iV ~ iV + • • • ~ i ^ 


14. Integrate: 



r 25 dx 

[Oxford, 1887 .] 

| 2 a:'‘ + 3 x» + 3 j:- 2 ' 

[Colleges, 1882 .J 

(ii) ^ 

l*“ + 2 , 

-~7 - dx. 

\X'^ -X 

[St. John’s, 1881 .] 

(jii) J 

{l^x^)dx 


1 - 2x^ cos a 4- X*’ 

[Colleges, 1882 .] 

(iv) j 

' dx 
\l +x’^ 

[Colleges a, 1891 .] 

(V) J 

14 - X? , 

lo ( 1 -ar^)^ 4 -aV^ 



16. Prove that 
16. Prove that 


r dx 


[St. John’s, 1881.] 


!(' 


dx 


(x - a)^'(x - by 

~ la-by+' -p + r-Ti ^ (ft-af+’-'-S + r+l 


^ (a - by+o-^ ® 

where P^ and are the coefficients of isf in (1 and (1 4-«)“* 

respectively* 
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(ii) 


«)J 


[Math. Trip., 1878.] 

(ii) ] 

r dx 

1 (S'# ^«2j,2p:iT)’ 


(iii) J 

Mjxdx 


(1 +£c)(2 + ir)(3 + iry 

[Oxford I., 1888.] 

2.^2 - a- + 1 , , J) ^ 

(*2 + *+ I)-* * 

[Colleges/S, 1891.] 

Jx 
0 1 + it 


[Trinity, 1882.] 

1 

■* dx 

-d,x — /tt — 2 tan"” 

1 I 

, l + x * 2V2 1 

x-i ~xj' 


19. Integi’ate 


I xdx 

+ 1 * 


[Trinity, 1895.] 


Prove that 77 ^^- + ^ + ... to co 


20 . Integrate 

21 . Integrate 

22 . Integrate 

23. Integrate 

24. Evaluate 


5^8.11 14.17 

f (v/cot X \/taTHr) (lx 
J 1 + 3 sin 2x 

(i) dx. 

(ii) + cjx (ix. 


-,5[j3-.og2} 


(\/a - \/x)^dx 


f _. 

}(d^ + ax + xr) s/x 
{■ 5r^ + 3.T - 1 ^ 

J(J^5r+f)3 

Jo eos•^^^; 


-v/3 

[Colleges, 1890.] 
[Colleges 1890.] 

[Math. Trip., 1898.] 
[Colleges, 1896.] 
[J. M. ScH., Ox., 1904.] 

[St. John’s, 1892.] 


25. 


Integrate 


7h being a positive integer. 

[St. John’s, 1882.] 


26. Integrate 

27. Integrate 


J 


dx. 


l+36*+2e^’ 


[Colleges a, 1885.] 
[Math. Trip,, 1895.] 
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28. Sum the series 


X'' X* - . - 

1 : 3 + 0 + 577 + 


assuming it to bo convergent. 
Deduce that 

L i JL I _L i 

1 .3 ■ 28 + 3.5 ■ ‘25 + 5.7 ■ 2^ 
29. Prove that 


1 3 

+ ... ad inf. = -j^\og 3. 


4 16 

[I. C. S., 1899.] 


^ " 7 + g ~ + A " ■ • • 1 + ^2). 


30. Evaluate J log (1 - x^) dx^ 


[Colleges /3, 1888.] 


and deduce that 


1 1 1 8 2 ,^ 
1.5+ 2.7+3.9 + "' 9 3 


[Colleges a, 1889.] 


31. Integrate 


Prove that 
1 I 
i .5 + 9.; 


rate ^{a* + dx. 

J 

713 + 17.21+ 257^ + ••• = 32 ^ + log(3 + 2V2)|- 


32. Show that 


[Math. Trip., 1896.] 


f dx 1 

x(*7i)-(i+2K*T3)7T(*-?-nrh 


34. Show that if c<l, 


J^(;r4-l)(a;+2)(x + 3),..(rc + 70 ^ 

33. Show that 

f(l4-5:)" 3" 1 3"-^ 1 7^(7^-1)3"-% 

J{1 “ 2"’^“*(1 - 2^:)*^ ^*'2”+M -2x 2”'*'^ 

+ a rational integral algebraic expression of a finite 
number of terms. 

34. Show that if c< 1, f.-- 7 ^---- 

’ J(1 - ic)(l ~cx)(l - ... to 00 

I I 1 

=•*+2 1 -1 + 3 (TT)! r-c^) + 4 (lO) ri"- 78 ) (r- 78 ) + ■ • ■ to =0. 

35. Show that (7 -^- ^ 7 ; - 7 - 

J (s - «,) (x - rtj) (x - aj)... (x - a,) 

= I + + ^ 2 * + S/——T7---X-7-X log (* - «l). 

where if, is the sum of the homogeneous products r at a time or 

®li ® 2 ) ••• > 
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36. Show that the part of the indefinite integral 

J**«^(*) 

which becomes infinite when * = 0, / and </> being rational integral 
functions of * which do not vanish when a; = 0, is 
1 f(0) l/(0)<^(0)-<f.'(0)/(0) 

2*2 4>{0) X ~ 

+ 2 log* . . 

[Ox. 1. P.» 1901.] 

37. Show that when a rational fraction is decomposed into its 
simple or “ partial ’’ fractions, the decomposition is unique. 


38. If F(x) be a function of the (ti-I)^^ degree which assumes 
the values when x — respectively, 

show that 


F{x) = Wj 
4-^2 


(x-x ^)i x-x^) ... {x -x„) 

{x-x ^)( x-x ^).. . ( x-xj 
(x.^-q\)Ix2-x^) ... 


" (^n - a^l) (^« -%)••• (^n - ^n-lY 

39. Prove that if ;? < n + 1, 


na' 


„(af~'^dx , . \ 2rnir, / 2r7r \ 

(ic - ^ cos - log ~ 2ax cos j 


and 


n-i 2r7r 

n x-a cos - 

S sintan 

r=l 


71 


asm 


= log(ir~a) + ( - l)^log(a:‘f a) 

n-2 

+ S ”■ cos + a^^ 


27’7r 

n 

if n be odd, 


X-a cos - 




2rTr 

n 


. 2rv 
asm — 

n 


if n be even. 
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40. Prove that if jp < n + 1, 

_n-l 

- 2 cos(2r-l)^log 


- Jaa; cos 


(2r-l)^+a»| 


ic - a COS (2r - 1) - 

+ 2 ^ sm(2r-l)-^tan-i- ^ 

’•=* ^ ami{2r-l)- 


if n be odd, 


and = - S (2r - 1)^- log ja;* - 2aic cos (2r - 1) - + 


■ 2 2 “ 1) “ 


a; ~ a cos (2?* - 1)^ 

I _ - . 

a sin (2r - 1) - 


if n be even. 


41. Prove that 


dx I TTT , 

J„l-**'‘-2» 2. \co8~tanh 


^ TTT ^ . VTT 

2x cos — 2a* sin — 

, n . rir ^ n 

-1... . + 8111 — tan"'- y- r r- 

1 + 11 1 - x- 


[Math. Trip., 1884.] 


42. Show that 




+ 1 5^10 + 275 

43. (i) Show that the remainder left after dividing the rational 
integral function f{x) by {x - c)^ + is 

[/(<;) - +•••] 
+(*-«)[/'(«) 


+ (-!)' 


(2r+l) 




where /“’(c) denotes 

(ii) If f(x) and 4>(x) are rational integral functions of x, and <^(x) 
does not contain (x-cy + b^ as a factor, show that it is possible to 
determine finite values for the constants P and Q in such a manner 
that /(a:) -[P{x-c) + 0] <l> (x) 

is divisible, without remainder, by (x - cf + 
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(iii) Apply the last result to show (or prove in any manner) that 

f{^) 

can be expressed in the form 

X (X) ^ I\^{ x-C) + Qn 

^ (^) 

r being a positive integer, x(‘^) a rational integral function of x, and 
Fn and Q,i constants. [I.C.S., 1892.] 


44. If 


/(^) " 




l(x) 

M 


where /, </), \p are rational j)olynoniials of degrees 7 <, w, 

w - 1 respectively, show that if <^ 3 , •• •, <hi be the roots of f{x) == 0 , 
considered all different, will be determinable from 





., .r, 

1 


a 

» 

a, 

., ap 

1 

F{a^), 


1^2 ) •* 

• > 

1 


U'H > 

iifi , .. 

• > 

1 


Also determine when /(a;) = () has equal roots. 

[Oxford I. P., 1913.] 


45. 


Integrate j*| 


{x- 


ojx^ -{-hx-^c 1 2 


[OXK.RD I. 1>., 1917.] 


46. Prove that if n be a positive integer, 


.. fcos ( 71 -2jt?)6> 


(i) 


J 


sin 710 


d0 = 


1 2pTTr , 

^ - y , cos - log sin 

7i ^ 71 ® 

. 1 ^ 


sin (7L - 2p) 0 in ^ ■ -'I" “ 1 

— 1 d0^ - > Sin —— log cosec 
sin nd n ^ ° 


(ii) 

and prove that (iii) | 


(o-") 

(“-?> 


dx 


X sin {x + a) 


(l+a;)(l+a; 2 ) 4’ 


48. Obtain the rational part of J- 


[Math. Trip. I., 1917.] 


dx 


(0:^+1)®* [Math. Trip. II., 1915.] 
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49. Prove that 


(1 + + (1 - .x)-"' ^ sin (271 - 1) ay x^ + tan- 

where ay=:(2r+ lyjAu . [Oxf. II. P., 1899.] 

Write down the values of the integrals 




{i 


X dx 

(1 +"'( 1 - ’ 


50. Show that 


f"' xdx TT ^ Xtt oAtt 

J (a + xy*' - (a - x.y^’ 27ui“^-- ^ n ~n* 

the summation extending from A—1 to A — -—— or to X — ~~f 
according as 7i is odd or even. 

[Cf. Wolsteniiolme’s Prohlonsy No. 1912.] 
Write down the value of the integral 
f xHx 

J {a + xy^' - {a - xy^' 

51. Show that if n be even and x + y= 1, 
f __1 1 _ 1 -j ^ M' ^ ^ 1 

n{n-^l) I r 1 11 7/(rt+l)...(27.-2),^ X 

1.2 *w-3Lr“^ 1.2...(7t-i) 

[MuKPiir, Camh, Tr.^ vi.] 

i)2. Show that if|><y, 

/J „ .-1 V r-TT-/ ^ 2?-7r V'/ / 1 

nYi - ^'*1 ^ * 2 ---' 

riH »‘'W " o2" 


Deduce that 


[Toduuntek, /.G., p. 38.] 


dx= - 


r::.® 1 sin ( - 7*7r I 

2 V ^ _11. ' t.r.h-1'E 


<l C0S7‘7r 


( “ 7r<^X<7r) 
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fflTEGRALS OF FORMS j 


dx _ 

(a + bcosx-\-c sin x)^ 


, etc 


dx 


170. Integration of forms 

f dx f _ 

a4-6 cos ,r’ J a4-i>sin.^»* J a-f/>cos.^’-f csin.>t 

I ds/ 

-J— , we may write a + b cos 

it 4 ^ cos 27 


, etc 


27 as 


a (cos^ 2 + 2 ) ( 


cos- 2 -sin 2 


or 


i(c 

i.e. (a + h) cos'^^+{a— 


;)■ 


Thus 


f_ dx _^ 

Ja + 6cosa: a— fcji 


I sec^ 2 dx 
a — h 2 


X 


171 . Case I. If this becomes 


2 


or 


a—b 

2 


1 ^""2 

— - 7 tan~i — 7 ===-= 

a-j-b a-^b 


tan""^ 


la—b 

Va46 


a--b 




asm 


- tan”^ ^tan | tan where ft = a cos 


a. 


170 




VARIOUS STAKDARB METHODS. 


This may be written in other forms: 


e,g. since 


2 tan “^0 = cos“^^ 


write the result as 




- a—h, 




1 .h-\-a cos X 1 , cos a + cos x 

or cos"*^ —. — =—^— cos-1 r—,-. 

_ ^2 a'\-b cos X a sin a 1 + cos a cos x 


Further forms are; 

^ sfa — bmi^ 2 s! a-^1)0.0^^ 

sin~'^ —. . . or . ^ _ cos-i-—. .— 

\/a^ — o^ sla~{'b(!,0HX Ja^ — o v/a + />cosa; 

1 . 1 \/(i‘^ — IP' vsin X , 

[• • sin-i j-, etc. 

a4-^>cosic 

172. Case II. If arC^lPy writing the integral in the form 


b — a\b-\-(i , ,yX 

J 1 -l^an“- 

6 —a z 


in place of the form (1), we have by Art. 127, 

JS'+'^+tan^ 

f dx 2 

U + hcosx-h-a^ 

yh—a yb—a 


V5w‘°« 


n/& -f a -|-\/6 — a tan ^ 

r ^ 

>/6-|-a—^6—a tanf 


a tan a 


where b —a sec a. 
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By Art. 64, this may also be written as 

2 i , , — X 2 

- ■ ~ tanli~^ \ ~ tan a or -- 

y b + a 2 a tan a 


-- tanh“^ ^tan ~ tan 


or, since 


2 tanli”^ z = cosh 




wo may still further exhibit the result 


* + 6+3 “"■2 


0 — a, 


1 . . 6 4- a cos X . 1 , , 1 -f cos a cos x 

~ — ^cosh-^ — i.e. - cosh”^— --- 

Jb^ _ (^2 (I -|_ i) coy X a tan a cos a + cos x 

and in other but equivalent forms as in Case I. 

173. We thel'efore have 

2 . Li —h a; 1 




V a — b, X 

6X4-?- 


1 1 6 4- O' cos X 

— .cos~^- 

7(^2 _ ^2 a 4-6 cos x' 




r dx 

I a 4- & cos X 


V 6 ^-a" 


_i b-a. 


\/6 4“ 4" — O' tan ^ I 

“■ 7 /v* —rr-T' 

^ \/Z>--a tan: * 


1 , 164-0 cos X I 

or -7====:==^-; cosh~^—-, 

\ Jb-~-a^ 0 + 6 cos I 

with many other forms. 

174. In the causes 6=±a, the integi'al is at once obtain¬ 
able, for 

f dx If n ^ i. X 

Ja4-acosic 2a J 2 a 2 

, f dx If ^x j Ij.^ 

and \ —--= s~ lcosec-^ax= —cot^. 

Ja—acosx 2 aj 2 a 2 
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173 


{ dx 

- . .— is reduced to the fore- 

a^-h sm X 

going forms by the substitution = when we have 

f dx _ 

j a-\- h sin x ] <i + h cos y . ^ 




or 


1 ,7> + o.sina; 

= -- /- COS"’ , . 

a-^OHuix 


I 


1 , sin a 4-sin ir 

' a COS a ‘ 1 -f sin a sin x 


where b = a sin a, 


or 


or 


^b' 


tanh“’ (h — T) 

b'^-^d^ yO-\-a \2 4/ 

Jb-^ad-s/b — aian 




- log 
2 ^ 


Jb-\-a~\/b~(I tan ~i’ ^ 


or 


1 , J>-{-a^mx 

a 4 /; sin a:: 

1 , ,l4sinasinx 

==--— cosh”^—;-;—^-, 

a cot a sin a 4 sm a 

where b — a cosec a, with many other forms. 


r dx 

176. We might also treat I — --i —^— independently. 
^ } ab sm x ^ 

n, f dx 

xs lor I 


Proceeding in the same way as 


V 1 » we write , 

(6 40COSX 


a-\'hmnx = a ^cos^- 4 sin^ 426 sin | cos ~ 


= acos-^|_(tan-^ + ^j +--^J. 
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and two cases ai’ise as before, viz. a >•_ h, when we apply 
Art. 127; ^ 

{ dx 2 , atan-+?> 

Ja + 6sma: Va'^—5“ Jd^—h- 


or 


; cotli 


a tan ^+6 


r. 


showing the result in different forms from those already 
given, but of course differing from them only by (quantities 
independent of x. The student should consider this state¬ 
ment and reconcile the results, as it is a matter of some 
little ingenuity. 

177. Extension. Again, since h cos x^^-c sin x may be written 
as iJcosfaj— y), where R — and tan y = ^^,.we may 


deduce 


dx 


from 


f _ 

J a + 6 cos x ’ 


or we may 


I a4“?>cosa;-|-(isiii x 
proceed independently, at our pleasure. Adopting the former 
course, we have 
f dx 


\ a-\- h cos x-\-c sin x 
d{x—y) 

I (t-fi2cos (x — y) 
2 




or 


or 


%,e. 


or 


_ 1 

sJa^—E^ 

_ 2^ 

s/W^ 


tan 


a-i^; 


a — R, x—y 
—-^tan 
ci-\- E 2 


cos 


22 -fa cos a:—y 
a -f 22 cosiT—y 


I if a 2>222 


tanlr 


V; 


22 -*a, x—y 

K+a^" 2 ■ 


JSr-- 


a‘ 


2 


s/ 22 -f a -f \/ 22 —a tan - 

VS-f a—x /22 —a tan 


JE^- 


-a^ 


; cosh- 


^ 22 -f acosa;—y 
a+Eco&x—y 


if a 2<222 


with other forms. 
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And these of course include the forms of Arts. 171 to 176 
as particular cases, viz. when c = 0 or 6 = 0. 

178. The reduction to the form 

f dx 
J a + h cos X 

has the advantage of making the integral depend upon the 
integration of 

f dx 

whilst the independent treatment throws the integration 
upon the form 

f_ dx _ 

and involves the completion of the square in the denominator. 


179. Illustrative Examples. 

Ex. 1. 



1 2 + 1 

~ - log . . I =; - tank 

4 o . ® 2 

2 - tan - 




1 , ,5 + 3 cos X 

= - coah"*^ -- 

4 3 + 5 cos X 


f — ^ - where;r-7r+y 

JS-Qcosx J 3 +5cosy* 

1 ,5+3cosy , 6-3co8:r 

= ico«h-3--5^^|=icosh > 3^5 — 
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Ex. 3. 
f dx 
J 5 + ^cosa; 


r / 2 ^ . * ‘>iC\ . / . ,,X\ 

5 I cos-^ - + 8111“ ^ j + 3 f cos- - - sm*' ^ j 


= f 'fa ’ fZlSt 
J 8cos-* + 2siii^* 44-tan2* 

= J. ta..- f J tan =1 co«-> f . 

6-+:icoi}’ 

, , 3 4 - T) co.s y , , 3 + 5 .sii] x 

= I cos“^ --i- -~ j coH-^ ^ , .-- 

5 + 3 cos y * 5 + 38111 x 

f dx f dx A 

J ]3 + 3 co 8 a-’ + 4 sin .T J 13 + 5 cos—a)’ " <in a 

1 5 + 13 cos(a;~a) 1 i/2. x-a\ 

= 13 + 5 cos(;.( 3 "^" T' j' 


180. The integrals 


f dx _ r dx r 

] d + b cosh ;r ’ J a -f /> sinh x ’ J 


dx _ 

(I + h cosh +' 4* c si nh x 


may be treated similarly. 
Thus, 

f r 

J a Hh 6 cosh x ~ f 


cosh-? — siiilr ^j 4 - />(cosl?4-sinh“ 


2 ^ ^Uaiih^ 

^ /> —a 2 

o C (itanh? 


a — b 2 

Hence, if < Ir, we have the forms 


=rz:r..tan“ 


Wr ^tanh? or 
V64-ft 2 


1 4-0 cosh a; 

cos”^-;-; 

VO-—a- a4-& cosh X 


and if > b^, 


7 =J=~tanh->V^'tanhf or -r-i-~co8h-i~+-^55?.’i5. 

va 6 a4-i 2 \/a'^— b^ a + icosha? 
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Again, 


f __ r_ ^ _ 

J« + />.sinha:-J + 

^ r (I tanh ? 


\/ + />“ 


tanh-^ i 


a) 

fa tanb 


\l(V^-\- (r 


and other forms will be exhibited later. 
Similarly, in tlio general case, 

f dx 

J a 4* /> cosh a-’-f- c «inh x 

dx 


i ^eosir^ “ — sinl)'^ 4 /;^cos}r ^ 4 «iidi^ ^ j 4 2f; sinh cosh; 


I 


X 

sech“ (/x 


a 4 + 2e tanh (a— tanh“? 


d tanh 


(i — h\ 

|a —/> (a- 




or 


5:.j 


cZ tanli ? 


h — a I |'a4-/> 




— 77——yi I + (f+4 ■) 
rt (h—a)-j \ 2 6—ft/ 


or 


(ft-6)tanh5-c 

= _-?_--. . 

>/a“~i“4e'^ 6^4-c" 

X 

(/>—«)tanh5 + c 

tan-'. . —» «®+c*<F>*. 


V 

C.E.I. 


fW~a‘^ — 


■j¥-a^ 
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But we notice also that just as ah co^ 0-\-c sin 0 may be 
a+iicoa5^ 

by putting b — R cos a and c = R sin a, where R= s/b^ + 
and tana==j, we may write 


a + b cosh x-^c sinh x as a -f R cosh x-\-y 
by |)utting h — R cosh y and c = R sinh y if h^'> where 
R=zjb‘^-^c^ and tanhy = g, or as 

sinhx + y 

by putting h — R sinh y, c — R cosh y, where R = b^ and 
tanli y = ~ when h^<c^, and therefore the case may be regarded 
as one of the previous ones or vice versd. 


181. Another Method. A further method of treatment will 
be obvious if we remember that these hyperbolic functions 
are merely functions of a real exponential. 

Taking the general integral in this way, we have 


I 


dx 

a-\-b cosh x-\-c sinh x 


I 

j 


2dx 
2 c* dx 

(b + c) 4- 2ac* + h — c 


2 

6-f c 


de^ 



U‘-<^-ar 

{b+cf 



giving the forms 


2 . 


if b^'^a^ + c^ 


or 


_ 2 -. ^ 

M+c^-b^ 


if ¥<a^+c\ 


Comparing with the results of Art. 180, it will be remarked 
that the integrals of such expressions differ much in appearance 
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according to tlie inothrKl adopted in irite^.gration. Integrals 
of the same expression, however, can only differ by a (quantity 
(real or unreal) which does not contain x, and it will be 
a useful exercise to deduce one form from another; and, 
as has been said previously, this will sometimes require some 
ingenuity. 


182. The Integration expressed in terms of the Integrand. 

Far more symmetry, however, will be obtained in the results 
if we attempt to express the integration in terms of the 
integrand, as we now proceed to show. 

These integrals may be deduced from the form 

f dx _ 

J s/a x^ + ^‘IBx -j“ (f 

which is 


or 


or 


JA 


cosh“^ 




Va 


sinh~^ 


Ax-\-B 

s/B^-AG' 

Ax-{-B 

'~JW~-AG' 

Ax-\‘B 

7ag~^ 


^>0, /i2^^C(Arts.80and81), 


^< 0 , Br-:>AG, 
^> 0 , B^CAG, 


the case A <; 0, B^<iAG being omitted because the radical 
in the integrand becomes unreal in that case. 

The rule is to substitute y for the integrand in all cases 
and integrate in terms of y. This method leads to remark¬ 
able symmetry of form, and expresses the result in terms of the 
integrand itself, and yields new forms for the integration. 

Thus, considering the general case, and writing 


where 
we have 


fccos O-fcsin 0 

_ 1 __ 

a -f h cos d 4- c sin 6 

6 cos0-f csin 0 = a; 

y 

6 sin d—ccos 0=-5 

dd 


and therefore 
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Squaring and adding, 

V^ y ^ y^\(ih) ' 

Hence 

f ^ dy 

j ^ J \/( — a^) + 'lay — 1 

1 I _i ( 4 “ — a!^^y-\-a 12 t 2*^ 

1 _,(?>“4-^“ —a-)://4-a -r ?«> , 2 ^ 2 

or =dt-T— ----cos -/ ,^-4- if /r-fc>2<a2, 

V a“ — Ir —6*“ >/6“ 4" C“ 

whfere ?/~^ = a 4- h cos d 4- c sin d. 

Tlie sign is to be determined by examining whether y 
increases or decreases with d. 

If y and d increase together, — is 4- ; c.^. in | 

provided it be a case where b is 4-'® and in which 0 < d -< ^ 
throughout the integration, we use a +, for in tlie first 

1 I • /■\ T • • • 1 i 


quadrant as d increases cos d diminishes; /. 


a 4- h cos d 


increases, that is, y increases. 

I dO 

supposing 0 to lie in the first (piadrant 
throughout the integration, we should use the — sign. 


183. In the same way, to integrate 
f dx 

I---- QJ» 

J a 4- cosh a; 4- c sinh x 


I y <1^, 


% say, 


where 


a 4- 6 cosh x-\-c sinh x 


we have h cosh a; 4- c sinh x — -a, 

y 

b sinh x-^c cosh x== 

y^ dx 

Squaring and subtracting, 

and taking the case b and c both positive, y decreases as x 
increases; 
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or 


or 


I //(&=—I 


dy 


1 

J 

1 


J— 4- 

1 

J — 




cosh' 


4 - const. 


-COS' 


v/p 

a — (a^ + — 1>^) y 

if and + 

-1 


J})^' 


cos 


,-i^-.(«!+^-i::>l+c«„st. 




if a‘‘*+c^<i>® 


— ■ L—— sinlr 


_j (f t- 4“ G^ — h-) y—a 


G^ — y^ sfc ^— y^ 

_1 

sfijb^ 4" — P 

where y^^ ^a-^-h cosh x-{-c sinli x. 


sinlr* if V^<c\ 

sfa'^^ d" — P n/ g^ — 6'^ 


184. Hence we get the following particular results by 
putting h or c = () in the general results of Arts. 182, 18‘3, 

r (W 1 ,/>4“<^cos0 

- ^cosli 1 (62 >a^) 

Ja4“6cosy —^2 a-hocoHu 


or = 

f — 

J ^ 4*6 sill 0 

or = 

• dx __ 
< 2+6 cosh X 


1 J;4-«COS0 ^ gv 

. .^COS"'!-—- ,--;• (?/< a 2 ), 


a4-6 cos (9 
1 , _, 64 -^^ sin 0 

. COSll ^-7-7; 

Jy^^a^ a4-6sint9 

1 . , 6 4-a sin ^9 

_ _ 


,_sm , . ,, 

a+6sm(^ 

1 J>-\-a cosh X ,,, 

_-;^-COS“*-j--- !/'“ 

a+ocotihx 


{b^>a^) 

{h^<a?), 

{h^>a^) 


1 , _,fe+acosha 5 

or = -^_.^-.cosh ’ - (b^<a% 

/^2_/t-L. n r*r»!en Or* 


dx 


|a 4-6 sinha; ^<^ 2^^2 


sinh 


a 4-6 cosh a; 
64 -<^ sinh x 


a 4-6 sinh x 


The symmetrical form of the several results was given 
(without proof) by Greenhill in his Chapter on the Integral 
OalculuSy p. 34. 
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When a ==0 we arrive at results obtained earlier in other 
forms, viz. 

feasts =c;osh~^(8ec 0 ) (compare Art. 74 ) 

J si i r8 ~ ~ cosh" ^ (cosec 0 ), 


f dx 


— cos“^(sechx), 


J cosh X 

J dx 

= sinh”^ (—cosech x) — — sinlr^ (cosech x ); 

sinh X 

and from tlie j^eneral results 


dO 


I h cos 0 + ^^' sin 6 
dO 


Jb^ 


1 , ,?> cos ^4*^" siu ^ 

_sech ^- , -, 

'> I ..2 //>2 i ..2 




]*/> cos' 


cosh a? 4- c sinh x JlS- — 


1 , h cosh x-\-c sinh a? . 7 ^ o 

sec“^---if b^>c- 




or again, 


1 1 1 cosh x-j-c sinh x 

- COSech~^-- 7:r,.^ 

s/d^^ 

if b^< 
if b^>c\ 

b^—^ b—c 


or 


coth" 


\ c '—h 


2 

Jc'^ — 6 ^ 

forms which the student should compare with those previously 
obtained. 

r d /' 

185. Reduction formulae for integrals of form /„ I where 

,7 cos 

A=a-\-b . X, 
sin 

Let us consider the case 


.f 


dx 


^ ~J(ad- 5 cosa?)^ 

We shall connect the integral with another, viz. 




dx 


Put 




4 “ b cos X 
sin a? 


a 4“ b cos x 


[I^ote .—That is, to form P, sin a; is introduced into the 
numerator of the integrand of /g, and the index of the 
denominator is lowered by unity,] 
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m 


«« dP co^x(a-^hQOHx) + h(l—cos>'^x) 

1 hiis -y- =-1—^ ^-- 

ax (a-1-0 cos a;)- 

J , ?>—^^-f-r(a-l-6 cosa;) 

_ o -i- a cos X _ b h _' 

(a + h cos x)' (a -f b cos x)'^ 

_a 1 1 

6 a -f- b cos x b (a-{- b cos a?p* 

Therefore integrating, 

si n X I / 

a-f-6cosa; 6 ^ /> 

/> sina^ a 

lienee i- ]-> , / + 1 1 , 

— ir a-\-b cos x a- — b- ^ 

aTid 7 ^^ has been given in various forms in Art. 173 , e.y, 

1 ,b-{-a cos X 1 , A)a cos x 

-cos~^ ,- or -7—- nrcosh"^ -J- , 

a-4-0 cos a; a+'^cosa; 

according as is greater or less than 

^ h sin a; . a .b + acoi^x, „ 

7 o=- 7 0 - -1--hCos ^—7.- (a->h% 

a^ — b-a + bcoHX a-f-ocosx^ ' 

h sin a; a ,,/>-[-« cos a; . „ 

or = — — cosh ^- (a^<b^). 

a- — 0- a -f 0 cos X ^1/2 a-\-b cos x 

18 (). Again, in the general case, if 

/ = f 

J (a-f 6cosx)”' 


' (a-h 6 cos x)^~ 


dP _ cos x{a -f- h cos a?) -f- (7^ — 1) ?> (1 —cos^ a;) 
dx'^ (a+ 6 cos x)" 

A A- + 1> cos x) 4- C(a 4* h cos a;)- 

^ (a 4 6 cos ai)’’ > 

A+Ba + Ca^-=^(n--l)h, 

Bb + '‘^Cab — a, 

af-^(2^n)b 


where 
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giving B = f^+2l{n-2) = (2n-ti)l 


A= (« -1) h-(2n-S) -J" + {n-2) j 


= -Oi —1) 




Hence, substituting these values and integrating, 
sin a; , 6“^ . ,, -r 


sina; _ _i \ 
(ft-f 6cosa:^)”“^ ^ 


/n + (2n —3) , In-i -- 


The reduction formula is then 
j h sinx I 2n —3 i( j 

(71—1)(((- —//^) ((fc + />cos?? “1 a'^ — lr 

71-2 1 j 

Thus, as Ij and have already been found in finite^ terms, 
we can successively deduce the values of etc. 

It will be noted that In is in this case shown to Ix^ depen¬ 
dent upon two integrals of lower order, viz. and 
except when 'n = 2. 

Also, the resxilt of Art. 185 could have been obtained by 
putting 71 = 2 in the present result. 


187. Generalization of above method. 


f dx _ 

J (d-f h sin 


reduces to 


l-\-b COS;y)"' 


on substituting: 


for X, and 


r dx 

j (f 1 -b h cos X -f c sin x)” 


may be written as f j-—, where R — Jh'^ + c- and 
J pt + itcos(x—y)J” 

y = tan-^g, it is usual to refer these integrals to the case 

considered in Art. 186. We may, however, establish a re¬ 
duction formula independently for each case, 
m 1 • T f dx 


Taking 


Let 


’’ ~ J + b cos xdrc sin x)”’ 
— b sin x + c cos x 
(a -h b cos x+c sin 


i 


if I)-3=a+^>coHx-f csinx, F- 
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Then 


dP _ —h CDS X~c 8in x 

dx ((I -f b cos X + c sin xY~^ 


(n-1) 


(—h sin x-{-c cos xY 
{a + h cos sin xY 


~a{}) cos X 4- c sin x) — (?> cos x-^c sin xY 

— \n — 1) [/>- + — ( h cos X + c sin xf] 

{a + b cos x-\-c sin x) ” 


A + P((t 4- b cos xAc sin x) 4- G((t 4* b cos x4-c sin x)'^ 

(aAbcoHxAcHmxY 


say, 


wliere A, C arc constants to be determined so that 


A 4- Jhi(fA 4- 

Ba — a, 


w]ienc(‘ ^ = (/^ — I)(((“—/r — cr), B~—{2n — l^) a, O — n — 2. 
Tlierefore tlie proper reduction formula for is 

~b sin ir4'<^cosa7 
{(t 4- b coH xA(^ f^in 


We note that when ?i = 2, tlie last term disappears, and 


((d 


fr - <A /2 - A + ^ cos a: 4-Vsin xy 


i.e. {cd —/y- 


=)f . 

J ((6 4- cos X 4- c sill X )- 


— b sin a: 4-c cos a? 
c6 4- ^ cos X + 6* sin x 


Aal-^y 


the real form of L beiiin: selected from the various forms in 
Art. 177. 

Also and now having been found, we can proceed to 
deduce Ig, 7^, etc., successively by aid of the reduction formula 
established. 


lcS8. Corresponding formulae for the case of Hyperbolic 
Functions. 

In like manner reduction formulae for 


f dx 

f dx 

f dx 

J (a A b cosh x) '* ^ 

J (a 4- b sink x)** ’ 

J (ct 4- 6 cosh X 4- c sinhx)” 


may be constructed. 
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As the last includes the first two as particular cases, we 
consider that one in particular, and proceed as before. 


Put 

Then 


P 


h sinh a; 4“ c cosli x 
{a -f- h cosh x-\-c sinh 


(6 cosh x4*c sinh x)(a-\-h cosh x 4- c sinh x) 
dP _ -~(7i — l){h sinh x-\~e cosh xY 

dx {a 4- b cosh x-^c sinh xy^ 


a {b cosh x-^c sinh x) 4- {b cosh cr 4- c sinh x^' 

— ( 7 ?. — 1) [(6 cosh a; 4- Binh a;)- — (}r — c‘^)] 
{a-{' b cosh x^c sinh 


_A-\-B(a-\-h cosh a; 4 -c sinh a*)4-C4 -b cosh x-i-c sinh xy- 
(a 4 b cosh a;4 sinh xj^ 

say, 

where A 4 Bci-hO(P = (71 — 1 ) (/r — a-), 'j 

B-h2Ca= (t, i 

0=_(n-2), J 

whence .4 = {n—1)( —c'“), P = (2n—3)a, C——(n—2). 
And the j)roper reduction formula is 


if>smh,r4ccosha; 

(a 4 b cosh a;4 sinh a;)^~^ 

= (n-1)(-4 62 -c2) 44(2n--- 3 ) al,_, -(n-2)1,^,. 
As before, the last term disappears in the case n==2. 

Hence 


(4 62 ~c2) 4 = 


6 sinh x-i-c cosh x 
a-^h cosh X 4 c sinh x 


— 


the real form of being selected from the various forms 
shown in Art. 180. 

4 and 4 being now known, we can proceed as before to 
deduce successively I etc., by aid of the reduction formula. 


189. Special Oases. 

We notice also that, putting tt = 0, 6 = 0 or 6* = 0, or two 
of them, in these reduction formulae, we have a mode of 
reduction for such expressions as 

f sech”x dx, f cosech”a^ dx, f-.—^ 

J J J (6 cosh x-\-c sinii xy 

f__ j* dx _ 

J (6 cos a;4 c? sin a;)’** J (a46sinha;;^’ 
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190. Fractions of form 

a + h cos X + c sin x 


-f cos X + 6*1 sin x 

The numerator of this fraction can be thrown into Uie form 
A{a ^-f cos» + sinsincos x)-|-(J 
ix. J.(denr.)-h7J((liir. co. of denr.) + 6 ^, 

by taking Aa^-^O—a, Ab^A-Bc^-=b, ACj^ — Bb^ = Cy 
whicli determine A, B and C. 

Tlie fraction then takes the form 

sin cc + Cj cosic . G 


A+B 


' + b^ cos X + (\ sin x^+ b^ cos x + sin x* 

and tlie integral is 

Ax-{-B\oi^(a.-^b.coHX-\-c.Hmx)+G\ —--i— 

^ ^ ^ ^ J cosvc + c*^ sinx 

and the last integral has been evaluated. 

191. Extension of above Method. 

T- a1> COB xA-c Bin X , , 

In tlie same wav 7 —-....-r- may be arranged as 

{a^-\-b^coHX-\-(\Binxp ^ 


(lx 


( 4 - b^ cos X 4 - b^ sin a:) 


^ — 6-, sin a;4- (.\ cos x 

(aj + ^i cosa^ + c^ sin a?)" 


+ 7 : 7 - 


0 


(«i + ^ cosiT + Cj sin.r)" 

T})e integrals of the first and last fractions may be deduced 
by the reduction formula of Art. 187, and that of the second 
fraction is 

Cn>l). 


B 


n~~ 1 (a^ 4- b^ cos x-\-c^ sin 

192. Case of Hyperbolic Functions. 

Exactly in the same way fractions of the forms 

a-{-b cosh X + ^sinh x a 4- fc cosh x-\-c sinh x 

«! 4“ b^ cosii x 4- Cj sinh x* (a^ 4- cosh x-j-c^ sinh x)" 
may be integrated. 

193. Further Generalization. 

If IJ {(ir 4* ?>r COS 0 4 - cv siii 

r-^ 1 

stands for the product of 71 , factors, some of which may be 
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repeated, and of which the one exhibited is a tyi>e, and if 
(p{Xy y) be any rational integral algebraic function of x and y, 
the inteirral of 




r^(cos 0, sin B) 

1 1 («r + ^>r COvS B -f (V sin B) 


can now be found. For expres.sing cos B and sin B in terms of 

d 

the tangent of the half angle, and writing = tan^, 

McohO, sm0) = 0(J-;; = ^ 

where ]) is the degree of y>{x,y) in x and y, not necessarily 
homogeneous, and )((f) is a rational and integral algebraic 
function of t of degree 2p at most. 

2t 

Also a^+Z>^cos d + c^sin + ^ 

whence 

r=M 11 [^'r + d“ + (<^r— ^>r) 

II {ar + b^ cos 0 + (v sin d) = "* ^ - 


(1-f- r-)" 


also 

Hence 


(id- 


^dt 


d, sin B)dB 

n (^r + bf< cos d + Or sin d) 


2x{f)dt 


( 1 + II (^ar-{-h,^^2cd -f ar-KV^) 


and supposing for any of the values of r, the degree 

of x(0 lower than that of the denominator, 

which is 2{p-^l ie. 2p-h2. 

This expression may then be put into partial fractions, some 

p , A “f* JSt ,, « , (7 -f” d)i 

of type others ov type 

The proper reduction formulae for such cases will be found 
in the next chapter. The integration can now be effected. 

The reader may consider fv:)r himself the effect of ar^br for 
any value or values of r. 
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194. A different Method. 

To obtain integrals of form 

f M ^ f dx 

](a-\-h cos 6-\~c sin J (a h cosh x + c sinli xj^ 

and their particular cases, we may avoid the reduction formulae 
referred to, and proceed as follows, using a reduction of 
different nature. 

Consider the first of these. 




Case 
'faking 
dO 

-f/> cos O^c sin 0 

= ^ /r— ^'=- 17 :. -o-:> say, 

\ V “h “h f’" — “ 

where //”■ ^ a-i-h cos (9 + <; sin 0 and Jr -f c- > (Art. 182), 

y dO = -T7r~-~ -a-iid (/>“ -f — ar) y = Jlr + <?- cosli u— a ; 

s/ Ir -h c- — 


j yn dO — ---, f {s/ //--|- COSll U — «)’'' 


(In, 


dO 


d ii. 


^ ^ 1 ^ d- sill 0) ” 

=-^f Wi>^ + C- cosh u--ay~^ 

— (d) - ^ 

We may then expand (\/?/-^ + C“ cosh w —and integrate 
each term, finally substituting back for u its value 




i.e. ibcosh-^- 


f(r-^c^u 




Lt +b cos 6 + 


■aj, 


the proper sign having been selected as indicated in Art. 182, 
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Case -f- 

(10 


\ a-\- h cos 0 + c sin 0 


= dr 


1 


da 


cos' 


.^ih^+c^ — (i^)y + a 


u 


J1)^ 4" ^ * 


say 


i.e. y dO = -7--- t=-- and (a^ - c“) ?/ = a—cos w; 

* V(r — 0 ^— 


. •. ,yn -y^t±£^-^!)l- dll, 

2u — 1 

de 


'■'• 1 


(o -|- /? (;os d-j-c sin 0)” 


r - ^ - - {{a'-\/t)^~{-c^ cos uY"^du. 


1 


195 . In exactly the same way, from the throe forms 

(where ?/“^ = a-\-b cosh x-j-c sinh a?) 
dx 


rt-( 5 cosha;+csinha; 

I _^a-~((d 4-c- — />“) jf ___ ti 

JIjr ~ & sj — d- — c- + * 

where 6“ > a - + cr J 

1 


\/— (d —C“ 4' 


, a —' (a‘^ 4~ V 

Qj* — _ _ _r.fwh-1. -'- 




-- cosh" 


u 


jb^^—ed sicd-d — 5 “ ’ 

where 4- > b'^ > ] 


or 


u 


Va^+c^ — 6“ "/c"—6''^ — b- 


we obtain respectively, 
Case ?>^>^^‘^4-c^ 


where < & 


f 


dx 


J (a 4- 6 cosh x + c sinh x )« 

==- ] -- cos a)”"^ dut 

where a - ^ -= Jb *^—cos il 

a4-6 cosh a?4“ c sinh x 
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Case 4 e- > />- > 
c (lx 

J (a+6 cohIi x-\-c siiih 2c)" 


^ _ 

;-^ I {^a— cosli uy~'^ du, 

(a2+c2^^>2) J 

wliere- a -= J ^ ^ 

a-\-b coHJ \x + c HI nil x 


Case c“ > Ir, 


I (a-+fe cohIi x-\-c .siuli xy 


— J 


(a^-{-c^ — Ir) ^ 

wliere a - , d-\-c h =^/c2 —6'^ sinh w. 

a 4 -0 coHli 0?+c Hinli a) 

196 . Important Particular Cases. 

Tlu) particular cases (according as h or c = () in tlie general 
formulae, and which should be worked ah initio by the 
student) are 


f>2-a2) “ •' 


cosh u—ay^‘~^ du, 


J 2 ^ o fb+a cos 0 , \ 

6^ > a-, ---Y-^ = cosh u , 

\a+b cos 0 / 


■ - ^ [(« — b cos uy~'^ du, 

(«2_{,2)V-J 

1.2 ^ „2 fb+a(iose_ 


b^ < a^, 


a + 6cos^^ 


r (10 _ 

I (a+^ siu 0Y 


--f {b cosh u — af * du, 

{b^-a^r^^ 

:-^ “^r^i I («— 6 «in w)”"‘ du, 

{a^~¥y^ ^ 

T9 9 /6+asin0 . \ 

' W+«n-8=“°“}- 
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l(a+6^co8lia;)" 


COS — du, 


TO o /h+aconhx 

> a\ ,-^— = cos w , 

Wi+ocoshcc 


—-^T,-r, [(rtf —6cosh w)"“* d.u, 

/,2^„2 /fc+« C.>shg 

’ W+6cosha; 

, = .~ f(a—6 sink w)""’J m, 

J(a+6s,nl,a:)’‘ 


=:C()Hh u). 


/ —ft + asinhx' . , V 

P , . . =smh?A 
\ a+^siniiJ^ / 


197. We have the further results, from putting a = () and 
6 = I in the alx^ve, viz. 

Jsec” 6 dO = j*cosh”~'' u du, where 6 — sec”^ cosh u; 

j*cosec” 0 cZO = Jcosh ‘ u du, where 0 = eosee-^ cosl i n. 
Hence either integral may be expressed in the form 


dll = v>~2 f ■" 1) ?<^4-^“^C'iCosli(n - \\)ii 

“j-^-^C^cosli( 7 / - h)ii 4 - (‘tc.Jr?tt 

__ 1 [“sinh(7i - l)n I sinli(77 ~ o)(!^ ^ f^i»»h (>/. - 5)76 

7r::8 . 

4-... -f i ” i7-6 or + sii ih ii \^. 

(Compare the forms in Art. 12:2.) 
198. Further, if in the results of Art. 196 we write n —1 = —m, 
we have 


1 

I 


dn 

(b cosh u — rt^)”* 
du 

(a—6 cos w)”* 


-isrr, 1 («+& cos (?)"*-“ dd, 

-[(a+fecos0r-(^«, 

(a2_62)“-' 




b^<a\ 


etc. 

Several of these results are given in Greenhiirs Chapter on 
the Integral Calculus. The geometrical significance of some 
of these transformations will appear later. 






A REDUCTION OF DIFFEREU^ NATURE. 


, wheire a = 1, 6 = (S, n = 2, are 


199. OaAes teijairdd for tHe time in an Elliptic Orbit. 

f (10 

The cases of 1;—~r— where a=l, b = e, n = 2y are 

required in the theory of Planetary Motion in finding the 
time in an assigned portion of an elliptic (or hyperbolic) orbit. 
We may either quote the results from Art. 185, or proceed 
independently as follows. 

If c<l, by Art. 171, 

C (10 1 , c+cosO u 

I -- —- r»r 44 a—■» 1 ___ * 


- e cos 0 ‘ 1 q_ e cos 0 — ^*2 ’ 


7>, say; 


and if ^ > 1, 


1 , c+cosd V 


Taking e< 1, 

_dd__ 1 I _1—ecosw^ 

1 +^^cosd Ji— l + ecosd i —e- ' 

f do 1 f 

= by Art. lOC), 


1(1 f ccosd)2 


(l-.2)t 

1 


<?sin w) 


^ ^^ sin 0 


cos ~ 

1 + <? cos u 


sin ^ l 
1 +<? cos 9 J 


The time T for a planet measured from passing Perihelion 
is expressed by this integral as 

>ir= (l-e>‘)’f., , - 

' 'Jo(l+ecos^f 

"where n is a certain constant (see E. J. Routh, or Tait & Steele, 
Dynamics of a Particle), It follows that nT^ ii—e sin u. 

If e>], 

do _ dv , 1 _^^coshv—1. 

l+e cos (9 3 1+CCOS0 e- —1 


l+ecos^ 1 1+CCOS0 e- —1 


(e sinh^;—t;) 


I r y/g^ — l sm 0 

(^2_L 1 -\-e COS 0 


_ cosh-i -± 525^1 

+ccos6 l-f-ecosdj 


IB.LO 
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200 . In practice, each example should be worked ab initio. 

For example, suppose we require 
. ds 

Jo (54-3008 0?)^* 

1 


Putting 5 + 3 cos .r= 


3 sin 07 = 


y^dx' 


, 9_(i_5Y=\(^^Y; 

\y J y* \dxj 

jydx=+j - 


We take the + sign, because, as x increases in the first quadrant, 
5 + 3 cos X decreases and y increases. 


Thus, f 5-i-3cosx /v_l 






1 f 


= 7 Sin" 

4 




+ const. 


call this 
Then 
and 


1 . ,3 + 5 cos X , , 

== - . sin""t ——r--+(;onst. 

4 5 + 3 COS X 

1 ,3 + 5 cos X . . 

= - co8“' V—-h const. ; 

4 5 + 3 cos X 

= 7W+const. 

4 

dx 1 , . 3 + 5co8.r 

^=~ du, wliere y-r^:zz~z 


5 + 3 cos X 4 

1 5 — 3 cos u 


5 + 3 cos X 


5 + 3 cos X 

16 

1 

(5-3 cos uY 

(5 + 3 cos x)'^ 

16^ 

dx 

/r: 1 Q /...a r..\4 

_ (5 - 3 cos uf du 

014 


dx 


I ^ / 


X ^(5 + 3 cos;r)^ 

[for when :r=0, coHl^ = l, and when ®==7r, co8w= -1], 

— ^4.2 (53+3.5.32cos*It)efw 


==1.2 [5=1 + 33. 6 ||] 

= ^,-fi-(25+5)=gx77 


3857r 
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201. The integrals 


J a + 6cos; 


dx and L. 


can both be integrated in finite terms when m is a positive 
integer. 


Consider the first, 


.vi^J 


a + h cos X 


The case m = 1 obviously gives — ^ log (a-f & cos x). 

If m be odd, =2A; + 1, say, put a-\-h(^osx — z, and therefore 
b sin xdx= — dz. 


f 

IS, I — 

’ Ja-i 


sinS^+i^c 1 


every term of which is integrable when expanded in powers 
of z. 

If m be even, = 2]c, say, 

, f(] -coB^xf. 

J a+ 6 cos a; J 'a + bcoa'x 


a H- 6 cos X 


and if the numerator be expanded in descending powers 
of cos a;, and then divided by 6cosx+a, we arrive at an 
expression of form 


I (x, COS^-'- x+X,COB^-^X+... + \.^+^^^J dx, 

where the X\s are numerical coefficients. 

C sin^^*^ X » 

Hence, in all cases, I —V-y- dx can be integrated in finite 

, Ja + ^cosir 

terms. 

C sin^ X 

The same argument applies to | -r— -j— - ^dx, 

j y(t “p 0 cos X/ 


terms. 

The same argument applies to 


202. If 7„ = 


" “''J(« + 6cosx)^“'"- 

dx, there is a redaction formula con- 


J (a-f 6co8ic)" 

necting J„ with and In~8- Hence all such integrations 
can be effected in finite terms. 

To obtain this reduction formula, put 


(a-f fccosa;)”~^ 

li,e, increase the index of the numerator by unity and 
decrease that of the denominator by unity\% 
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An {^+B(a+h cos x) + C{a + h cos ], 


Then 

+ I) sin^" X cos a; cos a^) -|- (?i —*1) 6 sin"^ x (1 —cos^a?) 

dx^ (ct+^cosa:)” 

_ X 

~~ (a “f 6 cos a?)^ 

where A + Ba + Ca^ = (ai — 1) 6, 

Bh 4- Wah ~ (m 4-1 

062 = (m4- ]) ?>—(/? 

giving 

^ = —(72 — 1) , ij = (2afc-~7/6~3) 6= —-. 


Hence 
s 

(a 4- ^ cos xj 


™Cn-i= -(«- 1) /u+(2w-m-.)) 


m—n4-2 


* n-2» 


and the reduction formula required is 
1 6 


/.= - 


—-1 (t^ —6**^ (a + b cos ic) 


sin’”+^x , 2n—m—S a j 

' ^"UTl ^‘2 ~T2 n-l 


7 ? —1 ar—b^' 

m —7^ + 2 1 j 


of which the formula of Art. 186 is a particular case. 

And since and lo have been shown integrable in finite 
terms when m is given, we can use the reduction formula 
just establislmd to find successively /g, Z^, etc., in terms of 
/j and 1 and thus integrate them. 


203. Again, Integrals of form 


y.f sin^ 0 co8« 6 rf 


0 coB^O dO 
[a-^hcoB&f ’ 

r r_f8in^^cos«0e?0 

" J W 

are always integrable in finite terms, p and q being positive 
integers. 

For (1) if p be odd, =2A;4'1» 

A'= 
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and after expansion of the numerator in descending powers 
of c and division by bc+a, we get a scries of powers of c 

and a remainder 
respect to c. 

(2) If p be even, = 2/c, 

sin^ 0 cos'' 0 = (1 — cos^ 0)*^ cos* 0, 

which, when expanded in descending powers of cos 6 and 
divided by 6 cos 0-fa, gives a series of powers of cos0 with 

A 

a remainder of form - . -and each term is integrable 

a+6cos0 ^ 

with respect to 0 by Arts. 117, 173. 

And the same argument holds good for //, /g', except that 

the remainders to be integrated involve such terms as 


A 

^ —g -, and each term is integrable with 


C d cos 0 » f d cos 6 , p f cos 0 

Ja + &cos0 J (a-ffecos j(a + 6cos0)^ 


__ , D/ f f 

a-fftcosO J(a-f6cos0)“ J (a-f6cos0)^’ 


according ns p is odd or even, and such integrations have been 
already considered. 


204. We may then obtain a reduction formula for 
_ f sin'^ 0 cos* 0_ 

'^''jiaWcosW 


Let 

Then 


sin'^-^^0CQS*’^^0 
(a+6 cos ’ 


[(p + 1 ) sin^' 0 cos*"^^ 0—(g -f 1 ) sin'’"^® 0 cos* 0] (a+fc cos 0) 
dP^ “ +(n~l)6sin^"^^0cos*'^' 0 

^ (a-f6co8 0 )” 


+ ('?l —1) 0 (I —cos* 0) cos 0] 


sin^ 0 cos’ 0 
(a-F& cos 0)* 


4--B (a+6 cos 0)+C (a+6 cos 0)* 

4-Z)(a+6co8 0)*], say, 
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where A + Ba + Ca^+Da^= —{q+l)a, 

56+2Co6+3Do=6 = - (? +1) 6 +(m -1) 6. 
C62+3I)a62= (p+y4-2)«. 

DIP— (p+g+2)6— (m— 1)6,. 


whence 


_/)2 

B = {n-q-2)-(3n-p-q-5)^^, 
C = (3«-2?,-2?-7)p, 

n_(P + <7-»» + 3) 

x>_- ^ ---, 


and the reduction formula is 
sin'’+'0cos''+’0_ 

n- 2+51 „_s. 

from which 1'^ can be expressed in terms of three integrals 
of the next lower orders and ultimately made to depend upon 
1\, /'g, whose integration has been discussed. 


205. General Conclusion. 

From what has been said in Art. 204, it will now appear 
that any integral of form 

f /’( 8 in 0 , cos 0 ) (iQ 

J (a-f^>cos 0 )" 

can be integrated when n is a positive (or negative) integer, 
and f{x, y) is a rational integral algebraic function of sin 0 , 
CO 8 0 ; for /(sin 0 , cos 0 ) is then the sum of a number of terms 
of type ^. siiF 0 008*^0. 

206. Hermite (Proc. Land, Math. Soc. 1872) has shown how 
to integrate any expression of form 

_ /(sin 0 , cos 0 )_ 

sin (0 —Qi) sin (0 —a 2 ) 8 in (0 — a 3 ) ... sin( 0 -~a„)' 
where f(x, y) is any homogeneous function of x, y of (n— 1 ) 
dimensions. 

For by the ordinary rules of partial fractions, 

__ fi^> 3^) ____ f 

It - a^){t ... {t - a (ar - a^)(ar - a.^j ... (a^ - a^j' t-ar 

(the factor ar—ar being omitted in the denominator of 
the above coefficient). 
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Writing ^ = tan 0, aj — tanaj, ag = tan ag, etc., this becomes 
/(sin 0, cos 0) _ Ar 


7 ^ • //j \ ^8in(0-~*a;y 

II sm (0—ar) 

rss 1 

where A =- __ 

wnere 8in(a^_aj)ain(a,-a2)... 8in(a,-a„)’ 

the factor sin(ar“-ar) being omitted in the denominator. 

Thu., = 

J II sin (0 —Or) ' 

207. (i) Thus, for example, we have 
ain^.r 

sin (,r-a) sin (.r-6)sin 


= 2- 


/ 


sin (a ~ d) sin (a - c) sin {x-a)* 


sin (.r - a) sin {x - />) sin (.i; — c) 


dx 


(ii) Similarly, 

/ 


sin-a , ^ x — a 

log tan 


^ sin {a - b) sin (a — c) 


sin (x — a) sin {x — b) sin {x — c) 


dx 


x-a 


(hi) Hence adding, 

r _ dx 

J sin ix — a 


„ ^ . log tan 

” sin {a - b) sin (a - c) ^ 2 


(.r —a)sin (.r —6)8in (x — c) 


(iv) or subtracting, 

j cos 2.?? dx 


sin {a - b) sin {a - c) ' 2 * 


sin (x — a) sin (x - 6) sin (x — c) 
cos 2a 


= 2:t: 


sin (a ~ h) sin (a — c) 
(v) It is easy to show that 

sin X ^ 

sin (.r — a) sin (j? — h) sin (i.— c) 


log tan ■ 


-2:.s 


■■■/ 


Sin a i. / X 

—-r cot (.r ~ a); 

(a — b) Sin {a — c) ^ ’ 


. dx 


sTq (a: — a) sin (x - ?>) sin {x — c) 

sin a 1 • / \ 

— log sin {X - a), 

(a ~ 6) sin (a - c) ® ' 


= 2—-- 

8in( 
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1. Integrate 
..V fa sin ^ 4* ft cos 


EXAMPLES. 


... CasmO + bcosO ... f 

Jcsin ^Tecos'?^ • [a, 1883.] W J- 

ii f a _ t|Mng ^g 
' J a 4- ft qo8 ^ 

Jcosa + cosa;* [LC.S., 1889.] Ja 

, . fl-tan^,. . f sec0 

^ ^Jl+tan^ * [Trin,, 1884.] J14-cosec6^^ ' 

(viii) f y--. 

(ix) f — 

Ji’v/i] 4-cos ir4-sin a; [Ox. I. P., 1888.] 


f 

Jcos 6#-sin 6»* [L C. S., 1880.] 


[Trjn. H. and Maod.] 

dfX 

cos a; 4- ft si 11 :r * [Coll. ,1876.] 


dx 

3(1 - sin a;) - cos:c* 
s/2dx 


[Ox. I. P., 1889.] 
[a, 1881.] 


(ix) f / X f dx 

Ji’v/:] 4-cos a^4-sin a; [Ox. I. P., 1888.] Ja4-fttiina; 

[St. John’s, 1888.] 

(xi) Apply the transformation t = tan Ja; to the integrals 


J54-3cos X j34-5cosa;* 

Hence or otherwise, evaluate these integrals to the nearest 
hundredth, when the limits are a: = 0 and Prove in any way 
that the second is the greater of the two integrals, when taken 
between 0 and [Math. Trip. I., 1913.] 

(xii) Prove that 

p dx _ ^ f“ adx , 1 , . 

J»a:+((i2-a;2)*“*^ Jo {x+ 

the positive sign being,taken for the radical in each of the subjects 


of integration. 
2 . Evaluate 


[Math. Trip. II., 1913.] 


f* dx f*" 

Jo 4 + 5 sin a:' [I. C. S.. 1589.] Jo a 


(c<a). 


jo ^ 4- cos.r* [St.’ John’s, 1882.] 1 - 2acosa; + a^* 

[I. C. S., 1888.] 

3. Show that f -.-—-?-=^coseoa, tOx. II. P., 1889; 

Jo 1 - cos a cos a; 2 Trin., 1887.] 

• . ^ ^ fcosacosa;4-1 j 

knd integrate I--aa?. 

® J cos a 4 cos a; 


-cos.r [St. John’s, 1882.] 


>Irr, 


4 c cos 0 

[I. C. S., 1879.] 

_^ 

- 2a cosa; 4 a^‘ 

[I. C. S., 1888.] 


and integrate 
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mt 


4. Evaluate 


5. Evaluate 

6 . Integrate 


I dx y 

[Ok. II, P.^18^.] 


(ii) 

f dx 

^y' 

S' [y, 1899.] 

J sin X cos a; 4- sin it + cos x 

(iii) 

f 


J sin X 4 - sin 2x‘ 

W, 1891.] 


f dx 




[Ox. I. P., 1889.] 

(i) 

f dx 


J (4 4- 5 cos x)^' 

[a, 1883.] 

(ii) 

r dx 

J(a 4 (>C08 it)2* 

[St. John’s, 1884.] 

(iii) 

j (a cos 4 - sin 0 j^‘ 

[a, 1881.] 

(iv) 

r dx 


J (h 4 ^ cos it 4 c sin xY' 

[Coll., 1892.] 


>rVl 


tan 

7. Prove that 


-i-e 


(v) Employ the substitution 


tan ^ to evaluate the 
e ^ 


integral J 


dO 


(l+ecoBOy^ 
[Math. Trip. I., 1909.] 




dO 


■- TT cosec^o, [Coll., 1886; St.John’s, 


(1-}-cos a cos 6^)2' ' 1886.] 

sin xdx __ 2 (sin a - a cos a) 


(1 +cosasinic)^ 


sin^a 


C^, m?.] 


and evaluate 




sin;r(Z.T 


cos a cos x)^ 


and 


£ 


X sin X dx 
(1 + cos a cos 


if a be less than 


8. Evaluate the integral 

cos 2& log(l 4- tan O)d0. 

d. Find the values of the following integrals: 

p__ .... p_ dx _ 

2eosa4-r/ + 6“*’ 2+ cosa(e* +e“*) ’ 

[Tbin., 1882 .' 




C-y, 1882.1 
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10. Evaluate 


Jo 

/••X 

W 4 + 5sin2(9' 


dO 

2 co 82^ + 6‘-sing ly * 


[Ox. I. P., 1889.] 


[1. C. S., 1885.] 


..... sm2^ +^cos2(9 . , , -i.- \ 

(ill) 1 oA - — .yr,d9 (c and a positive). 

[St. John’s.; 

/•,x f 

J 0 ^ sm2 * [Ox. II. P., 1887. J 

. p sin 2$ do 

^ J 0 0 + cos^ 0 ’ [I. C. S., 1891.] 


[St. John’s.; 


sin*^ 0 + cos^ 0 ’ 


[I. C. S., 1891.] 


and (vi) Shew that if c> a> 0, 

f ^^ dx = Tr(c - \/c2 - a^)j2c. 

Jo ^ [Math. Trip. L, 1908.] 

.pi dO TT 

11. Prove that I — -.-. = 

Jo a 4-i cos 

where a>hy and deduce or otherwise obtain the value of 

r dO 

Jo{a + ^cosT)8’ [%1899.] 

12. Prove that if a>h, 

f * dx _ 1 

0 (rt + h cos .r)^ “21 ~ J 

(* (/.C 

Evaluate I 71 - where «<1. ^ 

Jo (1 + « cosa;)^ [St. John’s, 1892.] 


Evaluate 


13. Evaluate 


-- where a- < ^hc. ^ ^ 

a + + ce“^* [I. C. S., 1897.] 


14. Prove that if « < ; 7 , 
o 


f*sinic , I, co8®a 
J 0 cos 3a; ^ ~ 6 cos 3a 


[C. S.. 1896.] 


15. Prove that f- t -^ 

Jo a + 6 cos 4-c sin 

where and r<a. 


[C. S..1900.] 


16. Integrate 
,,, f Jtsin x 


® Is 


sin X cos X 


f secxdx ^.... f sec^xi 

J a TStoTi ‘ J STHai 
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17. Integrate 

f de 

J 15 sin®0 - 16 cos 0 


'“'Hr+K' 




ytO - 3 cot 30 
tail 3^-tan 


[Ox. I. P., 1888.: 


sin 2x dx 
{a + h cos x)^' 


[a, 1889.] 


18. Integrate 


/•v f ozii cos 6^ + sin 6^ .... fsin 

(i) cos 2^ log-s- r--^d0. (ii) — 

' J ^ cos 0 -ssm 0 J \ 

(iii) {J. : .z 

J V cos 6^ (1 + cos d) (2 + cos 0) 

19. Integrate fJl+ «>»*. 

J V 1 ~ sin X 2 — sin x 


sin 0 - cos 0 


\/sin 20 


20. Inteerrate 


_ sin 0 - cos 0 

(sin 0 4- cos 0) Vsin 0 cos 0 + sin^^ cos^ 0 

be f sin3^^/<? 

J (1 + cos^ 4 -cos-^ 4-cos'* 6^ 


r _ sin 0 

J (sin 0 4- cos 0 ) sin 

21. Integrate f ?jz 

^ J(l4-cos2 6>)Vl 

22. Integrate 

(i) j'v/14-sinirrfa;. (ii) 

23. Integrate 

24. Integrate f- 

° J(a;siiia: 

25. Integrate j’T^gl 

26. Integrate 


dx. (iii) 


~rz -^ 

/1 4- sin X 
sin X - cosh x 


X- dx 

(x sill X 4- cos xf 


“■> b; 


tan X , 
sj a-\-b tan^ x 


(i) jsin-i j-|^da5. (ii) |tan-'| 

(iii) ftan-^ 

J X 

27. Integrate 


3a? - , 
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T f sin X j C sin x . (* sin a? , 

28. Integrate ]sm^ 

and prove that 

4 ')) 


^ f Sin X , . 2ir , 

5 1 .— ax-- sm~^ lo^ ■{ 
J sin dx 5 ° 




sin (as-1)] 


[Trin. Coll., 1892.] 


29. Integrate f - -- and 

® J sin-^ 6 - snr a J sin-^ 6* - sm^ a 

Show that can be expressed in partial fractions of type 

1 cos B 


sin‘*^ B - sin- a 


or 


sin^^/ - sin- a 


according as n is an odd or an even integer and can thereby be 
integrated. 

30. Integrate 


'4 

(iii) f 


^ sin 3a; dx 
(a + 6 cos x)2 


.... p sin®a;^^a; 

^ J 0 ^ cos X 


® sin*^a;fl?a; 
g la-hb cos xY 


i: 


sin 3a; dx 
(a +7/ cos xY 


(n > 3). 


31. Show how to effect the integration of 

f cos^.r , f cos''.a; , 

j . ^ - dx, 1- dx, 

J sin ^Tix J cos nx 


p and n being integers. 


[e, 1883, AND Coll., 1879.] 


32. Integrate J cot {x - a) cot {x - /3) dx, 


and show that 


[7, 1891.] 


j 


cot(x - a) cot (x-b) cot (a; - c)dx —2 cot (a - h)cot{a - 6‘) log sin (a; - a). 

[Trinity, 1891.] 

33. Show that 
sin X sec {x - a) sec (x - S) dx 
1 


sin ~ tt) 


34. Prove that 


[cos a coshsec (a; - a) - cos cosh~^ sec {x - fd)\ 

[Trinity, 1889.] 


X sec X sec (yS -^x) dx—p cosec p log sec p. 


[OxF. 11. P., 1901.] 
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35. Prove that, if a and /i be positive quantities, 




f^ (ia; ^TT ( - ly / d d \ 

Jo (acos^fl; + /:?sin2a;?*'*‘^ 2 n\ \da^dp) 

[a, 1884,] 

36. Prove that, if 

f{o:)=={x-a^)(:x-a^)...{x~a,) 

and P = ri (1 - 2a, cos 0 + a,2), 

r-l 

whore aj, ag, ... denote real quantities, then 

where € = -1, or +1, according as a, is 

numerically greater or less than 1. [St. John’s, 1886.] 

37. If c be less than a sin Oy show that the coefficient of c’" in the 
expansion of 


Jc 

IS (1) + 

where is independent of 6. 

38, Sliow that if be a positive integer. 


[Coll., 1892.] 


fcos - cos 7ia .sinria 2 . 

I-__ ^ 0^0 4 . 2 —— sin(n - r)a. 

J cos u — cos a Sin a sin a r 


39. Prove that 


[Hermitk.] 


40. Show that 

r " nir ” 

I n C 0 t(^ - a;)de = ^ cos 2 log 8in(^ - a,), 

= cot (a, - ttj) cot (a, - ag) ... cot(a, - a„), 


where 

the factor cot(a, - a,) being omitted. 
41. (1) Show that 


[Hermitb.] 


— 2 („>i). 

Jo-Mn* ^a.-l \ 


(2) Differentiate with regard to x, 


+1 1 - sin X 
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Deduce from (1) and (2) that 


, - /a 4* 1 1 - sill X 

tari-^ \ -, . +1 

V a - 1 1 + sin X 


a tan ~ 1 


“ \t -- * . -f i-aii * rw —1 

V a - 1 1 + sin X - 1 

is independent of x, and verify your conclusion. 


[C. S., 1898.] 


42. Integrate Jj~ 


° ]\-\'ah - a cos x-h sec x' 

where a < 1, & > 1, ah i- 1. [Oxi. I. P., 1917.] 

43. Integrate (i) e^(x cos x + sin x), (ii) 

(hi) (x^ + 2q^-¥2x+\)I(x'^ + x + IY. [Oxf. I.P., 1918.] 

44. Integrate f . . -. ^ —-• 

^ J sin \x - a) sin (.c - p) sin [x - y) 

45. Deduce from the identity 

cos«^rf6l = p^0 |l - |]sin26l - sm*6 

since-...} 

the expression for siriic as an infinite product. [Oxf. II. P., 1887.] 


46. Evaluate the integrals 


j*(ic + a log dx. (ii) 


(Hi) m 

^ ' J(a; + aloga;)2 


a + x) dx 
4- ax log X * 


[Math. Tripos, 1885.] 


47. Show that 


f * x-4-u(a-l) sin oj - jccosa? 

0 {x sin x + a cos xY x sin x-\-a cos x ’ 

[Trin. Coll., 1891.] 

48. Evaluate the indefinite integrals 

... f_ (sin X 4- cos xY _ , 

J {(a;-l)cosa;~(a?4'l)sinx}^ ^ 


(«) liijr 


l)cosa?- (aJ4- I)sinaj}2 


[COLLEOES, 1886.] 


T s a; 4- Vl 4- show that 


49. If 
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50. Integrate 


(ii) nt>g(cos<9 + s/ cos 20 ) 
' J 1 - cos’^ff 


[Ox. II. P., 1899.] 


[Coll, a, 1891.] 


51. Prove that, if n be an integer, 

I*’ cos 71/X 

I - dx=^7r cosec a (tan a - sec a)” 

J 0 1 4- cos a cos X ^ ' 


and deduce the value of 


p cos TiX , 

J 0 (i + cosacosic)^ 


[Colleges 7, 1891.] 


52. From considering the integral 


f’" cosn^ 

I - dO, 

Jo a- cos a 


show that 

^ ^ n+2cos2a ^ (n +3) (71 + 4) cos^a 

^ ^ i 2^^ * iT2 + • • • 

= 2” (sec a - tan a)” sec” a cosec a. 

53. Prove that, if 0< a<^ and n be a positive integer. 


sin n</> tan~^_.T" d<t> = [(sec a - tan a)” - ( - 1)”]. 

I a 


54. Show that 


*sin7j^ dO 
ainO coBuO-cosna 


ry cosecfi 

n 2a cosec fir 10b s,n J - 


^, = a + - 


55. Discuss the integration of 


(a) (b)Linei^-lUe, 

^ ' J sin qO ’ ^ ' J sin qO 

where p and q are positive integers. 

56. With the help of the substitution = ], or otherwise 

prove that 

r_ dx __ ^ 1 . _i 4 

Jo(9+~25a;*)N/r+^ 12 3* 

[Math. Trip., Pt. II., 1920.] 
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FURTHER REDUCTION FORMULAE. 


208. Several “ Formulae of Beduction ” liave already been 
established, and^ the student will have gathered some infor¬ 
mation as to their nature, mode of construction and use. 

The nature of these formulae is that a connection, in general 
linear, is found between two or more integrals, so that when 
all but one have been found, the remaining one can be inferred. 

209. It will be useful to summarize those which have already 
occurred. They are as follows: 


1. Tlie rule for integration by parts, Art. 90, and for con¬ 
tinued integration by parts. Art. 95. 


2. Reduction formulae for 

3. Reduction formulae for 

4. Reduction formulae for 

5. Reduction formulae for 


6. Reduction formulae for 
185 to 199. 

7. Reduction formulae for 

to m 


Art. 102. 

J Vcos/ 

j* a;"* (log x)^ (lx, Art. 106. 

I sec’* a? (lx. 1 cosec^a; dx, Art. 120, 
^ etc. 

Jtan”a?(ix, Jcot^ccda:, Art. 125, 

I 


dx 


etc. 
, etc., Arts. 


(a-f 6 cos a:+c sin xY 
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210. General Remarks. 

The subject of the present chapter will be the construction 
of such further reduction formulae as may be necessary for 
present or future uses in the book, and a general indication to 
the student of the mode of procedure to facilitate their speedy 
production. It will be noted also that two distinct modes of 
procedure have been exhibited: 

(i) That of integration by parts, or, what comes to the 
same thing, a proper choice of with a differen¬ 
tiation and subsecjuent arrangement of the result as 
a linear function of the expressions whose integrals 
are to be connected, as exemplified in Arts. 185 
to 188. 

(ii) A change of the variable, taking the integrand 
itself, or some function of it, or of some essential 
part of it, as a new variable, as exemplified in 
Arts. 194 to 198 

We shall also complete the discussion of such integrations 
as are to be considered, both for the general cases when 
reduction formulae are required and for the particular cases 
in which it is convenie^d to avoid their use. 


211. Integration of dx, where X = 

In three cases this admits of direct integration, and no 
reduction formulae is recpiired: 

I. When is a positive integer. 

TT wTu ^ * (^) Positive. 

11. When -IS an integer; 

n (n) Negative. 

TTT xin m . . . . (i) Positive. 

HI. \\hen — is an integer : .h' ,, 

n ^ (ii) Negative. 

In other cases a reduction formula is necessary. 

212. I, Ji p he a positive integer we can expand {a+bx'^y 
in a finite series by the binomial theorem and integrate each 
term. 

Thus 


I +6*’*)*’ f& = a** — + b —h. • •+fe*" 

J \ I / m * m+w 


^m+pn 

m-\-pn 


o 
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If p bo fractional or negative, the binomial expansion is 
non-terminating, and therefore the integration after expan¬ 
sion would not express the result in finite terms. Expansion 
therefore in such cases should not he resorted to if avoidable, 
r 

213. II. Let where r and s a7'e integers, and s, at 

8 

least, positive (which covers all commensurable fractional 
or negative values of p). 

Put X = 

bnx'^~^ dx = 8z''~'^ dz\ 



dx^^~ 

bn 




dz 







(i) Hence wl^en — is a positive integer'^O, a finite expression 

n 

may be found for the integral by expanding this binomial, 
integrating eacli term, and finally substituting back for z its 

value, viz. {a-\-bx^Y. 

(ii) And when ~ is a negative integer or zero, 

(0^ —a) « 

may be put into partial fractions by the rules explained in 
Chapter V., and the integration can then be effected in finite 
terms, 

214. III. Again, we may write the integral 

^x'^~^{aXbx‘‘^Ydx as ^^^^~\b+ax-^ydx, 
and therefore by case II. this is integrable in finite terms if 
m -\— 

be an integer, positive or negative, i.e. ~ + ~ be an 

integer negative or positive, and the proper substitution is 
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leading to a finite expansion if d-- be a 

'Ylflj 7* 

negative integer, or to partial fractions if —1-~ be a positive 
integer or zero. 


215. To sum up : 

Case I. p a positive integer: Expand. 


Case 


II. -- an integer 
n ® 


Substitute a 4* fc.T" = ; then expand, 
or partial fractions, as the case 
may require. 


Substitute — then 

771 / ^ 

Case III. —hp an integer: expand, or partial fractions, 

as the case may require. 


21G. Illustrative Examples. 

1. p a positive integer. 

Consider If.f’^ (1 + dr = f(.r’^ + + 30^*^® -ha:^^)dr 


_ 3 ./^ 3 . ^^® 

■" 6'“*“ T3 “^ 20 




27 • 


2. ~ a positive integer. 

Consider J (1 da;. Here — — y ~ 2. 

Let l-ha;^==s^; da; — ~'^idz. 

7 



3. — a negative integer. 

Consider /— f .r”* (1 da;. Here ^ ^ = — 1. 

J n 1 


Let dx~%~j^dz. 

7 Or 

Following the rules of Arts. 155-156, we may express 






212 


CHAPTER Vn 


wlience 




.1 («»■ 


‘6^*+2+]'^oi'[(j + i7+|| 


Ill th<^ last term, put -f ^ tan ^ ; .*. dz— 0 dd ; 

Jit Z A 

f dz Va I'HW^Odd 8 f , . ,,, 

•■• J pT7Tr?=-a-./ 

—j (1 +con2O)d0— (0 + siii ^cos 0) 

•tv3‘ •5V3 

4 ^ ^^2z-hi I 2-+1 


' I (I d.v 
1 1 


Hence 

TLJ) 
where 2 = Vl 


" V L fi'^^ 9 r - 1 18''^ ^ 9 i + i' 3 VS 


tan’ 


-I 2r+l 
v/3 




4, + positive integer. 

/’ , -I tyi 7* " 1 

Consider 7™. / .r^ (1 -i-.r®)-^ <'/.r. Ifero —4* - = !'^ + -r~l. 

I ' 71 8 2 


Then 

Let 


1 +x'~ 


■ l^.r^{l -h.r~^)^d.v. 


; d,v~ —-j^zdz ; 


■■ '--i/"*--!/ 




dz, 


which can he put into partial fractions. In this case, liowever, the labour 
can lie avoided bv the substitution 2 — sec and then 

f , f^ec-dsecdUiuddd f jn 

j *== j -.- “j ^ 

= — I ^/l + cot^ 9 d cot 0 

fcot ^v/l-f cot«(? ,1 ^ ,_*1 

“ -- I --h ^ log (cot ^ + >/l + cot‘^ 6^)J ; 


/= 1 ^ cosec 0 +log (cot 0 -h cosec , 


iWhere .cos 0 — 


rt 


- (\+x^y 
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6. ~ + “ *1 negative integer. 

Connidei’ /^ I .v^(I + a^)~ dx. Hero — 4 - ~ 2. 

f s o o 

Then I — +. 1 ^^)" ^ dr. 

Put 1 + . 1 ;“*® = ; o?.r = - .v^z* dz ; 

_ .r” _l _^r»_ 

H ^(1 I- 

_ L + 


217. The 8ix Connections Possible. 

When X ^ (C+bx^ and dx is not immediately 

intc;L(rable by one of ilie foregoing rules, it may be shown 
that, by integration by parts, it can be connected with any 
of six other integrals. 

Thus, for instance, 


lx-■>;?''( 


x*"A> 




and by different modes of treatment we may show that the 
six integrals, with any one of which 

^x^^~^X^'dx ' 

can be linearly connected, are 

dx, dx, 


dx, 


|x"-'Z"+‘dx, 

|x-'"-‘Z'’dx, 


I x- - ‘ X »’+* dx, |a:-+’‘ -' X'' '^dx, 

that is, the index of X can be decreased or increased by 1, 
leaving the index of x unaltered; 
the index of x can be decreased or increased by n, 
leaving the index of X iinaltered ; 
the index of x can be decreased by n, and that of X 
increased liy 1; 
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or, the index of x can be increased by and that of X 
decreased by 1. 

That is, either index can be increased or decreased, leaving the 
other unaltered, that of x by that of X by 1; 


or, the one increased and the other decreased in that 
way (but nol bcAh increased or both decreased at the 
same operation). 

The rule for effecting this connection may be put into the 
following handy form : 

Let P = where X and /x are the smaller indices of 

X and X respectively, in the two expressions whose integrals 

clP 

are to be connected. Find Rearrange this if necessary 

as a linear function of the expressions whose integrals are to be 
connected. Integrate, and the connection is complete. 

In the rearrangement it may be necessary io substitute 

u+bx^ for X, or ~ for x" as may be required for the 


particular case in hand. 

The rearrangement can always be performed. It will be 
unnecessary to integrate by parts. The advantage derivable 
from the use of the rule of ‘‘The Smaller Index +1'’ will 
be that it will enable us to connect at once with the particular 
one of the six possible integrals which may appear desirable. 


218, Proof of the Rule of “The Smaller +1.” 

For proof it is sufficient to verify the rule in each case. 
Thus to connect 


^xP~^X^dx with J dx, 

put P = x”‘X^. 

= mx’^~'X^+pnx’”~^(X •— a) X^~\ 

(note the rearrangement as a linear 
function, etc.'"), 

= (m-\-pn)x^~^X^’--apnx”^~^X^''\ 
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Hence, P= (m+pw) dx\ 


or, 


X^dx^ 




apn 


m-\-pn m+pn 






The advantage in this reduction lies in the fact that the 
index of the often troublesome factor X^ may be laivered if p be 
positive, or raised if p be negative, and by successive applicor 
tions of the same formula, if necessary, we may ultimately 
reduce the integral to one which has been previously obtained, 
or which can be managed with greater ease. 


219. List of the Six Connections. 

The student should verify all six connections by the above 
rule, and also by integration by parts. 

They are as follow: 




(2) 1 

dx = 

(3) 1 

\^x'’'-'^X” dx= 

(1) j 

II 

J 

b 

7 

t_ 

(3)J 

dx~ 

(0) J 

dx — 


dx. 

m-\-pn^ m-\- pn J 

m+fn-]-n r 

an{p+\)^ an{p+\)r 

dx. 


Z^'+'dx. 


h{m-\-pn) 

6(m+2m) J 


am 

am 


m — n [ 


__ _ _ 

im(j3+l) bn{p + l)} 

^ f 0 ;“+"-' dx. 

m m J 


We have written m —1 as the index of x in the primary 
integral. This is merely for the convenience of making the 
several coefficients on the right-hand side smaller and more 
compact than they would bo with an index m. 


220. Special Cases. 

The case where m-{-pn=^0 comes under the heading 

== integer, already discussed (Art. 211), and needs no 

rt 

reduction formula. 

The case p — 0 integrates at once; as also the case n = 0. 
The case p+l = 0 integrates by partial fractions. 
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The case m = 0 needs no reduction formula, coming under 
the heading of Case II. Art. 213, (ii). 

When the student is convinced of the truth of the rule in 
all casesy the six possibilities of connection and the method 
of connection are all that need be remembered. 

That the increase or decrease in the index of x should be 
at a time,” whilst that of X is only *'1 at a time,'’ is to be 
expected, since X ^a+bx\ 

221. An integral of form 

j* ^ (ax^' + bx'^) ^ dx 

can be written as ^x'"~^^'''~‘^{a-\-bx'^~^'Y dXy 
or as 

and therefore is reduced at once to the foi'm considered. 


222. Integrals of form 


I — or 1^-or 

]{a + bx^Y J J- 


dx 




are obviously included in the same rules, as tliere lias been 
no limitation as to the signs of the indices in the formulae 
discussed. 


223. Illustrative Examples. 

Ex. 1. Find the value of I~ j (.v“ + a^)^dx. 

We may connect with J + dxy and this again with j + dr, 

and this last is a standard form. 

Ap the reduction is to be used more than onccy we will connect 

j (.r^ + a^Y dx with J (.r^ + a'^)^ ” ^ dr. 

Let P—x(.z^‘^-i-a^Y. 

4 IP ” ’*1 

Then + + 

=(.r* + + — 

(note this preparatory step, which might be 
performed mentally) 

= (n +1) {x^ 4- ~na^{x^ + 
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(wliicli is? now arranged as a linear function of the two ewpressionm whose 
integrals were to he connected). 

Integrating, (^4-1) J d.v — nd^ j 


Putting 

71 - 5 and then —3, 




^ (.r- + ^2)^ o?.r 

and 

3 

{, ,, .,A J .r(.r^ + a-) 3o- 

1 (.v^ + a^)-d.i- — ■' + ^ 

1 (x^-hdydx 

and 

/'/ . .n‘J J + (t:^ . 1-1-^’ 

/ (.r- + tr) dx— -.J-h -^ sinh 


r R ] fi 5 

j (.r- 0“)“ r/.r = ^.x(y“ 4- o/-)" 4- ^r- 

n 

Thus 



r>.3 


-J 


This result might have been obtained more quickly by substituting 
x^a tan 0 and using the reduction formula 

f ase'^-^Ode^-] , Uu>6'koc"(^ + -^- ( koc" 6^{Art. 122), 

J n-\-\ n+lj ' 

wlienco we get 

/=. j (.r2 + «*’)V.r-a« j nee'Odd 

= (z®[ J tan 0 sec® ^ +1{J tan 0 sec^ 6^4- ^ 0 

4- i log sec 6 + tan 6 )} ], 

which gives the same result as before. ^ 


Ex. 2. Find the value of /£^£ j 


dx 
(.r~ + 


First connect J(.r^4-a^) d.v with J (.r-+a^) dx. 


Put P— 


dl 


-H -{n- 2).r* (x^ + a®) 

= {x^ 4- a^y - {n - 2)(.r*4-a* - d^) 4- a')~ ” 

== (3 - 7i)(x^ 4- 4-(w - 2) (.r^ 4- a'^)~ " ; 

f/ 2^ .r(.ra4*a2)"?+\ n-S f. .. , 
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Putting «.=5 and then h=:3, 
and j(x^ + a^) ^= y• -^ —HO; 

.-. I (.r^ + a^)^dx == I ^ ^ 

This again would have been shortened by the Hubstitution .r=atan^, 
which is specially suited for functions involving 

Thus f — 


— 1^(1 ~aiu2 0c?sin 6 

1 / . ^ sin®^\ , . ^ X 

=—j sin6'~ „ , where sm ^ > , 

a^\ 3 r 

_ 1 I X _ 1 x^ 1 
^ (rt“ + •r^)- ^ (a’* ^ 

which is the same as the previous result, though in a different form. 

Ex. 3. Find the value of /„—J (x^+a^)^ dx^ n being a positive oc 
integer. Let x(x^'>rcd)^ 

Since + (Ex.l), 

n-l 7i~ i 


'x^ + a-‘d.r^ - 2 -+-STnh-‘.-, 


we have 


/ __^’iL.j_ -L _ ft-P 4-- _ V:^!L- a'^p 4- 

"^(71+r)(n-1)... 4.2^ ^ 

^ (n + l)(«-l)...4.2 “ a’ 

-, 71 being a positive integer. 

Let — 

(;r®+a®) 2 

O.. r Pn , n-Z \ r 


we have 


r __ J n x r 

r_- ^n—2 1i~~h 1 j 
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When n is an odd positive integer, wo ultimately arrive at /j, and 
j. j* dx 7 j, 

1 {n-d){n-r,) 7’„_4 

•• " 7i-2a^ {n-2)(n-4) a* '''\n-2)(n-A)(n-(i) a" 


+ A where P = - 


n—2 

.2 I 2 


In the case when n is an even integer, = 2m say, 

7 r _ , 2m-3 1 , V p _ 

"■ J (.r^ + (2m - 2) 2m - 2 ' -'‘•'("‘-J)’ wnere 7 

_ 1 /V’*_L. _ . l'_i_ (2m — tj) (2m — 5) J %m— 2 ') 

~27)1 —2 (2777- —2)(2m.—4) <7^ (2?n-2)(2m - 4)(2m-6) a* 

4. 4. )j_.. i_ i__. _i.r 

(2m - 2)(2m - 4) (2771 -”(5) . 2 a»^-i a* 

In integration between limits 0 and oo, 

"l“’^_(2m-3)(2m-r>)... 1 1 tt 

{2m ~ 2)(2771- 4 )... 2 ' * 2 ‘ 

M. Bertrand* shows a very ingenious deduction from this result, viz. 


jmtting rt==] and x — 


dz (277?. - 3)(27?1 - r>) ... 1 TT 
Y'‘ - (27;r-2) (2wi - 4) ... 2 2 * 


(-0 


Take the case when 77i is indeiinitely increased ; then 


(■+.0'=‘ 


TT 1.3.5...(2m-3) ^ 

Hence 2^^’”"^” 2.47(1... (2m-2) 

and by Wallis’s Theorem (Hobson, Trigonometry^ p. 331), 


2.4.6.^^(2m-2) 
r. 3.'5“... (2m-3) 

become infinite in a ratio of equality. 


and '^—(2771—1) 


TTj 1.3.5 ... ( 2777 - 3) 

2 ^ 2 . 4 

TT \/j7l n/tT 


7^(2^-1) “ 




Consider also 


= J 971 being a positive integer. 


♦Bbrtband, Calc, jDif. p. 130; soo also Hall, D. and /. (7., p.330. 
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Integrating by parts, 


Im “ 2 ^ X”* - * (- ^2xe ~-^®) dx 

~ ^ - (iti - 1) ^ do^ 

r / ix 

- 0M>i). 

Now 4=^ / = 

Jo 

atwl /, = j'\e-‘’.fx-- - ■i[«-'’T =^1 

r 7 zii.{2n~2)..A.2 ,il , . . 

V,ufi .>> being a positive integer 

Note also that if the integration extends fioni — co to + » , 

I cfx — N'^TT, 

^ f — CO 

/ —00 
^co 

but j 

for to any positive element of the integranii in the thiitl integral there 
is always an equal negative element. 

^2<t __ 

Ex. 5. (Calculate the value of / t”*s/2<i.v — x- dx, m being a positive 

integer. 

We proceed to connect 

dx with | x”'”' sj2ax - x^ dx, 
i.e. j x^'^^{2a ~ x)^dx with j x'"~^(2f(-x)^ dx. 

Let /*=x’”*^^(2a“x)-, according to the rule; tlnm 
~~ = (m + i)x'"~*(2a-x}i - ■2x"’+*(2« - a;)* 

= (2m +1) ax’”"* (2rt - X)* - (m + 2) x’”'^* (2a - x)K 

Hence 

(7n+2)Jx'^‘^'^(2a~x)^dx^ -x*'"*'^(2a-~x)^ + (2m+l)a j x'^~^(2a~-x}^ dx, 

rf^= -P"+ l^a/'V-Vaox-x^-d* 

= —i-- a f ^ ^2ax — x^ dx ; 

m + 2 jo 
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-2(1 _ 

/. if /rrj, =~ / sl‘2>ax-dXy 

Jv 

j _ %i\ 4 1 ^ 4-1 

^ m4- i! ^ ^ ’ ?/t4-2 


2m — 1 ^ 

7^4-1 


2?/i 4-1 2m — 1 2 >h — 3 „, , 

-- . , „ . -- — GLC. 

m4-2 m4-l m 

__2m4-l 2m-1 2m-3 5 3 ^ 

m 4-2 lu 1)1, *'' 4, 3 ^ 


_ 

Now, to find /q or / \l'2<tx~~x^ dx,^ put x~r/(l --cos0). 

Jo 

Then dx~a sin 0 dO 

and v^2ox —a:“~ a sin 0. 


Also, when x — 0 we have 0~O; when x=^2a we liave O — tt. 
Hence 

Iq— I HUl^O dO^^y f (1 ~ C 08 20)d0— yyj O' J 810 2^?”] — 
Jo ^ Jo * L Jo 


Hence 


_<2i;M-l)(2m-l)...3 „,^o7r ^ (2m 4-1)! 

”• '(>a + 2)(j/i + I)...3''" 'a "jH :(iii + :i)! ■ “a”* 


rrrd 

" 2 “ 


Examples. 


Prove that 

1 . /.<■”• + + f (,t + b.r)P-'dv. 

J m -f-^i m 4-p f 

2 fi'lt +0' 1 :1'i+J ) * f 

d.r 




l_ I 1 _J _ ^ . -L- 

J .r'“((t+/j.r)~ m — 1 a .r'"”'"*”?«-a - ?« —3 _,.'n-2 

1 1 /)”*"' rt + /;jr 


‘■/ 

'■/sr 

“7( 


(a 4- ffxy _ (^* + ^ + 


- dx " ^ -' - ■ - 4- a 
X p 


- dx. 


dx 


[Bertrand,] 

I f dx 

"" 2ap(a +h.r^y 2ap J (a + br'^)^' [Bertrand.] 

x*^dx X**"*'^ 


2p-~l f dx 


JlZ^E±l f dx 

'Sap J (a + f).r^y^^^ 


(a^bx^y'"*^^ 3ap(a-hb.r^)^ Sap J {a + b.r^y 

and evaluate 


[Bertrand.] 


f f .7^. f _ 

aTS^ J (a -i-bx^y* J x^(a-fbx^y 
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J a + “ (n -T) h bj a Vk? 

f dx X _ Ap — l C _ d.T^ 

J (jr^bx*y' “ iap{a ^Iu:^y 4ap J (a^hx ^'' ’ [Bertrand. ] 

f _ d,^ f _ dx _ 

J (a 4r ki^y ^ J x^ (a + kv^y' 


and evaluate 


224. Reduction formulae for j sin^’it;cos^i>t;<&. 

Integrals of this form also conform to the rule of “the 
smaller index +1/' explained in Art. 217. 

Connection can be effected with any of the following six 
integrals : 


j*sin^'“^x cos^x (IXf 
j* sin^’ X cos^’ ^ X dx, 
j* sinP“* a? cos"^"^^ x dx, 


by the following rule: 


I 

1 

f 


sin^'"^'“'x {los'^xdx, 
sin^'x coB'^^^'^xdx, 


sin^^'^^a? cos‘^“'‘^cc dx, 


Put P = sin^^^x cos^'^^a:, where X and p are the smaller 
indices of sin a; and cos a; respectively in the two expressions 
whose integrals are to be connected. 


Find and rearrange as a linear function of the expressions 

whose integrals are to be connected. This rearrangement can 
always be performed. 

Integrate, and the connection is effected. 

Each of these connections might be effected by integration 
by parts, but the advantage to be gained by the present rule 
is the same as has been explained in Art. 217. 

For example, let us connect the integrals 



sin^o; cos'^rr dx 


and 




sin^“‘^a!;cos*^a?<fa;. 
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Let P = sin'^“' x x. 

dP 

== (p— 1) 8in^'“^a;cos^+^X“~(5+1) sin^a; cos^x 
=z[p-'l) 8in^“‘^ci5cos®a:(l —sin^a;) — (^ +1)sin^a;cbs'^a: 

r=(p — l) sin^-^x coH^x—(p~\-q) sin^a; cos*'a?. 

[Note the last two lines of rearrangement as a linear 
function oi mn^xcoB'^x and sin''"’^a; cos^x.] 

Hence 

P = (— 1) Jsin^'■ a;cos*' xdx—{p-\~q)^ sin '"x cos ®xdx 

and 

f • « n j sin''~^a:cos®+'a: , p—1 f . „ „ „ , 

I sin'^x cos® a; dx= ---— I sin'’'‘'*a; cos®a; dx, 

J p+q p+qj 


225. List of the Six Connections. 

The student should note carefully the possibilities of con¬ 
nection for j* silica; cos®ic dx. 

The indices of either sinx or cosx may be increased or 
diminished by 2, the other index being unaltered ; or, the 
index of the one lowered by 2 and the other increased by 2. 

Writing s for sin x and c for cos x, the six connections are: 


(1) 1 

j^s'’c®dx = 

P)J 

s^c^dx = 

(3)J 

II 

wj 

d^dx — 

(5)J 

|5pc®dx = 

(6)J 



P+1 

■p+g' 


+£±|+2r 
p+i J 


gP+lcO+l y-|-y-|-2f 

g+i 5+1 J 


s*’c’+“da^ 


5P-lC«+' ^3-lf 

+J+lJ 

gp+i c«-* q—1 r 






Each of these should be verified by the student by means 
of the rule given, viz. “Put P = sin^+'a:co8“'^*a:, where X, ft 
are, etc_and also by integration by parts. 
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22G. Special Cases. 

When p + = the integral i 8 |taii^\r: cZj*, and is integrated 

by the reduction formulae of Art. 125. 

When 2 >+l = 0 , 


Jsin^cccos'^ xdx = 


J Bin a? 


f coB^^r 
J 1 — cos' 


rf(cos a:), 


and then we write cohx==z, and use the method of partial 
fractions, or proceed as in Art. 228. 

When (/ + 1 = 0 , 

f • p a J fsin^'cr , f mn^'x . 

1 sin^xcos'^x ax = 1 ax= | ^ a(sin x) , 

J Jcosx Jl-sin'-x ' 

and then we again use partial fractions, or proceed as in 

Art. 228. 


227, The student is again reminded that when either p or q 
is odd, or when p-\-<[ is a negative even integer, there is 
an easier mode of procedure (Art. 114). Also that in any 
case we have the method of mnltip>le angles when the indices 
are positive and integral; and in general tliis will be a more 
speedy method of obtaining the indefinite integral than the 
employment of a reduction formula. The results, however, 
will be necessarily produced in a different form by such 
proces>ses. 

228. We must also notice that, in the formulae of Art. 225, 
either p or q, or both of them, may he negaiive. Hence we 
now have reduction formulae for integrals such as 

fsin^x, fcos^x , f dx 

Jcos'^x Jsin^’x ’ Jsin^'xcos^x’ 

and to these the “multiple-angle method” of Art. 112 would 
not apply, by reason of the noii-termination of the binomial 
expansion used for the purpose of conversion. 

Thus, putting —q for q in formula (5) of Art. 225, 
fsin'^x , __ siiff “^x jt; — 1 rsin^''‘ 2 x , 

Jcos^x (2 — 1 ) cos^“^x 5 —lJco 8 '^“^x 

Putting —p for p in formula ( 6 ), 

rcOB'^X , COS*^~^X g — 1 fC08^~*X , 

Jsiff^'x (j)--l)sin^''^x p —1 Jsin*^'“^x 
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Puttinjy —'p for p> and —q for q in (2) and (4), 
_ _1 __, P + 7-2 I 

lin'^xcos'^x (/>-“!) 8in^'~^a: co8'^~'2c"^ />—1 J 


Jain'^xcos'^x 

or 


?>+7-2 

I 


_ zl[ _ 

( 9 ~ 1 ) 8in^'"*a? eos'/'^a?'^ q— I J sin^'xcos'^''^a?. 
etc. 

If, however, p == 1 or ^ = 1 in these results, l.e. for integrals 


r dx 

J 8in*’"^x cos^x 

dx 

sin^'x cos'^''^x. 


of form 1 

sin^x , 

- dx or 

J 

cosx 

In the 

fsin^x 
case 1 - — 

Art. 225. 

J cos X 

Then 

fsin^x 


J cosx 


Then 

Jcosx 2 ^—1 J cosx 

and repeating the operation, we presently arrive at j dx 

f » 1 cos X 

dx if p be odd, giving 

cos X 

respectively log tan x or log sec x in the two cases. 

c • • 1 f COS^'^ X 

Similarly, for I dr, put p~ — l in formula (3); 


. fcos'^Xj cos'^'^x , fcos^"^x , 

finally arriving at or at f-P^dx, 

® J Hin X J sm X 

• X/ 

l.e, log tan g + coax or log sin x as the case may be. 

229. The cases when or q vanishes, i.c. the integrals 
Jsin”xdx and Jcos^'xrfx 

are of primary importance. 

Connect |sin"xdx with |8in”-“xdx. 

Let P=sm"~^xcosX, according to rule; then 
dP 

dx ~ sin’^'^xcos^x—sin^x 

= (w—• 1) 8in”~^x—w sin”x; 

. f • « jf sin”"‘^xcosx n —1 r . 

. * 19 in’^xdxi=-(- I sin”“®x dx, 

J n n J 


finally arriving at 


J sni X 
fcos X , 
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sin-ccos""'X , M 


n 






Similarly, 

j*co 8 ’*a; dx — 

230, To calculate 

>S'^=[ sin" a* fir and Cn={ coH^xdx, 

Jo Jo 

Since sin"~^a;cosa; vanishes when n is an integer, not less 

than 2, at both limits, ir = 0 and 3?=^, we have 

A 


Sn- 


i «—3 „ 

n—I 7?—3 ni — 5,, , 

—----o,j_6 = etc. 

n n — 2 n — 4f 


If n be even this ultimately comes to 
7/-1 71-3 5 3 1 




n 


71 —2’*’0 4 2 


I 1 dx, 
Jo 


i.e. 


S., 


71-1 71-3 5 3 1 


7t 


7^—2’*’(i 4 2 2 


If 71 be 0(1(1 we similarly get 


and since 
we have 


71-1 7i-~_ 3 4 2r' 

n 71 — 2 ”‘5 3j^j 

I sin X dx^ cos xl^ 


sin X dx, 

r 

T 

= 1 . 

0 


71 — 1 77 — 3 4 2 

77 n — 2 ” ‘ 5 3 


In a similar way it maj^ be seen that j cos"a? dx has pre- 

cisely the same value as the above integral in each case, n odd, 
n even. This may be shown, too, from other considerations. 
We thus have 


1 n—3 n—5 
J^Vcos/ n n—2 n—4 

n—1 n—3 n—5 


3 1 7r 

4 2 2 ’ 

4 2 
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231. The student should notice that these formulae ai’o 
written down most easily by beg mum g with the denomi¬ 
nator, We then have the ordinary sequence of the natural 
numbers written backwards, 

(nundern—l)x(n—2 under n—3)x(n—4 under n—-5)...etc., 


stopping at (2 under 1) if n be even, and writing a fact err 
or stopping at (3 under 2) if n be odd, with no extra factor. 


Thus 



sin*^ 6d6~ 


11 9 7 5 3 1 ^ 

12 10 8 6 4 2 2' 




( 2 ) / 


10 8 G 4 2 

11 9 7 5 3* 


(3) cos® 26> coe^ SdO— cos® ^ ^ \ d(f>i 

where = 

^1 r^> 1 6 4 2“] 

4L(> 4 2 2'^7 5 3J' 

(4) coa^30'^\n*Q6d0 — 2*j^ Hiii^3^cos”36^t/^ 

ir 

2 ^ r-* 

=- ^ sin*(f>coH^Uf)d</)f wheie </>==3/9, 

3 jl —2 coa^^ (f> 4“ cos* '* </>) d(h 

2 4 6 8 10/ _^^^12 12 14\ 

3 3 5 7 9 11 r *"13■^13 15/ 

= etc. 


1 . Prove that 
I &m>^$co8<J0dd- 


Examples. 
Bin*’'*'’ 0 cos«“*^ 


9-1 


P+q 


ip->-qXp+q-'^) 

(p-l)(q 


~T sin'"”^ 6 cos^'"* 0 


(p+qKp+q-^) 


-J)_. f 

f-2)J 


ain^-^Ocos'^-^OdO 


the indices being both diminished. 


%, Prove that f-^\.^dO — 
J coH^a 


p-l f ainP-^e 




3 . Prove that f - 


{q-\)B q~~\J cos''-^ 
C 08 **“^^ /’“I 


(^-l)sin«'"^6? q-lJ sin*~^^ 


^ A 

IJ s 


dO, 

dS. 
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4. Prove that 

f „ , p -4-</ - 2 r dO 

j sin^’ 0 cos'^ 8~~ (q --1) 0 cos^~^ 0 ^ J 8 cos'' 

__ _1 __+ f _ 

(jt) —l)siii''~^i9cos^~* p —1 2 sin'’“^l9co 

5. /-«n?6>=- ,- + /-7]—. 

J cos 8 I J cos 8 

J s\n 8 '/> —1 */ Bin 8 


d8 _ 

^ (9 cos''6? ‘ 




. 2'ir ’ .a»-a. (2« r ’ )(2? - 3) ^„-6 

^2« —2 {2?t - 2)(2ri — 4) 


+ ... 

1.3...(27i-l) 1 1.3...(2n-l) 

■*■2.4...(2m-2) J 2.4...2m 

Wj 

( sin'‘^"+' 8 d8~ - -r-”,- 

' 271 +1 

r,--^'+_“'L - 2) 

L 2w — 1 ’ (2a — 1) (2a - 3) 



2.4...2a n 
3". (2a-1)1 


where c and s stand respectively for cos 8 and sin 8. [Hkrtrand.] 

^ ' J iJ?? L 2n-:2 {2n-2){2n-4) 

2.4...(2u-2) 2.1...2« 

<7 and s being respectively cos 8 and sin 8. [Bkhtkand.] 

9. Prove 

(a) j cosec' ede=-\^^- 7* + a! 4 I' 

(h) jMc^ede = 

where c ~ cos 6^, « ^ sin 8. 

10. Prove that 

/ \ f onn 7 /i 1 rsin2?z^.„ sin(2?i —2)^ 

{«) jco.«>ed0 

2n(2n—l)Hin{2n — 4)8 
1.2 ■" 2"7r~4 


+ ^172-;;;^- 6} 
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(2w+ 1)271 sin(2?i —3)^ 



Hiu^ OdO 


(-])”rHin2«(9 sin(2«-2)^ 

'“2«‘-*L 2rt~ “ 2?i-2 

2«(2?i - 1) .sin (2 m — 4)0 
172 ”2re-4 ■" 

4./ _ 1 Nn-i 2»K2« - J )... (2L+^) si n 20 

'' 'i.2...(M-l) 2 


{dj jui 


Biu»"+' 0 rf 0 = 


- l)"+‘ 
2-” 


[" 


>s(271+ 1 )^ 
27i+ 1 


^ cos( 2 ?i" 
27i“ 


1)0 


-(2« + l) 

,/ ,xn(2n + l)...(» + 2) ,,71 

+ (_!)«V -/cos 0J. 


+ ... 


[Bertrand.] 


282. Introduction of the Gamma Function. 

For what follows we shall require a new function r(')i+l), 
which will be defined stufiiciently for 'present purposes by the 
e(| nations 


This will be enough to find its value whenever n is a 
positive integer, or of the form —where k is a positive 
integer. 


For instance 

r(6)«5 r (5)=5.4 r{4)= 5 . 4.3 r(3) 

= 5.4.3.2r(2)=5.4.3.2.ir(l)=:5!, 

r(W=ir(?)=|.ir(j)-i.Mr(!)-E.J4.ir(f) 

This function is called a Gamma function. We shall define 
it more generally later and investigate its properties. For 
the present, it is temporarily introduced to secure facility in 
the rapid evaluation of a class of integrals to be discussed. 
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233. It will be noted tliat the products of the first n odd iiiiml)ers 
1.3.5.7 ... (2w - 1) and of the first n even numbers 2.4. G ... 2/i can be 
expressed in terms of this function, for 


and 


and 


t-,/2u + 1\ 291-3 2w~5 1 - 

\ 2 / 2 *2*2 

p/2« + 2\_2w 2«.-2 2 m-4 2 
^ / 2 * ~2 2 '‘*'2* 

2 . 4.6 ... 2 m = 2 " r 2 "r(M + 1 ). 


234. To investigate a formula for J sin’’0 cos’and q 
being positive integers. ® 

Let this integral be denoted by f{p, q ); then since 

do = fsin*’“‘‘-'f^ cos*^^ dO, 

J P+<I P + QJ 

we have, if p and q be positive integers and p not less than 2, 

/(P. = 


Case I. Let p be even, =2m, and q be also even, =271. 

Oiij _ 1 

Then /( 2 j?i, 2)0 = ~ 


and 


(27m — 1)(2 7m — 3) 

( 2771 + 27i) (2771 + — 


2 ^/( 27 ?i- 4 , 277 )=etc. 


^ _. f(0 

(27?i-h2«)(2m-f 27i— 2)... (277 +2)'^ ^ 





271—1 271^3 
2?7 2n - 2 


1 TT ^ 
2*2* 


/(27?1, 27i) = 




• • -1) ][1.3 .5 .. .(277-1)] 

2.4.6... (2771 + 277) 


2 ”* 

\ 2 \ 2 / 


TT 

2 




TT 

2 
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Cask IT. Let p be even, i=2m, and q be odd, =2w-1. 

Then * 

_ 1 

/(2jn, 2?i-l) = 2 ^ 2 ~-j/{ 2 ni- 2 , 2?i-l) = etc. 

^ (2ot- 1)(2ot-3)... 1 .. 

(2»i + ’2^-ij'(2TO + 2ra-3)...(2« + ir ' ’ * 

.nd /», 2.-1)-<... I 

£..e”tl)2^.r(|) 

2’"^"p/2TO + 2re+l \ 

V 2 } 


2Ti 


Cask Ill. Let p be odd, — 2m -1, and q be even, =:2«. 

In this case we obtain similarly 

But this may also be deduced at once from Case II. by putting 
for then .sin^' 0 cos^ OdO— j cos^' <fj sin"' 


so that 


fip, q)=f(<i^pY 


Hence the result is again 


'’(*xM5L) 
WW 


2r( 

Case IV. Let p be odd, — 2m — I, and q be odd, — 2» — 1. 
2m-2 


/(2m - 1, 2n ~ 1) == ^ 3, 2« -1) = etc. 

(2m~2)(2m~4)... 2 


(2m4-2w--2)(2m*f 2w~4)... (2wH-2) 
and /(I, sin - 


/(I, 271-1) 
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235. Hence, in every case we have the same result, viz. 


sin^’6^ cos^' 6 dd - 


C 2 2 

2r(^+i) 


and it will be noticed that the -^-+1 occurrin|^ in the 

denominator is the sum of the and the - in the 

numerator. 


236. As it has l)een assumed that p is not < 2 we must consider the 
particular ca.se8 /; = 1, ^ — 0 separately. 

When /) = 1, L will l9 cos'^ ^^—--^1 = —L 




^+1 q-hl 


Hence, this case conforms to the general rule. 


When p=^Of 


w ( w - 2)...2 2 ' 


(n~l)(n-8),..2 
n(n — 2),.,3 


(71 odd). 


In the case w even, the above result may be written 


2 "^ rf!L+J 
^ \ 2 


). . ‘'(MH-) 
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and in tho wise n odd, the result is 

2 "-r‘r(^i) r(|)r(^ti) 

£r('J-?)' ■ 

Hence these cases also conform to the general rule 

... V 2 / V 2 y 

h 2P^/1±|±2\ 

which may therefore he, assumed in all cases where p and q are positive 
integers. 

237. This, then, in a very convenient formula for evaluating 
quickly integrals of the al)Ove form. 

Thus, sin*^ 6^ co8"6^ dl^~ 

_JjJ • i 

•2.7.G.5.4.3.2 1 

_57r 
= ‘212* 

If. howeverf the limits be other than 0 aod an integral 
mult iple of ive must find the indefinite integral either by 

a reduction formula or by the method of Arts, 114-117 
before inserting the limits. 


238. Integrals of form 

= <1:p, where X^a+hx+cx^ 

[This form obviously includes all such cases as 

r dx f /7 ^{a+bx+cx^y ^ 

J(a+6i+c^^^ y{crfl)xT^T^ J 

f f_f dx etc! 

}x”'ia+bx+cx‘‘y’ ]j(i-\-bx-\-cjy' ijx^^ax+b ’ 

I. Consider the case when m=0, ix. Jo_pS= 

Put P=(tH-2ac)Jr»’. 
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Then = 'lcX>'+2->{b-^2cxfXP-’^ 

= 2oXJ’+2>(62-4ac+4c.r).P-> 

= (2p+l)2cZ^>+j9(62_4oc)j:''-‘; 

.-. (6+ 2 cx)X» = (2p+1)2c h ,„ +^,(62-4ac) , 

J 2(2p+l)c 2(2y> + iycJ'^ . 

This reduction failn whan 2^>-1*1=0, but in that case the 
* C doo 

integral is \ —-z .. and lias been considered in Art. 80, 

j s/a+bx~\-cx- 

The formula (A) will finally reduce tl)e integration of dx 

to that of something of the form dx, where lies between 

0 and 1. If s = 0 or i, the integration can be written down. 

Hence, in all cases where p is integral or of form , where 

k is a positive integer, the integration of | can be effected. 

J 2/^ _j_ 1 

If jp be a negative integer or of form ——9—’'we can 

apply the same formula to lower the index in the denomi¬ 
nator, viz. 

f^yp-i ^^_(6+ 2ar)Z^ 2( 2p + nc r 

J p (6‘^—4ac) p (6‘^—iac) J " ' 

or writing -^p for p, 


X^dx can be effected. 
2k+l 

Q —--r—,*we can 


dx (i-f2ac) 1 

“■ V (6^4ac) ■ 


g (2y>- l)c 

p{b'^ — 4 rac) ^ 


II. Next, consider the case when '>»!-= 1, i.e. /, 


Put P = X^+K 
dP 


,p = ^xX’’dx. 


Hp + l)(b+2cx)Xr'; 


••• X^+^ = (p + \)h^X’’dx+2{p-\.l)c^xX’>dx-, 

, ^ _ X’^*^ hr 

" 2 ( 7 )-fl)c 2c .(®) 

and the last integral has been considered. 

This reduction fails when |> = —1. 
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But this case is /i , r * 

]a+bx+cT 

required. 


and no reduction is 


239. In the case when m = —1, i,e. I put 


- =^p(b-i-2cx)A'^~^ 

= ^ [6^+ 2 (X- a- bx)] X"-* 






that is 


7 ^ 7 

2 ^ 2 


240. In the case 


ft-jrbx+cx 


. dxy put 


P = Ja-\~bx-{- cx^. 

dP . „ /-r -- — 9 , a^"‘~^(6 + 2c.r) 

^ ^ 2v/a+6x+cx2 

_ 2{'ni— 1 )(a-f6i::+C2;“)+?>'aj + 2ca72 

2s/a-\~bxA-cx^ ’ 

. •. P = — 1) rt /,„_3 + + mclrn, 

which connects with and Im -2 (unless m = 0). 

Now 

J \ Of ~f“ ”1^ 

_ 1 f/ b+'^cx _6 ^ 

= Va+6a:+ca;2—;^/o, 

C wC 

and /o is discussed in Arts. 80, 81. 
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241. III. In the general case ^ - J ffa*, since 
a~\-bx-\-cx^ X, 

we have = ■^(a+ia:+cx^)X^', 

and therefore 

^m~2, 7»-f 1 ^ ^ ni~2, ^ ^ in -1, p' . 

Again, let P = Then we have 

t 

flP 

_ = (m 1) x"' + (2^ + 0 ~ 

— x”'- - X^' [{m — 1) [a XbxX cx^) + (jp +1) (6a; + 2car)] 

= (ni — l)ax”'~^ A'^'+(7 >i+P)6x”^"LY^'+('^?^' + 2j)+1 )cx^X ^'; 

= (m— l)a/„j_o^^, + ('?^+2>)6 /,„_i ,,+(7>i+227+1 .•.(^) 

Eliminating Im- 2 ,p between (D) and (E), 

l 1 _ ^ _|_ I j + 2 (^7 +1) c4.,,. (F) 


We thus have, collecting the results, 
dx 


= dxXb^x'’^~^ X^' dxXc^x^*^X^'dx, .(D) 

(m + 22> +1) c J x'^X^' dx 

= x^~^X^^^ — (7>i— l)rx ^x'**^-'‘^X^'dx — (mXp)b^x^^~^X^dx, (E) 


J x!^X^ dx 

_ (m — 1) f _w -.2 j^p+i f ^w-i Y?' dx • (Fl 

“"2(27 + 1)c 2(p+T)cJ*" 2cr ..^ ^ 

or, writing —p for p to adapt them to the use of cases in 
which the index of X is negative, 


—' <3t I ~b ^ J ji^p ^ j Jj^ ^X/f 
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(lx 

= -p-i — (’w-l)aj ,^.^r dx—{7n—2))bY j- dx, . 

__ 1_(w—1) _b 

~ ~¥{p -1 > 2(p-1 )c J A’'^' 2c J ‘.P’ 


.(E') 


.(F) 


242. Remarks. 

The case of p = — 1, in winch formula (F) fails, is 

But in this case we proceed to partial fractions, and no 
reduction is required. 

E<]uation (D) (2^ positive) expresses one integral in terms 
of three others, with a lower power of X at the 
expense of introducing higher powers of x ; and 
Equation ( 1 )') raises the power of X in the denominators. 
Equations (E) and (E') reduce to integrations with the same 
powers of JT but lower powers of x. 

Equation (F) connects with two integrals, in both of which 
the index of x is low'ered, whilst that of X is 
raised in one integral and remains the same 
in the other. 

Equation (F') plays a similar part for the negative index of X, 

243. Integrals of form 

^{px + qTia + hx + cx-rdse, or j 

obviously come under the heading discussed, after trans¬ 
formation, by making -f g = 2/, which transforms a~\-hx-\-(xc^ 
to the form A+By+Cy^, where 

Ap^ = ap^ — lypq + cq^y Bp'^ = hj) —■ 2cg, Gp^ = c, 

and I {px + q)^{ii -f + cx?) ” dx 

becomes i J + By + Cy "^)" dy, 

and similarly in other cases. 






238 


CHAPTER VII. 


The particular caaes where 5 — 0 or ^^==0 come under the 
heading of thoae discuased as ^x^^~^{a-\-bx^Ydx in Art. 217. 


244. Integrals of form /,» = 


I, 


dx 


I {q -\-pxYJa -f hx 4- cx^ 
may be regarded as coming under the liead of those discussed 
in Art. 241, for the substitution q+px=^y immediately reduces 
them to that form. But as this form occurs very frequently 
and is of considerable importance, it is desirable to consider it 
independently. 

Let 

{q+pxT^' 

Then 


dP _ b-i-2cx (7i — l)ps/(i-\~bx^cx^ 

dx ”■ 2((j +pxY-'^s.la^+bx+cx^ (q +pxY 

_{b+2cx){ q + px) — 2{n — l)p((f + bx - f cx'^) 

2{q + j).T Y a+ 

2 {q+pxY\fa+bx+cx^ 
wliere X + juq-}- vq^ ^qb—2(n—l )pa, 

PP + 2!.vpq = 2qc +p5 — 2(^ — 1 )ph, 

— 2pc —2 (n — 1) pc, 

from which we obtain 

X = — 2(t^ — l)(ap^—5pg +cg^)/p» 

/X = -(271 - 3)(5p - 2cq)lp, 
v — —2{n-—2)cl2j. 

And 2P —X/„ + /x/„_i4-r/ 7 t _2 is formula sought. 
That is 

2(„_i)22!=te±£S!,. 


2-^ a+bx+cx- 

(g+2?a:)"-’ 






The case where n = l is given in Art. 287, whence can be 
found from the present formula, in which the coefficient of 
1^2 vanishes when 7i==2. Then ... can be successively 

derived. 
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may be wiitten as 


_ f Mx-\-N f/.r 
j {px-\^qy^ s/a^r'^ + hx+c 




J 


{})X + qy^\/aw^ + bx + c 


dx 


M Np-Mq 

-p p 


where /„ ik the integral cliscuseed in Art. 244. 

This therefore constitutes a reduction formula for 
But both this integral and the more general integral 


“ J (Ax^ 4 - /fx + O)" sfax^^ bx + c 

are more conv^eniently evaluated )>y differentiation with regard to one 
of the constants involved, q in the one case, € in the other, as explained 
subsequently (see Art. 364). 


246. The integrable cases. 

Denote for .sliortness by 

The special cases 

(0,-1), (0, ~i), (0,1) 

are all simple elementary integrals whose values have been discussed. 

Formula (A), which connects (0, p) and (0,^?- 1), wdll therefore continue 
the series both ways and yield 

(0, dtt), (0, 4-2), (0, if), (0, i3), (0, dr-D, etc., 

i.e. (0, ±k) or (o, 
where Jc is any integer. 

Formula (B) connects (1, p) with (0, p), and therefore contributes the 
integrals 

(1, i^)* ^1, ± 2 J, 

where k is any integer. 

Formula (0) connects (-1, p) with (-1, p—l); and (-1, — f) and 
( — 1, i 1) are simple cases already discussed ; 

.. (-1, -I), (-1. -!), (-1, -!). 

and (-1,+i), (-1. +S). +-S). atc-J 

as also ( —1, i2), (-1, i3), ( — 1, 4 4), etc. 

ie. (-1, iZ), ^-1, are contributed where is any integer. 
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Formula (I)) connects {m - 2, p -f 1), (w — 2, p), {m — ly p)^ (w, /)) 
(0,jp + l), (0,jrj), (1,^), (2, p) are connected, 

(3, are connected, 

etc. ; 

( 2 , ±k), ( 2 , 

(3, ±/), ( 3 , - ai’o oontributed, 

(4, ±i:), ( 4 , 


Formula (E() connects (m -'2^p)^ (m —1,/)), (w,/j) ; 

therefore also \(-2, +/), (^“2, I 

' \ are contributed. 


l\-3, ±i-), (-3, j 


Hence all integrals of form 


dxy where X^ ^ a+bx + ca?, 

can he integrated in finite terms when p is of form dole or 


2/c+l 


- , arid m, k are integers positive or negative. 


Examples. 


247. 1. Taking 


4- 2c.r 2(2jp — 1)c C dx 

pkX'^' ^ pJc J A'^"’ 


where A's a + bx -f c.r* and k ~ 4£ifc - h^y 


f dx 6 + 2c.r 2c ( dx 

J ^ k J A'’ 

[ dx _ib~\-2cx) / 1 , 3<"'\ , f dx 

J x^~~ 'T^ kxr ¥ J X^ 

f dx_b-{‘^cx / 1 5c 10c“\ 20c^ f dx 

J A* J :f 


[Bertrand.] 


2. Show that if /, 


/ * 3 /^ 

-J? dx, tlien c4i + ^/n~i + a /„_2 — prove 

/ xdx 1 , ,, h C dx 
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Dednoe j 

j’ .V® 

j 


.r® dj! X h , v . — 2rtc f dx 

’ .v® hx . — (7.<7, ,r ^ac — h^ y fdx 


2c 


3 ]*rov(^ 


[Bkktrand. ] 


[ ^ 1 ^ h f dx 

J .t‘A’~2a AT’ 


and deduce 


f dx ^^5_Jl_ — ac. x'^ h (3<7C - h"^) /* dx 


[Bkrthand.] 

('Hie value of / occurring in eacli of these results is given in Art. 80.) 
4. If A'r;«,-|-i'Ar4-c.r‘‘^, prove that 




c^x--- 


2c;) A'' 2cp , 
5. Prove that if X Hs.r-Aa,r + (t*, 


/ 


X^d.v=: 


2./‘ -{- 


*x"*~^ dx 

6 / ,r”‘ 

A> 

2c j A>+i 

3?ia- i 

f A dx. 

4 (??/ 4~ 1 ) J 


r/x. 


2 {n +1) 

6. Prove that if A ™.r“ + .r -{- 1, 

, . f dx 1 , 11 1 , 2x4 

i^i=2'"8x-3:,-+a,--V3 


[Bertrand.] 


[St. John’s, 1889.] 


2x4-1 

V 3 

{f\ [ _.1+2x 2{2;)~i) rdx 

J ;ip J X^ ’ 

7. Show that if p be a positive integer and A =e.x2 + x+1, 
dx 


<"> /c;^ 


JI+2x)r 1 (2p -I) /2\ _1_ (2i0-3) ('2Y_^ 




3 LpX^' ^ p{p ~\) \:i/ X^‘^ * p (;) - 1) (p - 2) V3/ A^^ 
(2;)-l)(2jt>-3)...3.1/2Y~n"] 
jt)(^-l)...2.1 V'3/ aJ 

(2^-J)(2;>-3^..3.1 2 

dx 


2 ^, n being a positive integer, 
(x2 4-x4-l)"ir 


^lA2xr 1 

3 ■ ' 


2 (r-1) 

L2?i- 1 (2a-l)(2w-3) \3/ £ 


2 » 


3 

2 ■ 


1 — 


(n-l)(?i- 2) 


(2ri- l)(2%-3)(2«- 5) \3/ 


2^ 


2»-5 

2 


4-...- 


(w-1)! 


(29i-l)(2?i-3) ... 1 \3, 
Q 


-1 gan-i-, 

A^ J’ 
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!i4S. Reduction of ^ f , ^ dx. 

Let A "and put A\ 


Then 

dP 

dx 

= (7?.- 

3).t 



(•4-2c;.r 
“s/A' ^ 

') 



{n — 


5. 

r^-\-c.P 


--•-|-2<-.r” 











(n- 

-1), 










'7.1' 



• ^ 

jy 


1)c 


2)W„- 

.-Hn- 


249. Integrations 

of 





(i) 


px COfi 


r .‘ dx . 

(ii)J 

COS p.7* 

sin”</.r d. 

(hi) 


2 )X do^^qx dx. 

(iv) ] 

siny>x* 

sin”y.j7 di 


including f dx^ etc. 

J cos” qx 

There are two classes of reduction formulae for such in¬ 
tegrals. 

We may connect 

px qx dx with j*co8^>.r co8”“^^ir cte, 
or we may connect 

J cos 'px cos” qx dx with J cos (p ~~q)x cos”~' qx dx, 

and the like with the other three cases. 

250. First, we consider the former class of reduction. 

(i) Let I ^Q,OH j>x qx dx. 


sin px cos”*"^ qx sin qx dx 


sin px ^ . nq C . „ , . , 

: •—^ “ cos” qx + J sill px cos”*" * qx sin qx dx 

sin px ^ r cos px ^ , 

--cQgn - 1 \ - —cos”"^ qx sin qx 

p ^ p L p 11 

+{—(^— 1)9 cos”“^g:r (1—cos^ qx) -\~q do^'^qx) r/:r J 


cospx „ , 

- “—-— cos”"^ qx sin qx 

p 
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mnpx ^ nq « i • 

“ coh” (JX cos px cos""^ qx Bin qx 

+JCOB px { — (n — 1) cos"“ " qx+n cos^ qx) dx ; 

/- n-q^\ r cos”"*^r/a7. 

, Cl- 1 11 n = —" 7 ^ 2 - - -{p sin px cos qx — nq cos jix sm qx) 

n{n-^)(f j . 


, , 1) SI n px cosax—nq cos px sin qx 

1 = cos"-' qx ‘ -i-J <-' - 

n{n~\ )q^ , 

Now ^ — ^p^\npxQ,oHqx-~nq{^ofi,pxBmqx 


dx COHpX 


cos- px 


Hence the reduction formula may be written more com¬ 
pactly as 

j __ cos^px d itoii^qx n(n—l)q-j 
” ~ 2?^ — nrq- dx cos px p^ - ’ 

By successive reduction, the power-factor cofi^qx may be 
reduced either to cosg'a; or to unity, when n is a positive 
intep^er, and the integration can then be completed. 

If n be negative (=—m), we can, by solving for 7^2> 
express the same formula as 

j cos- px d sec'^qx , 


ViVJD JJU.' U/ OC/\-/ — IIP 2 " 

m{m^l)q^dx coapx m(m + l)j^ 


C cos ^l)X 

and therefore a reduction formula for I —dx is also 

t„r„Ul.ed. 

Similar work and remarks apply to the other three cases, 
(ii), (iii) and (iv), but it is desirable to consider them in 
detail. 


lx is also 


251 . (ii) Let I^^^cob px sin^qx dx. 


j Binpx . ^ « 1 j 

Bin^qx p J jP^ sin’*“'^ga: cos qx cfc 
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Sin px . nq 

= —-sin”< 7 x-— ^ 

V P 


C 0 f^px . , 

^ sin^* V/.Tcosyx 


+ {(/i~ l)g^ — siii^gcc)— iiiii^qx}dx^ 


sin px . nq . , 

- —(7^ + ^ P^' qx cos qx 

nq^ 


Jcos pr {(»? — 1) sin^^-g'o? -~n sin^^rr} dx\ 

Slll ^—^ QX 

1—j7„ = - - silicic sin (^cc+w^ coscos 


-”(«-1)^,2 Z„_ 3 ; 


^.c. 


/ — siu"“^ X '^ ^ ^ 

„ —siu ^a? p-^n-q^ 

p- — n^q^ W--2’ 

j _ cos^^a; siii^^ic n(n — 1 )q^ 

« “■ /n- — n-n^ dx cos m n'^ — 


dx cosjox — n^q^ 
252 . (iii) Let ^ninpx cos^qx dx. 


Then 


= ~- coH^qx “ ^ J cos cos^-^gx sin gx cfo 


_ cos /JX 
- - 


nq fsin px ^ . 

cos^gx “ ^ j^ —^cos”''^gx 8111 gx 


fsin aix 

-T — ^ { — (n—l)^ cos”~^^x (1 —' cos^qx) +cos^^x} rfx | 
J P 


/-. n-q\j coH^-'^qx. . . . . 

\ ^1 - j — -— 2 ^ (p cos px cos qx+nq sin px sm qx) 

-«(n-l)|j^s; 

r n-i (^Jcospjcosgfx+ng^sin pcsingx) 

. •. i„--cos- g-x 


n(n-l)g* 

^2 ,^0 ■^n-2> 




^.e. 


j ^ sin^jox d! cos^yx n(n — l)y^ j. 

” p^-^n^q^ dx sinyx p^ ”"""' 
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25.*). (iv) Let I^ nhi^qx dx. 


Thou 


cos 


+ -- fcos fx cos qx dx 


V ^ V i 

cos px . ^ , nq fsiii px . ^ . 

-8iii”7a;+ - ^ Hin^~^qx coHqx 


P 




• ^ ^ ~ (p COS pa:; sin qx — nq sin px cos qx) 


^ p^ — n-q- 


_ 7 




jr ■— n-q- 

j sin^px fZ sin^^a? 

p-— n^q^ dx sin px p-^ 7 i^q- 

254, The four results are therefore 

f , cos^px d cos^qx 

J ^ ^ — 7 i^q^ dx cos px 


7i{7i’—l)q^ C 

-V — 'I jcos2>xcos”~2( 


p-—n^q- J 

cos^px d sin^qx 

co8i)xsin^qxdx= - .> •> -- 

r'^ 

7i{n—l)q^ I 


^qx dx. 


p 


Jcos px sm^-^^qx dx. 


, Hin‘^px d cos'*ax 
sm px coH^qx dx = ——t- 




Jsin px sin'*gx dx = 


dx sinpx 

Jsin2>i*JCos'*"*gxc?x. 

sin’px d sin^g'x 
p^^n^^q^ dx sin px 


f8inpx8iu"-»ga;<ix. 


p^—Ti^f j 
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*rhat is, if J stands foi’ the iirst factor and P tlio second, or 
power-factor, i.e. /„ = we have, in all cctses, 

riP A 

or l„ = A'^-P^l^-n{n-\)qH„_,. 

Writing -ni for n, for the cases wliere n is negative, we 
may write this as 

'm {m + 1 = - li>- 


255. Such formulae are more particularly useful for negative indiceH 
of the power factor. For if the integral sought be, say, 

I cos Ax sin'^ Za: dx^ 

the “multiple angle" process for sin^Sx will be more convenient than a 
reduction. 

Thus, sin® 3jt7 = i (sin 1 bx — 5 sin 9.r +10 .sin 3.r); 


.■. cos4^’Bin®3«t; —i [(sin 19.r+8in ll.r) ~ 5(sin 13.r-f-Hin bx) 

-f-10(sin 7.r - sin .r)], 

and the integral is 

1 Fcos 19.r coslLr 5cosl3.r 5cos5.r , ]0cos7.r lOcosj?"] 
■“2®L 19 13 5 ' 7 r~ J 


f c( )S Ax 

But to integrate J ^his proce.ss is useless. Therefore we 

change n to — 7i in the second of the formulae of Ai t. 254. 

Then 

/ cos^.r coB'^px d BQcpx f coapx ^ 

sin”+^y.r 7i(nA-l)(f^ dx sin” qx 7i(?i + 1 )</* j sin”^^: ’ 

whence 


and 


/ 

/ 

/ 


cos Ax . _ cos*4.r ^ sec 13.5 f cos 4,r , 
sin ®ix ^” 3 . 4.32 dx sin* 3jr^ 3.4.3* J sin*3jr ^ 

cos4j; , cos*4.r d sec4.7’ 7.1 [ cos 4a; 

sin*3;r ^ 1.2.3* dx sin 3.r 1.2.3*/ sin 3a; ^ ’ 


cos 4a;, If/l 1 

sin 3a; 2/ \sin a; .sin 3x / 

1 X 1 3 x 

2 2 “ 6 ^ ’ 


whilst 
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hence 

/ (H)S 4a5 , coH24.r d sec4.^; 13..5 J d sec4_^; 

sin^ 3:c 3.4. "^3.4.3^ 11. .3*^ dx .sin 3.r 

--1 . y; 3.(^ '"K a " ^ Y ^ )} 

=etc. 


256. For the second mode of reduction, mentioned above in 
Art. 249, we may connect tliat i.s ^cos 2 ^x con^qx dx or one 

of the other cases with 

ip—q,n—\ witll ^ 2 ^—' 2 (j,n -~2 9 

To shorten the expressions we sliall use t)ic notation 
Cp for CAm}'>Xy i^p for sin^ja;, etc. 

The mode of procedure is the same in all cases, viz.: 

Fut F = the 2 )oiver factor x the com2dementary function of 
the other factor. Differentiaie and rearrange, 

(i) 

Let Z j = ^2}Cqf. 

dP 

Then = pep(\f---nqSpCfff-'’^8g 


= p + m) - ^Wp-g ]; 

+ (/x— vq dx. 

(ii) Ip, n — 

Let C 

ilP 

Then =prV'’'./” + 

= [{P + ^'«) + 'nq>^p-,i\ ; 

1\ = (p + nq) p,,s,”<;x + dx. 

(iii) = 

Let C^-=CpC^‘^. 

dP 

Then — —pxpCq” — nqCpCq"-^ s, 

-/'a = - (2^ + "S') 
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(iv) = 

Let = 

(IF 

= --V‘‘"[(p+'»?)«,r'\-"r,-J; 

.'. F^= —(p + 'nq)^K^,(i,J'ilx+nq^ej,^,^\'‘~^dx. 
We tliu.s obtain the four results: 


( 2 ) (jf> + u(i) j(,'^,s,/‘ dx= .s,,V-'"? j'-V./-'''./''' 

(3) (p ■\-^iq) |.v„o/ (lx = - c,,c,;' + Ii q (lx. 

(4) {p + nq) (ix = -Ct,K,»+nq dx. 

Thus an integral of the first kind connects directly with a 
lower order integral of the first kind; 
an integral of the second kind connects directly with 
a lower order integral of the fourth kind; 
an integral of the third kind connects directly with 
a lower order integral of the third kind ; 
an integral of the fourth kind connects directly with 
a lower order integral of the second kind. 


Thus to connect an integral of the second or fourth kind 
with one of its own kind, a second operation is necessary. 

For example, 

{p + nq) pyS /dx = 




nq 


[ -* + ()i- — 1 )g’ I 


p-q + (n-i)q 
which connects ^Cj,x^"dx with <Za:, 

and similarly for with -a, 
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257 , Avoidance of a Reduction Formula. 

For integrals of the classes under discussion, viz. 

fcos px coH^qx dx, etc., 


it is often convenient to avoid a reduction formula altogether 
so long as n is a positive integer, when we shall require to 
put the power-factor (cos^qx in this case) into cosines or 
sines of multiples of qx, as seen in the example in Art. 255 . 

Proceeding as in Art. 112, the formulae required are: 





= etc. 


= 2 [cos cos (n - 2) 0 + cos (n - 4) 6^ -f ... -f-iT), 


where 



if n be even, 


(A) 


or 


n! 


n - 1, 


• cost) if n be odd, 


(B) 


2'^~‘(•” 1) - siiU^O — cos nd — cos(n — 2)0 


It, i 

+ 1)- M I n ,1. 1 .., ;^ if n be even; (C) 


I) 2 0 nO - sin(n— 2)0 

j/.~] 

+ ...+(-1) 


n ! 


n 1 j n + l ^ 

~ i '“"2 • 


sin 0 


if n be odd. (1)) 

Then taking O^qx, 

2”cos”5^.rcosyAr== a series of form 2S 7 v"r eosrx cos^>x, say, 


— K 


(cosr-l-2>i^ +COS r - px), 


and jcoapx = + ^ 71 ’ 


, sinr - px\ 


■P 


j. 


taking due account of the final terms. 

Similarly we may proceed in the other cases. 

The formulae (A), (II), (C), (D) can be readily reproduced as 
explained previously in Art. 112 for any particular value of n 
for which they may be required. 
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Ex. I sin 2 j 7 sin* 5.r ch\ 


si n« 0=(,/ -1J = v/« + - G + ’) + 15 (y« +1) - 


taking ^~5.a7, 


+ y 6 -* ^ [j/* + ~i) + 15 - 20 

2 cos 6(9-12 cos 4^9 + 30 cos 20- 20 ; 


8in*5.r sin 2,t'— — [2 sin 2.r cos 30^: — 12 sin 2.r‘ cos 20..t‘ 

4- 30 sin 2.V cos 1 Q.v — 20 sin 2.r] 

“ ~ [sin 32^:- — sin 28:v - 6 (sin 22.r — sin 18jr) 

4-15 (sin 12.7; - sin B.r) - 20 sin 2.r], 

, [• n ' nr 7 1 rcoH32.c COS 28.7' /(;os 22.7; ooslS.r 

and j sin 2a; 8in*5,r dx= ^- 5 1_ - -- - - 6 ( -llT 


22 18 


cos 1 2 . 7 ; Cf)S Hjt 

~l2 8~, 




258. The Integrals 


(1) (2) 

^ J cos^^r ' J COS^ .i/* • 

Ccosnx J ..V , 

( 3 ) ( 4 ) dx. 

' ' J sin^o? ' J 


In case (1), 


J fcos 7ix 1*2 cos X cos (n — 1 - cos (n — 2 ) x 

”’^~Jcos^'x ””J cos^'a; 

= 2Iji_i p__i - In~2,P’ 

Tn case (2), 

J _ rsin _ f 2 cos X sin(n — 1 )a; - sin(n - 2 )x 

^’^ JCOS^X J COS^'iC 

^ ^ln—i,p—i ^n—2,p • 

For cases ( 3 ) and ( 4 ), let 


In case ( 3 ), 

-J 


y fcosncc , , fvsin 


f - 2 sin X sin {n— 1 )a: + cos(n ~ 2 )x 
''~j sin^'x 

= 


In case ( 4 ), 

T fsinnic , f2 sin cc cos('n — l)x4-sin(7?.—2)cc , 

•fn p ^ 1" • dx^l >- dx 

J sm^a? J Bnx^'x 

= 71 — 2 ,p* 
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The cases (1) and (2), therefore, reduce to lower order 
integrals of the same form. 

The cases ( 3 ) and ( 4 ) reduce to lower order integrals, but in 
each case the forms are partly interchanged. 

I COS 71^ 

—dx we 
cos X 

might as an alternative method express cos nx as a series of 
powers of cos x and integrate each term by methods already 
discussed. 

r sin 

If 71 be odd J be treated similarly by 

expressing mmtx as a series of powers of sin a: and integrating 
each term. 

If n be even sin 7 ix contains a factor cos x, and the integral 
is immediately obtainable; e.(j. 


f sin 4 a; __ f a;( 1 - 2 sin^x) 

J singer sin^a; 


cos x dx 


= f (4«-‘- 8s-i») -1- , 

J dsiirx sinx 


Similar remarks apply in the other cases. 


dx 


259. E^. 1. = 

J COS® a- J cos2.r J cos^ar 

= 2 f dv - f 1^- du:l ~ f f:'« 

L J coHx J coa^x J J cos®.r 
= 4^ (4 cos*.r — 3) dx — 2^(2— sec^o:) dx 

- j (4-SBec^x)dx 

5= 8 ^ — 12.37 — 4.r + 2 tan x — 4.p + 3 tan J7 

= 4 sin 2x ~ 12.PH- 5 tan x ; 


or otherwise, and more readily, without a reduction^ 

/ cos hx J r 16cos^’:27 — 20cosb; + 5cos x , 

—I--- ax 

COS'* X J COB^X 

™ j 18(1 + cos 2x) — 204- 5 sec® x} dx 


~ 4 sin 2a: — 1 2x + 5 tan a:, as before. 
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Ex 


dx 


Q,\y\itXdx 


„ rcoaar , /vs^u4.^' , , f cmsSx 

■ j <'■'••+] Hiu»^ 

L J suiJT J sin-./; J 

+f_2f f "- 3 - dxl 

L J Hin^x J «ni®a: J 

~ — 4 J (cot .v — 4 sin x cos x) dc — sjco 

+ I —a —dx 

J Sin'’./; 

sin^.r . I 

== 16 --12 log sin X - ^ 

2 2sin^./' 

— 8 sin^.r — 12 log sin x — ^ cosec-./; ; 

or otherwise, and more readily, without a reduction^ 

' I ~ 12 siii^ a; + 16 sin'* x 


J SI n ’ X J 


d sin X 


■■ - ^ coscc^ X — 12 log sill j; + 8 sin^ a:, as bolore. 


260 . I ... ,te J, ■. 

J nns tiX' I sin iu) 


CQ^l)X 


J sin^>x‘ 


J ~ f lx — f(1 -- C()s ‘^JYX ) 

” J cos fX J cos J>X 


cos l^X 

— — j*cos px (Ix 4- 7 ^^2 3 








J [oo^yx^Cc, 

” jRin/)x J 


(n-l)p 

_ j^cos”" ^px (1 — vsin'-^px) 


■f 


sinpx 

sin px cos*^-^px dx -j- «/„_2 3 


J _COH^-^pX ^ J 

Also since 

= Jtan pxdx=^ log secpx, 

■?2 = I (sec px - COH px) (lx = - +~ *og (^2^ + 4-)’ 

= Jcot px dx — ^ log sin px, 

= j*(eosec px — sin jm) dx = 4.^ log tan 
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we have 

conpx 


p I _ ax 


snr 

•In 


2n~] jyjQ 


-1 In~-*S 


8 


I 


+ logtan(^J’ + j). 


fsin^^+^pa; j 

V I - - dx - 

^ J cos pa? 




2 n 


2 n -2 


P 


sinpa? ^ 


sin^/)X f^in-px . , 

~~~ 4 ~ -2 +^og®®®P®> 

coH^”-^px cos®””®fja: 

2 ii — 1 in — 3 


+ 


COS'7>2C 

___ 


co8;)a; . , j. 

- j'- -l-logtan^, 


fCOH 


2n+lA 


p 1—;- i^dx = 


cos^^px ^ COH^^~*^pX , 


+ 


cos^ 77 a: . cos^^^a; . , • _ 

- / -I-+logsmi 3 a;. 


2G1. Integration of 

rcos^..x-^ ccospx^ 

J cos qx J sm qx J cos qx J sin qx 


(i) We may regard p, q as integral and prime to each other 

For if j), q be fractional, =— and ~f respectively, let 

H 


be reduced to the forms 


and 


R. 

S' S' 


where S is the l.c'm. of tSj and and /ij, R2 arc integers. 
Leta; = % Then 


f cos, , ^cos/jBa ^cc 

J :.“(#)* Js 


cos 

sin 


(RiV) 


COS 

sin 




■ dy. 


Hence we only need to consider the case where p and q are 
integers. 

The signs of p and q are also immaterial to the discussion. 
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Again, if p and q were not prime to each other, let Cr be 
the G.C.M., and I(‘t^> = Wp^ q~(rq\ and l(d; x — Then 


}Z^G,'x) 


COS, , 


where p' and q' arc prime to each other. 

Therefore we shall need only to consider the case where p, q 
are positive integers, prime to each other 

(ii) Supposing 

Since cos px -f- cos {p — 2 q)x— 2 cos (p — q)x cos qx, 

cos pa;— cos { 'p — 2 q)x = — 2 sin (p--q)x sin qx, 
sin px + sin {p — 2 q)x— 2 sin (p ~-q)x cos qx, 

sin pa; —sin (p — 2 q)x— 2 cos {p—q)x sin qx, 

we have 


*cos px 

^H{n{p-q)x_ 

rco.s(y»-2r/)a;^^^ 

cos qx 

p-q 

) COS qx 


^COH{v-~q)x 


sin qx 

i '-7 

) sin qx 



rHm(jy- 2 q)x, 

COS qx 

p-n 

1 sin qx 


9 sin (p-f/)a: 


\ sm qx 

p-q 

) sin qx 


Hence, by a sufficient number of reductions of this kind, we 
can reduce the integration of 


I sin ^ ' 

sin 


to that of another integral of the same form, say 

I cos 


where P lies between q and —q. 
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Hence we shall introduce no limitation upon our method in 
tlic discussion of bucIj integrals in assuming p < q. 

(iii) We take, tlien, 'p and q positive, integral, prime to each 
other, and p < q. The case p and g, both even, need not be 
considered, being a reducible case as shown. 

Now 


if n be even, 
cos nx — 
if n be odd, 


^ Hirra^- sin-ir 
j SHU a,. 


^ where = (2r - 1) 


sin-ar— sin-o: 

cos nx = cos 11-. 

1 siira^ 


if n be even, 
sin nx = n sina: cos x 


/ sin‘^a,.--sin“a; 

11 * --» 

1 sin-ar 


if n be odd, 


sm^a,. “ sm^a; 

siiina; = nsincr II — . -> 

, siiru;. 


' where 

f 


ar 


Ttt 
n ' 


And where necessary a factor sin-or — sin-x can be written 
as cos^a; - cos^ctr- (See Hobson, Trigonometryy p. 114.) 
Factorizing both numerator and denominator of 


cos 

sin 

cos 

sin 


{px) 


(qx) 


the number of factors in the numerator is less than that in 
tlie denominator, and in all cases the integrand can be thrown 
into partial fractions by the ordinary rules (factors not re¬ 
peated) and expressed in one of the forms, 

A A cos X A sin x 

"sin®a - sin^’ -^sin^a - sin^' ^-'cos^a: — cos^a' 


and the particular fractions 

A sin X A cos x A A 

_ — -- — ■ 01*- 

cos% — 1' 1 — sin^a;’ cos^a; sin*a? 


may occur. 
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(iv) Finally, 


fsin a cos a dx 

J silica — sin% 

fsin a cos x dx 


= taiili~’ 


f sin X cos a dx _ 

J cos2.r - cos^a 

ad 

dx=^ lo^r tan f 
Jcos%—1 2 JI 


/tan x\ 

Vlan a/ 

/sill x\ 

Vsin a/ 

/cos x\ 

Vcos a) ’ 

' r/x~lo<rtan 


(i+i)- 


Hence in all such cases the integration can be performed. 

It is not essential that the numerator should be 

sm ' 

factorized. It might be expanded in powers of cosx or sinx, 
as the case may be. But the factor izaMini is convenient, pre¬ 
sents no difficulty, and as a 7'tde is simpler hi application , as 
it indicates in factorized form the values of the constants 
occurring in the partial fractions. 

262. Ex. Find the integral (/.r. 

° J cos 

Leta; = 6?y. 'J'hen 

, - rcoH 4 y , 1 /‘co 8 4 y J 

di/ and / * r/y —2siny- / - 

J cu.s% J cosSy " y cos 3y 

by the first reduction formula, (Art 261, ii). 


J CDS .i?/ 


cosy dy 




2 cos y 

jjTT r^m^y 


. „ 7 r . „ 7 r 

' .sin -sin - 
h (> 
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I Hin 


M ■“ — n — 


8111*^ , “ sin“v, 
4 () 


TT , , Win;/ 

COSer - , (ailh * •mm.m di m 
h . TT 


So far, obvious arithmetical siinj)litication is ])ostjK)iKHl, so that tli<^ 
geiHual process may Ijc exhibited and made cleai’. 

Simplifying the arithmetic, we shall finally get 

ft ()s ..7 ^^ .t _ ^ / ./ ^2 tanh~^ (2 sin‘J,). 

J cos A.r o \12 4/ \ 0/ 

2()S. Integrals of form 

rcos^7>j* rcos^‘y>.r fsinyx 

J cos;x* ' ’ J sinx* ’ ’ J cos./* ' J sinx ' ’ 
where p and n are integers, n being positive. 

Tli<‘sc are generally integrated as follows: 

First put the power factor in tlie numerator into the form 
of a series of cosines or sines of multiples of 'f)dr, say 

{rpx). 

W(‘ ar(^ then to iiitegrabi^ eacli term, viz. expressions of type 


hy a reduction formula, a case of Art. 2G1 (ii), viz.: 


Tcos 
J cos X 

J sma? 


2 '1'" 

k—\ J cosx ' 

COH (/,■—] )a- fcoH {k2)x , 


;(/,-])a- r 

1-1 +J 


J COS a: k —1 J cos a? 

J Sin a: A:—1 J mnx 

whiclx obviously follow from the trigonometrical formulae 
cos kx -f COS (k—2)x = 2 cos x cos {k—l)x, 


K.I.O. 


B 
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Ex. (^nisi(l(!r / * 

J (*OS.V 

We have, taking 


3.r---^ y 4- J — etc. ~ 2 eon 15.^ + 10 cor O.r +20(*oR^^.^’ 


COS'’’3.?-’1 / (;oK 1 r).r 5 cos O.r 10 cos 3,> 
coa.r 2 *\ cos.r ros.r cos.r 


^cos 1 ru’_ 2 si 11 14.r 2 sin 12.r 2 sin 10./ 

cos.r ^ 1-4 ~ 12 10 


2.sin8.r 2 sin O.r 2 sin 4 r 2sin2.r 

- - 4 -- — . /j* 

8 0 4 2 

2 sin H.r 2 sin O.r 2 sin 4.r 2 sin 2.r 
— - -— 4- j ~ 2 


/ cos° 

CO.« 


1 r2sinl4.r 2sinl2./’ 2sinl0,/’ SsinS.r 


2G4. Integrals of form 


8.sijj0./’ 8 sin 


in 4.'" 12 sin 2./’ ~| 

-^- + -(uj. 


rcos>r^^^. 

J COS qx J sm qx J eos (jx J sin </.r 
% These are dealt Moth in a similar maiioor to tliosi* oT thii 
previous article. 

First expressing the poM^er factor as 

sill ^ 

M^e reduce the integration in each case if) that ol a series of 
terms of type 


cos , . 

• \q^) 

sin ^ ' 


and proceed as explained in Art. 261. 
Ex. Integrate /- 

J co.s 4 ;r 

We have, taking 


2 ® cos® r>.r — yy 4 -- j — etc. ~ 2 cos 25 .r 4-10 cos 1 t)jo 4 - 20 cos 5 .r ; 

. T ^ rr coH2r).r , . rco.sir),r , __ rco.sri.r , n 

2 ^ LJ cos 4 r J cos 4x J cos 4/r J 
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The n^dnetion fornnila 


J COS q:v " P'~q J 


/'cosSrj.r , 2sin 21.v; /’cos 17.?* , 

JUo.4.r dr^-sT'-J 

2 sin 21 .r 2 sin 1 3/r f cos 9.r , 

’=-21 —13 - +jcoH 4,r^’’' 

_ 2 sin 21.2sinl3/c 2sin5.c f cos.r , 
21 13 ^ .5 J cos 4.?: ^ ’ 

r cos Ifu; , _ 2 sin 1 l.c 2 sin 3..c f cos (.r) 
j (!Os4u,‘^ ‘^ 11 3 coh4.c ^ 


COSO.?' 2.sin.r /■cos(-~3.r) 


/ cos 0.7’ 
cos 4.7.' 


1 [“2 sin 21.r 2 sin 13.7' 10sin 11./- 2 sin 5.7* ]0sin3.r 20.sin.7’ 

2^ L—]-1 ^ + ~J, .3 ™ + f— ” 


!' cos .V — o cos ,7.’ + 10 cos 3.7' , f 40 cos® .r — 34 eo.s 


“2^ C(^S .7 


.,=/^ 


3-20 .siller 


. .TT . 2 377 , 

• Sin 2 sin^ (>.r 
n !s 


sin^ - -- sin“.7* sur - - snr.i' 


5 77 . o 377 


. _ 377 . „ 77, 


3 - 20 sin 3 — 20 sin ® 

o o 

, „ 77 . „ . 3:7 . „ 

sin“ — sin^.c sni“-— -- sin-.i' 

O o 


“V r('^ “* win-y V'o.sec ^ tanli 
>x/2LV 8/ 8 . TT 


Q OA ' 

3 - 20 .sin / co.scc 

o / 8 


f008*^5.7’ 

J COS 4.r 


377 , _ sin .7,’ n 

H ‘—37 ’ 

8 J 


1 r 1 1 0 1 i) 

21.7’ ~ /.jWin ]3.r-|-:^ sin 11.7'4-^ sin 5.7' —sin 3.r+lO.sin.c 
8 L21 13 11 • > 3 




3-20 sin“ „ ) cosec tanh"*^ • 


\3 - 20sin® -- ) cosoc tanh 


J sin -t:* 11 

■^1] 
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265. Integrals of form 


, fcos^';/? . f , C j 

~dx, (lx, I . ,, (lx, I ~ dx, 

J x"^ J iJi'^ Jcos^'^* 


J XI 


sin^'x p rsin^'~^.T eosx 

(f/ — 1 (j' --1 j 


__ sin^'x , P rf sin^'-^xcosx) 

(<7~l)x'^“^ </--rL\ (<2 —2)x'^-2 ( 

1 r(;>—l)sin^'-2x(l — sin-'x) —sin^'x 1 

‘''g —2 J —<lxj 

siii^^”^x 

= -(ifZl^qZiyj^r-i [('/-2)Hinx+^« c().sa-] 

Therefore, provided q^ \ or 2, 

(7-1 )(7-2)7j,,,-7)(/>-] )/,,.. 

== [(f/—2)>sinx+2^xcosx]. (A) 

Tliis formula will be found useful in evaluating certain 

/• • i • i ^ Pit {• f X , . , . . _1^ _ 


definite iute<rrals of the form 


(lx, in the case where 


2) < q and where p and q are either both odd or bof-h even 
integers > 2; for in this case the right-hand side vatiishes at 
both limits. We thus liave 

/ i\/ J , 7 / .rsird*“2x, 

( 7 -l)(g- 2 )J^ ^ dx + p-^^ ^_- dx-p{jf>--l)Y - dx = Q, 

where p^q'^2 (see Chap. XXVI.) 

266. In the same way, in the second case, supposing 1 or 2, 
, fcos^’x , CQs^'x p fcos^'~^x sin X , 

cos^'x p rf cos'^"^x sin x) 

{q — l)x^-^ q~~\ Ll {q~2)x^l-^ j 

1 fcos^'x —( 2 > —1) COS^'~^X(l— cos^x) y “I 


■f4' 


vjun' o/ r / ct\ • t 

- (-^1 )(7-_2)i.-i -2) 

(q 1)(^7 2)Ip fj p ( 7 > 1)/p_- 2 . q -2 d“ q ~2 
COS^~^ X 

= —[(7-2)cosa;-7>a:sina:]. (B) 
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267 . Again, in the third caae, 

, ,,-Ax'icoBidc^xdx= - —cosec^'a;-h , |x'^+^cosec^'a;cotx Ja; 

^ J <i + l 7 + lJ 


coHec^'^n —■ 


p r a ?^+2 


+* 11-7 -f- 2 
1 


cosec^'aj cot a; 


- j*a:'?+2 (p cosec^'a; cot-x + c 


cosec^ *+'^a;) 


= (^-+1)(,^ +2) + sin co.sa^] 

J-- fx'?+2r('/> -4-1) coH(i&'‘^^x-—'i) coscc^'a::!^?^^ ; 

(7 + 1)(7 + 2)J 

/. (74-1)(74-2)4.,, -2^ (4- l)Ip+2 ,./+2 +i^ 

cosec^'+^[(7 -h 2) H\nx-\-px cos x]. (C) 

268 . And finally, in the fourth case, 

Ip ^: 1 x'^sec^'a; (lx = sec''a::- -~r \ a::^+hsec''a; tan x dx 

J 7+1 7 + 1 J 

x'/+* p r , , 

= - , ^ sec'’a:-, — —sec' X tan x 

7+1 7 + 1 [.. 7+2 

— «w''x tan^x +sec''+“x) (ZxJ 


x'/+‘Hee''+'x 


[(7 +2) cos X — i>x .sin x] 


(7 + l)(7+2)^-i ' ^ 

+(^ 4 +j];yqr 2 ) j^'''''^[(/'+^)««c''x] dx ; 

-■• (7 + 1)(7+2)^j(, 4'—7'(2' + l)-^i<+2 .'/+2 +V^Ip,HV^ 

= ay^'+ ^sec'' *'^a:j[(7+2) cosx—^^x sinx], (T)) 
It will be seen that formulae (C) and (D) could have been 
derived from (A) and (B) by changing the signs of }) and 7. 

269 . Integrals of formor J.a? sec’*.x* included 

as the case 7™ 1 in Art. 205 , may be treated thus: 


In—\~n ctr=fcOS 
” J COS^'X J 




cosx+(n4-l)x sin x 


coB«+*x jeos””^^ 
sin X 1 1 

"cos”^^x ncos"x 


Jeos^-^^X 'J 


’ l~“COS^X , 

X - ^;i^dx 

COS^"'’^X 


Mxr “I” ^ ) (■^n+2 I A' 
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Therefore 

, na; sin a? “COS a? , ^ 

r __ sin a: -cos a? \ ^ r . 

~ n'(K-Fl) FFi* ■^■«+ f ^ ’ 
or, changing n to n - 2 , 

j __ [n -- 2 )X sin x — cos x n — 2 ^ 
“ (n “ 1 ) (n “ 2 ) cos»~ia; w -1 ^ 


/o = Ja? sec^a:; dx = x tan x -f log cos x 

and 

2 ^ = Jcc sec X (lx —X log tan ^^ j*(4 ^ 

Thus, /^, 7 ^, ...can be readily written down. 

But /.j, Zg, Zy, ... ultimately connect with Jlog tan^^+f^^/^, 
which is not expressible in finite terms as an indefinite integral. 

270. Similarly, if= or dx, 

we have 


Z„ = sin X . V — “1"“ 


= (— cos x) 


sin x--{n + 1 )a? cos x , 


I \ ^ , f 7 / . i\f l“«in 2 a 

= (— cos x) ,—h I “T—rp- oa; —(/i, + 1) I x - 

V 'sin”+^x Jsin^+^x ' 'J sin^^+-^x 

_ COSX 1 1 i. a\\,T 7 \. 

^sin^'^^x n sin^x ’ 

, . . V T cos X 4- sin x . ^ 

••• + - + 


or, changing n to n—2, 

j _ (n— 2) xcosx +sinx Uj— 2 , 

(n“l)(?^—2)8in”~^x ^“1 . 

Noting that 

I., — Jx coseC“X (lx = —X cot x + log sin x 
and 1 1 = j*x cosec xdx = x log tan |—Jlog tan ? dx, 
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it is c1e«ar tluit 1^, ••• successively written down, but 

that /y, /r,,..*, whicli connect witli Jlog tan ^ dir, cannot be 

expressed hi finite terms as an indefinite integral. 

It is also obvious that tliese formulae (1) and {'!) could be 
reproduced by taking 

(/t--2)x sin X—cos X , ,, (a — 2)x cos x-f-sin x 

- , — and - . , — — 

cos^'~^x sin^*“^x 

respectively, difierontiating, and rearranging the terms. 


271. Reduction formula for 


= 1 , .— —- d.r, 


H, being integral. 

L(ifc 11 —{\ -a:-)(l--/-a'-), and put = 

Then + - 


^2n—4 


=-[(2«-:5){] -(1 + + + 

\ Jx 

= L(27. - - 2 («. - 1 )(1 + + (2., -1 )k^x*] 

11 

.y.2n-2 

He.icc /> = {27/-:i)/„_,-2(//- l)(l +k^I„_, + {2n-l)kU,„ 
a: 2 n \/R n-\ (1+F“). _2n-ii 1 

” (2)r--“i)//-*''"“2Vi-I 7,;-" 2u-l'/.-^ 

[Serret, p. 44, Tom. ii., Cidc. Id(f\ H Inte(jral.^ 

By successive reduction 7,^ may be made to depend upon Iq 
and by putting in succession /^~2, 3, 4,...; and K K 
which are respectively 


j* dx , f x-(/x 

are the integrals known as Legendrian Elliptic Integrals, 
and discussed lat(u*. 

When >? = 1, led^ == x~^ sjR ~\-, 

jR 


i.e. 




X 
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When r^ = (), Z-/o== “^"^^^'^ + ’2(1 

iind putting successively 7 ?,= —], —2, etc., wo can calculate 
/._ 2 , /_ 3 , etc., in terms of Jq aii<l 


272. Obviously, if we ]>ut a; = sind, 


/ = 

and the same reduction formula applies. 

rpi j f sin-”t)^7r) , , f cosec“”d(^0 

J^/f —k- sin^ti J ^/l — A:- siii^t) 

can botli bo connected linearly with 


iv'i- 


de 


' V r —sin^C 
and the latter Ixnng 

do 


and 


r siird^/d 

J \ d —/r- sin'-^d’ 


If M 1 f r>--2 

A;- J j /;2 si 112 () k- J 


sin‘^d d(\ 


we liave conn(‘ct(Ml <‘ach of and with 

do 

sin^d 


iv'l 


ai k1 j* sA 1 ““ k'^ s i n ^ tb/f 


27d. Instead of starting with P we miohi huA e 

proct'eded to form the connection reijuired by means of 
integration by parts, which presents no difficulty. 

Thus J?=-(l-~a;2)(l--A:2x2), 

-f= -2(l4-e)a; + 4yi:2a:3 

(L'X 
^2ti — 3 

Multiply by - , and integrate 

Jv If 


(IJl 

Hjt dx 


dx~ 


-(] -\~k^)f „_i + 2A:“/„. 




iJ/r. • 
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=x^"-V/e - (2«-3)[/„_,-( 1+/c^) + m,:\, 

ie. x^-\fR = {2n~- 1 )^:i=/„-2(w-l)(l -| -fc-)Z„_,-|-(‘2H-;5)/„_,, 
the r<‘sult already obtained. 


274, Reduction formula for 


i.c. 

wlieiH' 

Let 




dx 


j- <m 

J (I -\-a 

x~ .sin 

(J - /A’^), as before; then 


1 dll 


2 dx 




I'llt - . 

(l+axT-‘ 

Tlicu 

Ip X dli 

(IP " 2 {:n-\)(u-“-X'R 

dx'^ (I” (l+ax-)" 

(1 -1^ «x2)| (1 - ,r-)(l — A-X“) —(1 -f- lr-)x~ + 

. __ 

(I -f aa;^j’‘N//ii: 

(I -{- (IX-) i 1 - 2 (1 + - 2 (w -■ 1 )iu-^{ 1 -x2) (I - r-x^) 

. (T+ax2)'v'A> 

A +ii(l+rtx2) + e(l +axy + D0 +(ix^f 


{{-yaxYs^P 


SilJ^ 


W’licre .^+B + 6'+ /)=!, 

«/i4-2aG-l-3rtX>==rt—‘2(1 +Jc^) — 2(n —l)a, 

aaC+:3a®J9 = ;5P-2a(H-Z;'^) + 2(« - 1),,(I +X;2), 
a»Z)=3i'%-2(n-l)«Z-2; 

whence we obtain 

aM = ( 2 m— 2 )(a+l)(a+^*)> 
«27Z=-(2M-3)[«(ffl4-2) + (2a+3)7.’®], 
a^C= (2n-4)[rt + (a+3)Z:8], 
a*D=-(2M-5)Z:* 
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Then P== + + 

and In is connected with three integrals oi‘ tlie same form, but 
lower order. Also, the formula is true whether n is positive 
or negative. 

/ -f_ * 

” Js/| 


Now 


v'(l -x2)( r-lA'^;2)’ 

and is Legendre’s hnst elliptic integral (Cliaps. XI. and XXXI.). 
j* (lx 

' J {r+ aj^) (r^ jc^^) ’ 


h- 




(lx 


and is Legendi-e’s third elliptic integral; and 
1 


1 :^ 


-krx-) /‘’“J vl -x- 


and those are, respectively, Legendre’s first and second (iiliptic 
integrals. 

These integrals 7^, /j, /_i are therefore all known. Their 
properties will Ixi discussed iji the pro})er place. We thus 
have a means of connecting with them for any integral 
value of n, positive or negative. 

The same reduction formula obviously must liold for 


r dO 

J ( I 4-a sin2f^)^^v/l - 7*^ sin^f/ 

vvhicli is only another form of the same integral. 


EXAMPLES. 

1. If X^ax'^ ■\-h, obtain reduction formulae for the integral 

CQ>r 

q ^ 1 p forms, 

(i) +7>?v«.'/ 

(ii) A'n^^ ^ + II - 0, 

where A^ B, A\ I> are constants and P, R are algebraic functions 
of a;. [Math. Tair., 1896] 
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2. Prove that 


(a) J cos^” (/> diji == tan cos^”(^ + ~ j* f/) d<i>^ 

[Trinity, 1891.] 

(/>) j* sec“'‘+^ </> <if/> ^ tan <j^) sec‘"'"~^ <^ + j* sec^’*""^ </> <7c/>, 


3. Prove that 


[L 0. S., 1886.] 


r ?!*±? T *2>W 4- 1 r 2n^l 

J(rt 2 + » 2 ) 2 “ + 2 «+ 2 ® J 

[I. C. S., 1886.] 

4. Investigate a formula of reduction applicable to 

1 

where m> and n arc positive integers, and complete the integration 
if m =-■ 5, n-^7, [St. John’s CJoll., 1881.] 

f ao fZ'jT S 


},{a^ + xr’' 

6. Investi<xate formulae of reduction for 


[R. P.] 


r d.r _ 

{x^ + <i-y 


( x^ 

rr—v 

J (a" 4" 

(e) ( 


(h) 

{d) f- - — ^^dx. 


if) 


^ 1 

+ ar) “ dXj 


7, Investigate a formula of reduction for 


and obtain the value of 1) Klx, 

J [ConLEGKs, Camb.] 

7, Investigate a formula of reduction for 

1 Tit 

J(1 -a;2)t 

and by means of this integral show that 

1 1 1 1.3 1 1.3.5 1 

+ 2 ^ 2 ’ 2?i + 4 ^ 2.4 ‘ + 6 2.4.6 ’ 2n 4- 8 *** ' 

2.4.6...271 
’'3.5.7...(2» + I)* 

Sum also the series 

1 1 1 1.3 1 1.3.5 1 . 

2« + l'''2' 2n + 3''’2.~4 ■ 2« + 5'‘'2.4.6'2)t + 7'^’‘' “ 

[Math. Trip., 1897.] 
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8. Find ix redaction formula for 


p ir^dx 

}is/x~l' 


Show that 

2.4 . G ... 2n 
3.5.7 ...'(-'a + J) 


, 1 1.3 . 1.3...(2n-l) 

2 2,4 2.4 ... 2?^ 


where a^, rr.,, ... are the binomial coefficients. [St. John’s, 1880.J 


i). Prove that if u, 


■jf 

I sin-”..Cf/./;, 

Jo 


and deduce 


j'ri,,*., 


10. Prove that 


■n~l 




= -■} 


2 "^Mw 7 i(v - \) 71 (u ~ [){n. - 2 ) 

(2 ?i- l)(2u-3)... 3 TT 

[Math. Tkip., 1878.] 


]„■ Vl+*’^' 2.4.6 


(2y;^-J) TT 2.4.6... 2///. 1 

..,2/a 4 3.5.7... 2/a -f 1 ’ 2 * 


11. Find a reduction formula for 

j* cos”x dx, 

where a is a positive integer, and evaluate 

COS'* ic dir. 

12. Find formulae of reduction for 

( 1 ) ^x''m\xdx^ 

(2) Je^^sirPiKdx. 

Deduce from the latter a formula of reduction for 


[Oxford, 1S89.J 


I cos iix siif dx. 


[CoiinBOBS7, 1890.] 
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13. Show that 

{m + n){m + n - 2)j*sin’" 6 cos" 0dO 

= (m - 1) 0 cos "0 -{n-l) sin ”*"^0 cos ”+^0 
+ ~ 1) (rt ~ 1) Jsin ”"""0 cos ”~0 dO. 

[Trtn. Coll. Camu., 1889.] 

14. Show that 

2”" j*cos mx cos’'*.?: dx 

^ sin 2 j- 7//(7a--1) sin 4a: sin 27y/a: 

+ ^ + 2 + 1.2 +...+-2y. ’ 

where m is a positive integer. [Coli.kgks a, 188r».] 

If). Show that 

Jo (4/a- 1)(*U/?. - 3) ... (2/// + 1) 

7)1 being a positive integer. [Oxforj>, 1889.] 

13. Evaluate the integral J c~cos”* 
w being a positive integer. 

17. Prove that if 

j*cos’".r sin nxdxy 

(w + 1l) I,n, n=^- ~ cos”' X CO.S nx -I n-l 


188(1.] 


and 


18. If 


prove that 


1 /2 2 “ 23 2 ^”\ 

1 Q.os”^x mMixdx^ 

Jo 


1 in 

n^r, u = —+ *7 , - ■ 'I'n.-i. «-i 


[Rkrtrand.] 


m E n in + n 

Hence find the value, when m is a positive integer, of 


f; 


cos’"a: sin 2???^. 


[7, 1887.] 


19. If 


4«.« ^ Jcos”*;r cos nx dx^ 
j coB^nx d /cos”*ir \ ni (ni - I) 

" 7/1“ - 7/- dx \COS nx) ^ 711^ - 7/3 " *' 


prove that 



270 


CHAPTER Vn. 


and show that 


VI- — n- 




20. Prove that 


TT 

J cos”.c 


; (lx = 


2n.H » 


V hoing a positive integer. [Bertrand.] 

21. If 7/? and n 1)c positive integers, and if vi-\-n be even, prove that 

7il ! 




cos’" 0 cos nO do = 


~~2~- i 2 ‘ 


22. .f|= 


[CoLLEOES, 1882.] 

cos’”:r cos7?2.r</a- bo denoted by /(w, n), show that 


/(m^ n) - - /(•?/?. - 1, 7/ 4-1) - f{)n - - 1, n- 1). 

^ ^ Vi-nr ^ ^ 7714- 7? ’ ' 

[Oxford, 1890.] 

23. Prove that if n be a positive integer, greater than unity, 

jr 

Jo 71 ■ 1 [Oxford!. ]^, 1 S 80 .J 

24. If cosec’br^/ir, prove that 

{n - 1 )(71 - 'l)u,n,n -- {n - - 1)7<,;,^„ 

- sin X + {n — 2) x cos ;r j cosec x. 

[Math. Trip., 1896.] 

25. If 




^-xy^n-l iQg ^ ^ 


26. Show that if 




prove that </j (77 + 2) - (277 + 1) </>(77 + 1) + 7t- c/> ( 77 ) ~ 0. 

[R. P., St. JoifN’s Coll., 1881 .] 

‘ x^^'eP^'dx 

)J\~X 

2 Un^i + (277 - 1) - 277 Un-I = 0. [CoLLK(3ES /3, 1887. ] 

2 7. Prove that if 4> (m) ^ J (a;*"* + 3aa? + c)~ ^ 

then (2777 - 1) </> (777) + 3a ( 2m - 3) (771 - 2) + (2r77 - 4) r. </> (777 - 3) 

= 2 *»»-*(a :3 + 3 aa: + (;)i [Trinity, 1886 .] 


28. If 


n 


f>-nx cos^ dXy 


prove that (rn^+ n-)um=^m(m- l)Uw -2 + »^- [Oxford I.P.,1900.] 
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on 1> i -L- I sin^'^Xflr 

29. Prove that jf I- 

Jo (1 -Fsin2;;;y- 

thcn (m ~ 1 )~ (m. - 2)(1 + P )+ {m - 3) -= 0. 

[Tkinity, 1S9().] 

30. Obtain a, reduction formula for the integral 

1„ J(^ cos^ + 2/i .sin 0 cos 0 4- h sin^ dO 

in tlie form 

2 {n + 1) {ah - 7/2) - (2n + 1) (n + />) i,,,, -f 27 i/, 

^ _ L 

'In IMatif. Tru*., 1898,.I 

Qi Ql < f“ 8-8/^'2 4 3^;4 ^ 

31. Show that ---—2 -' Vr’ 

}i,{l-~eHui^4>f (\-.e2y2 lb 

e ])cing less than unity. [St. John’s Coll., i885.] 

32. If 7,:- 

J sin 


_# 

Jo(i -~<^^si 


e ])cing less than unity. 

32. If 7 


j)rovc that {it - I ){/,j - Jn~‘ 2 ) ~ ^ sin (?i - l);r, 

and hence tljat 


TT 

r- sin n.r tt 

Jo sin.K ‘J’ 


if 'll 1)0 odd, 

1 1 1 1 , , 


if 71 be even. 


33. If A" s; a + krj^ + cx^''' and /,n,p^ JA"^' dx^ 
prove the existence of reduction formulae of the nature of 


(i) 

~ ^7 fj/^p 4 

4 > 

(ii) 

~ -‘ f.j /yti p 4 p 

4 (^ 21 ^ 1 —‘ 2 ^ 1 , 2>) 

(iii) 

~ d" B^Ini^n,p~- 

1 "b C^I‘fn^2n,p—] 

(iv) 9 ;“'+ly\> 

— "b 

“b C ) n^ri p ~\ 

(v) X '"~" 

^ ^ n,p "b hj^Im~-n,p 

■b 1 

and find the values of the fifteen constants. 


34. Show that 

r (lx 

j {a 4 hx^ 4 



can bo reduced to the integration of 


4 bx^ 4 f 


1 4 bx^ 4 c.t^ 


(b>0, b^>4ac), 


w • jr 

and integrate these expressions; jfi being integral. [Bkrt( 
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r 

35. Show tlmt, if J(lo,r~ry« 


(m - 1) «m,» = - (”1“ + (»« + 1) «-l • 


[Oxroiin, 1. P., 1889.] 


30. Find reduction formulae for 


37. If I„ 


(xPUlx 

iW’ 


(a) Jtanh"irrZ.r; 

(^) [Ac 

(.) f__ 

where + show that 


aml,n + (2?/i - + (m - l)r/„,„o=r 1S91.] 

38. Establish a reduction formula for 

'' J(y/.<-+/;)V.v’ 

where A'^ (cr^ + h.r^ + r, in the form 


showing that 


{JW+1^'^ ■■=■ + 'Y«-2 + 

t 

A..- {2n~2)~(A^c- ABI>+ 7?%), 

/X =--. - (2» - 3) - (J^c - 2AJJI) + SIBu), 
-(2n~4)-j.^(Ab-3Ila), j 


^^-(2u-5}^-,a. 


3^. Show that, if 


sin’” 6 cos nOdO^ J ^,^ f sin’” 6 sin nOdO, 
k ’ Jo ’Jo 

^7n---uii+i^ ^7n,ni fw—i.n+i” 


wherX^^ is a positive integer; and point out how these results can 
be values of 7„,.n Jm,n^ [C. ihog.J 
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40. If T 1)6 a function of x such that 


= A + 3/;?’+ scr*+ DT^, 


prove that 

^ / 1 dT 
dx 


( 1 dT\ {n^\)A 3,^^, B 
~dx ) 2 

,(?i-2)U {2n-5)D 

Apply the result to investigate a reduction formula for 

II 


Cdx 

\w 


By a consideration of the case where D~0 (or in any 

other way), obtain a reduction formula for 

f dx 

0 


) (a + 2hx + cx^y^' 


[I. C. S., 1897.] 


41. Prove that 

where n is a positive integer. 

x^^{(b - x){x - a)}'’^dxy 


[Colleges a, 1890.] 


42. If 


show that 2mi,n = (2w - 1) (a + i) w,i«, - 2 - 1) ahun -2 • 

[OxFoun I. Pub., 1912.] 

43. By applying the substitution x — acos^S-^'hsin^O (or other¬ 
wise), prove that the definite integral 

x^^dx 

aj{x - a){h-x?} 

is a rational integral function of a and b when n is an integer; and 
evaluate it when n==3. [Oxf. I. P., 1913.] 


44. If 


fcos 2'njx j 

^hl = 1 - . y - dx, 

J Slip® 


obtain a formula of reduction connecting and Wn-i. 

Hence, or otherwise, evaluate 

« 

f- iio^2mx 


sin^a; 

TT 


• dx, 


where is a positive integer and ^>x>0. 

Consider the case when the lower limit is negative. 

[Oxf. I. P., 1915.] 

». 1 . 0 . 9 
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45. By multiplying the inequality 1 >2sinjr-sin^jr by 
and by and integrating between 0 and i^r, show that 


r(47i + 3)(2?^ -f 1 ) TT'^ 

iV 2.4...2n 

f 271 (2n 4* 1) ^ 

i 47d- -f 4 2 j 

r ^1.3...(271-1)^1 

L 4»4-1 ■’'/ ' 


[Math. Trip. L, 1915 .] 

46. The expression 

-?——- _ n _ sin^ 6)^, 

(l-asinW)^ 

where l>a>0, is expanded in ascending powers of a, and the co¬ 
efficient of a" is denoted by Prove that 


u,i,d0==0. 


[Math. Trip. L, 1916.] 


47. If 


Csm{2n-\)x ^ 

’“~J sin a; ’""J sin^* 


prove the reduction formulae 

^ (^n+i ^ ^ fiifi 2wiC, — Vfi = ^ 

and show that if Vn be taken between the limits 0 and |ir, its value 
is where n is an integer. [Math. Trip. I., 1914.] 

48. If Xr^cos-(l>/a^+ 8in^<t>/b^f find 

and prove that J ^ — Trab { 3 + M) + 2a'^b ^} /16, 

and that f 

Jo 2 ^(l_e2)^ [e, 1883.] 

49. If Jsin”‘a'.(a-i-^> cosa:)““(^a;, prove that U„ can be calcu¬ 
lated by means of a reduction formula of the nature 

AU„ + BU^_i 4- = 8in”*^^ic(a-f h cos; 

and determine the constants A, C, 

nr\ 1) 4 . 1 . 4 - f* 2n! TT 

50. Prove that I ^-^x 7 = -*7 — , v~ m 

where A denotes 4(a2 - c^) and is supposed positive. 


[e, 1883.] 


[Trik., 1887.] 
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FORM 


^F{x,jR)dx, 


WHERE R IS QUADRATIC. 


275. The integration of expressions of the type 

dx 

XjY 

can be effected in all cases for which X and F are rational 
integral algebraic expressions of degree not greater than the 
second. 

There are four Cases : 

L X and F, both linear. 

II. X quadratic, F linear./ 

III. X linear, F quadratic. 

IV. X quadratic, F quadratic. 

F 

The general substitution “y ~ effect the Integra- 


Putv/F= 2 /. 
1 


PutX = 


y 


Put ^ = y or 7/^ 


tion in all cases. But the simpler substitutions noted, viz.: 
JY — y in Cases I. and II. 


and 


A = - in Case III., are better. 

y 


Case IV., in which we employ the substitution 
Y 

or 2/-, 

is much more troublesome, but includes the previous ones. 
We shall, in all cases, assume the radical sj F to be real, 
276, Case I. X linear, F linear. 


Let I i 


f dx _ 

}{ajxXh)\/px+(i’ 


275 
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Putting JY^J — 

pdx j 
=dy 

2s/px + q 

and ax + 6 == ~ ^q) + b. 

Thus I becomes 2 f— 5 —, 
]a\f--aq + bp 

which being of the standard form 
is immediately integrable, viz.: 


- ^ tan-i‘' 


or-c coth~* r I 

ttX X 


according as 


,3 is positive or negative, 


tan-i 

Ja{hp—aq) Jhp-^aq 

_coth-^ , 

^u{uq—hpj ^aq—bp 




'a p x 4 - q 
p y ax+ b 

la [j^Jl 
Sp^a^+b' 


with other forms, the real one to be chosen in each case. 

277. Another Method. 

The last form shows how the factors of tlie integrand are 
involved in the result of integration, and indicates that the 

substitution — 4 “ f = mentioned above as the general sub- 
ax-{-b ^ ^ 

stitution would have led directly to this result. 

If we elect to proceed in this way, viz. putting = 

we have 


\px-j-q ax+b, 


I dx — 2 


" (cLX-{'b){px-j-q) hp—aq y 


2 ^ 
aq—hp y* 
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Now „d or 

'n^av^ ^ ^ p-ay^ av^-^v 


p-ay^ 

When bp - aq m positive, 


ay^-p 


f_ ^ _ 2 [ * cZy 

J(a^r + Z>)^/p^c4-g' JVp 


or oDicr forma. 

When hp~aq is negative, 
f _ dx _ 


-sja{hp--aq)^ ^P^y2 


({ix-\-h)J2>^-hq s/aq- bp -p 


s/a{aq — bp) 


\la{aq — bp) 


sinh-> 


- v/aT«7-^) ^ P 

or other forms, the real form to be chosen in each case. 


278. Illustrative Examples. 

Ex. 1. Integrate I~ f- - 

® J(2.'/7 + 3)N/4.r + 5 

^ , - - 2dv 

Put ^/ST5=y; = 


\/4.r + 5 “y; 


•■• /=/y^=tan-‘v'4UT6. 
Again, if we put 2 ^=^, = 


-sin-‘-^Jl£±®, 
V2 Var+3 
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which is the same as before, but exhibits the result a function of both 
the factors of the integrand. 


Ex. 2. Integrate 


Ha- 


ds 

(1 —^ 
dx 


= — ^di/ ; 


/=_2r-^t=_r( 1 1 

, ?/ + l , . 

— log —- = log . -, or otlier forms. 

279. An Extension. 

The same substitution, viz. will suffice for the 

integration of c^(x)ax 


r0(:r) (ix 

J .i V i ' ’ 


where X, F are both linear and ^{x) is any rational integral 
algebraic function of x. 

For if Y^px -f g = 2/2 ^ p dx — ^y dy \ 


f (f>(x)dx 
{ax-{-h)\/px +q 


J 




p \ . 

- aq + op ’ 


/ 2 

and if be expanded in descending powers of y^ and 

then divided by ay‘^ -f {hp — <^q) till the remainder is independent 
of y, we have to integrate with regard to y an expression 
of form 

n being the degree of (j){x) in x\ and each term is at once 
integrable, after which operation y is to be written back as 


280. Ex, Integrate 


” a^dx 
(.r — 1)V^4-2 


Writing \/xT2—y, we have 2</y and —2, so that 

division. 
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Thus 


1= / (y* - 5/+- 5 + ^rs) 

='1^-/ + 3y-6y-JgCOth-^ 

- < f + {(j + 2)3-7 (x + 2f + 2l (x + 2) - 35} - coth-^ 


j. 2sl.v + ^, , 2 . K Tov . 1 1 \/^r4-2--\/3 

" v/3 ^v/^• + 2 + V3 

if the logarithmic form be preferred. 


281. Forms reducible to Case I. 

The student should note the variety of forms reducible to 
the case considered, viz. X linear, Y linear, by a proper sub¬ 
stitution. For example, 


(1)/ 

( 2 ) j 


Bin OdO 


{a cos 0-{'h)\Jp cos O^q 

n/coscc 8d0 
(acos 6^+6sin 8)^'p cos ^ain 6^ 


put C()S 0 = a'y i.a. d — cos-^ x. 
put cot 6y==i'r, i,e. ^=cot"^A’. 


(3) / 

(4) / 


_ cos BdQ _ 

{a eos^ 8-\-h siu^ 8) \Jp coX8-\-q sin*'^ 8^ 

L cos 8 -f sin 8 d8 

(a coH^ 8-h b mii^ 8) y/p coh^ 8 + qsin‘^ 8' 



dx 

( ae* 4- her^) s /-f qer-* ’ 


">/ji 


dx 


X log (ax^) \flog (cj^y 

(7) f_ ^... . 

J (ax-\-l})^x{px + qy 


pu t cot ^8 — X, i. e, 0 — COt“^ \!x, 

separate into two integrals, 
put cot*^ —.r in one and 
tan-^y—y in the other. 

put — i.e. x~^\ogp. 


put log.r=y, t.e. x~e^. 

^ 1 
put x=^-, 

^ y 


etc. 


1+2 cos* 8 


sin 8 


282. Ex. Integrate 

^ / (1 +12 cos^ ^)n/i + 3 cos® 8 ^ 

Puttan®^=y; "^tixn 8mQ^$d8~dy \ 


d8. 


I 


/ (sec 


_ sec*^ + 2 _ 

(8ec®6>+ 12)^/8ec®^+3 
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Now put Vy + 4 =2 ; 

'2*-62‘ + U 


... r.f. 


z‘^ + 9 




y=:2®-4, dy~2zdz'y 


= ™—152 + ~~tan where£; = \/?/+4 = \/tan^^ + 4 ; 


.-. I 


^ 15(tan2 6;+4)^ + ^nan - 

(?gS ! |±3) ^15 (sec»t;+3)4+ 

283. Case IT. X quadratic, Y linear. 

Mx + N 


3 


Let I^\ 


^dx, M and iV being constants. 


I {ax^+bx + c) \/px -\-q 
The terms Mx + N now existent in the numerator do not 
introduce any difficulty and make the result more general. 

The same substitution being made, viz. s/Y — we put 

s^5+i-j,; ... 

nx--{-bx + c reduces to the form Ay^By^’i-G 
and Mx + N reduces to the form + 

Thus / takes the form - dy. 

2^]Ay^+Bif+C ^ 

M'v^+N' 

Now - 7 - i ; o . can be thrown into partial fractions 
Ay^ + By^+G ^ 

of the form Xiy + M 

(^y^+^y+y ay^+/3'y + y 

and each portion is integrable by earlier rules (Arts. 155 
and 156). 

284. Extension. 

Further, it is evident that the same substitution will effect 
<f>{x)(^ -where <f>{x) is any 


the integration J— 


]{(ix^ + hx 4- c)sjpx + q' 
rational integral algebraic function of x. For when px+q:=^ t/^, 


%.e. 


._y ^q 


and 


dx 


<f>(x) 


ax^+bx+c 


P J^ + q P 

reduces to the form 


dy. 


Aoy^«+A,y^«-^+A^,y^«-*+...+A^ 

Ay*+liy^+a 
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where ii is tlie degree of </>(x) in x; and therefoi-e, by division 
and our rules for partial fractions the integrand may be 
expressed as 

p /.y2n~6 i p i__ \ __ 

and each term is integrable. 


{ f{i{x) (lx 

x(^) x/^xc+g' ’ 


where <l> and )( are any rational integral algebraic functions of 
X, may now be seen to be integrable by the same substitution, 
for it becomes 


k‘^) 


and ilio iKjw integrand can be expressed by partial fraction 
methods (Art. 152, etc.) in the form 

vgj,,r , V-^- 4-V- -4- V__ 

^ ^y-a^^{!/-$r^^Ay^+By + C 

, v—_ K 'lLtk. _ 

^{Ay+B'y+ay> 

and integrals of the expressions of the first four terms can be 
obtained by the rules given before, and the integral of the 
last by aid of the reduction formula established in Art. 238. 

r .r +2 

285. Ex. 1. Integrato I - di\ 

Putting + i~y, we have 

and */ = /(yVyTi 


2?/+l , 2 i2//~l 

s/s s/*d s/Z 


- tan-^ \/3 




Ex. 2. Integrate 


Vi-'''+aa.'+3 
itegrate /=J 


^.■2-5.r~37 


/.V - 1 —y ; 


~ 2di/ and .v — 1 ; 
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/=9 f(l +,yy- 5 (I +/)-37 
J (l+y“)“- 7 (T+y ^)-30 

^ J ^4 _ f;„2 _ -V 


d?y 


yi - — 36 

> r ;/- 3 // 2-41 

V 0? 


(yH4)(/^~9) 


cf/y 


-2/(i+3^+;5^)4/ 


ty 2 

' 2 -r" 

= 2>/^’- ] 4-taij~^- 


= 2y + tan-^l - ~ coth“^| 


|coth-it^!k£^ 


286. Forms reducible to Case II. 

The student should again note the varict}^ of forms which 
may be brought under the foregoing rule by suitable substitu¬ 


tions and integrated. 


Thus 


Vain 0 dB 


put 


/-5 

J acos^ 


(a coa^ 4-6ain (9 cua B-hc sin- B)s/p cos B^q sin B^ 

A>/sinB + B\/c^B _separate into two 

intee^rals. Use 
^ = (‘ot"£r in the 
one and 

0= tan“\?/ 
in the other. 


B'hbainB cos B -f c sin‘^ B s^p cos O-^-qam B^ 


(3) j 

(4) j 

( 6 ) 


A Vainh .r-f //\/cosh . 


dx 


a cosh''*.r-f-6Binh.rcosh.r4-c8inh‘'^.r Vpcosh j; + ry sinli.V 
J. Vsin.r-f-^Vcosa: 


A + /i cos 2x 4- V sin 2x \!p cos jr 4- o' sin .tr ’ 
^\/sin.r4-^\/cos:r_ 


4-6 cos (2jr4'a) Vcos(.r4-/J) 


287. Case III. A" linear, Y quadratic. 
The proper substitution is now ^ — 

^~\(ax+b)J^3. 


similarly, 
from (2). 
from (4). 


Let 


DX^-\-qx-\-r 


Putting aa:+6 = -, we have, by logarithmic difTerentiation, 
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and px^+^x+r^f-Q^-b)\l{l--b) + r, 

i.e. ofform 4t±l^M±^. 

Hence the integral has been reduced to the known form 

If dy 

^ a]jAy^:^YByT0' 

wliich lias been discussed in Art. 80. 


Ex. Integrate 


. r _ dx 


Let .r- 1 \ and therefore == 

r *^-1 .y 


W{‘+iy-<»+.^)+2 


- eos“i'2±-? 

iVl— 2v — J nAj -(v/-f 1 )2 


(.r-7)72* 


288. Forms reducible to Case III. 


Again we note the varieties of integrals which may be 
reduced tfj the present form by a suitable transformation, 
for instance: 


sin 9d0 ^ ^ 

- ^- DUt COS U — X, 

{a cos ^4-6 )v/?cos^^+5'co8 0+r 

• _ dO _ put cot (9= r 

{a cos 0'\^h sin 6)^lp cos-^ + g si n cos sin-^ 0 

■- . ..- ., p„tcot»d=^. 

{a cos^ 0-\-b sin^ 0)*Jp cos* d-\-q sin- $ cos^ ^ -f- g sin* 6^ 


r_sin Odd _ 

J (a coa 0-{-b)^pco&^d^qcoB 0-i 

(2) f -^------f 

J (a cos O'^b sin 6)\/p coa^ 0-i-qa\ 

. . f _ ^cos 

J (a coa^$+baui^'0)fs/p cos*6^H-^s 

(4) f _^ _ 

J .r(a.r’*+ bar^)^Jp.T^ + 3^+ 

(5) f_ 

J cos(^+a)\^a4-^cos2(^+^ 


put x^~y. 


from (2) 
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289. Remarks. 

It will now appear that any integration of tlic form 

(j> (x) dx 

ox^-{-qx-}-r 


f 

]{ax+h)Jp 2 


can be effected, being any rational integral algebraic 

function of x. For by division we can express 
- ax-j-n 

form 

M 

AiX^ ^-f-+ + 

where n is the degree of (/>(x) in x, 

AiX^~^-h ... 

is the quotient, and M the remainder independent of x. 

We have thus reduced tlie process to the integration of a 
number of terms of the class 

Ex ^dx 
'px^A-q^A-r 


and one of the class 


\jp 


Mdx 


J (ax A-b)Jpx^ -f q'x> A- r 

The latter has been discussed in Art. 287, and integrals 
of the former class may be obtained l)y the reduction formula 
of Arb. 240, viz. 

x^-\/px^A-qx + r = (m -1) r/,„ _2 H- 2 , 

x^^ dx 


/^standing for 
that is, 




+ qx+r 


I =£(;’«-> ■Jpx^+ qx + r_ 2m — 1 qj _ m- 1 r , 
"* mp 2m p m p 


Ex. Integrate 
By division 


1^ f 

J (.7;+l)v!r^+l 


1 .r+l 


. f/ _ •f_ _^ ^ 2 

C x^dx 
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Then 


/o- 

I\ “ Ij- X ) 

'C sj 1 1 

l 2 ~'—~~y — ly by the reduction formula (m=2), 

2i 

J 2 , 2 tt-y 

4=— 3 ^ - 3 /.= 3 -.jVTr^ + l, 


.r^v/.r“+l 3 , .r'\Ar-+l 3 1 


dx 


and for the hint part of the inte^^ral, viz. 2 fc 


dx __ di/ ^ 


. f ___ r 1 __ f dy 

J (.r + 1) s/.r- + 1 “ J ^ +1 ^ ~ + 1 

“ ““/ [T~—f ‘J —r“ “ " 7 ‘ (2?/-1) 


= --i siiili-^ —--. 
^/2 l+^^‘ 


Thus 


/=//+/ +2 [— ^ — 
J(.r+l)V.r'‘^+I 


.r-V.--"+l .•-■ 2 */.-“ +11 /-^^2 ,-.r^ 

= -.- 5 -(-S'*’VJ.’“+H-„V.r -+1 

4 »5 O o 

~ ^ sinh-br - ^2 sinh"^ 

290. Extension. 

Further, we arc now in a position to effect any inteojration 
of the form 

^^(x) dx 

Jx(^y \^^-\-qx+r' 

Vhere <t>{x)y x(^) rational integral algebraic functions of x, 

and all the factors of x(^) are real and linear. 

^ (x') • • 

For putting into partial fractions, as described in Arts. 

140 to 146, 
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Hence the integration can be pt^rformed when we can 
integrate 


r x^^dx 1 

dx 1 

r dx 


{x~-h)sjpx^+qx+r ’ J 

1 


The first species of integral is reduced as already explained 
by the formula of Art. 240. 

The second species was discussed in Art. 287. 

The third species can be reduced as explained in Art, 244, 
or obtained from 

r dx 

J {x-~c)J2yx^-\-qx-^T 

n—l differentiations with regard to c, as will be explained 
later. 


Examples. 

Integrate the following expressions : 

^ 1 1 .r + 1 

2 . 




.rvGr+l* (.r-+ (.3?“ 2’ (.r-|-2)\^-r 

1 1 


tr 2 4-1) ’ (.r^ + 2^4 ’ 

_£_ _ .r24l_ 

(.r2 4 2.r 4- 2 ) 41 ’ + 42 ) * 


^*^4.^41 


■ W^* + l’ (.v+l)v'x'‘+r («+l)\/F+l’ (.r+0’'/-'”“"+^V+3’ 

4. Prove that 


k 


dx 


2 ^ 
-~'v- tan- 


^{x-kc)s/x y/c 
according as c is positive or negative. 

5. Integrate N^sin d 


1 1 \/x — \/~c 

1' V ■“ 


y/:r M- v'^ “ c’ 

[C. 8., 1904.] 


cos 6 (cos 6 + sin 6 ^)n/2 cos 6^ + 3 sin 0 


6. Integrate 


7. Integrate 

9. Integrate 
1 


Vsin 6^ 4- ^/cQs 0 


{a^ cos^ 0-b^ sin^ 


{a>b> 0). 


tan 26 


Vcos^ 9 -f siu^ 0 

1 


8. Integrate 




(.^•-l)v/.r2-+-T’ 


\/(a — x) {x — b) ’ (« — jr)\/.r — b ’ (.r — b)y/ci — x ’ (14 x)\l 1 4 * 

{St. John’s, 189a] 
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10. Tnteffrate 


11. 81i()vv that 


/; 


.^•-3 




n 


12. Integrate 

13. Integrate 

I^r''‘+T-n’ [Cohh., 1879.] I, 

0‘0 

14. Integrate 


.r\^(x " <t j(x — b) [Colleges, 1876.] 

dx =cosh-"^ i^Zx — 3) + cosh~ ^ ^j. 

[St. John’s, 1883.] 

[a, 1887.] 


r “ a dx 

^x“ -\-ZpxTq 


dx 


x\lx^ — d^^ 1883.] 

[I. C. S., 1888.J 


(in two ways). 


r)v/l 


+ 4a‘ 


[Trinity, 1890.] 
[Coll., 1892.] 


ir>. Integrate 

r dx f x^dx r 

j {x — A) s/.r — fi J H- A-’ j {x - 


dx 

+ l)(.r + 2y(.r + 3)’ 

[Math. 'Teip., Pt. I., 1920.] 


291. Case IV. X quadratic, 1" quadratic. 
The integral is now of the form 


r_ Mx-\-N 

J {a^x^-ir2h^x -f -f 2"^Tc2 

where a linear factor has been inserted in the numerator, as 
in Case II., for the same reason. [See also Art. 1894, Vol. II.] 
Before beginning the integration we make the following 
preliminary remarks: 


292. (1). The numerator of the subject of integration is for 
the present linear. We shall consider later, as in previous 
cases, a numerator which is any rational integral algebraic 
function of x, viz. 

293. (2), The cases and are excluded. 

For (a) if expression + Cg becomes 

rational as regards x, and such integrations have been already 
considered. 
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(/ 3 ) 


Mx-\-N 


would be resolvable into partial fractions either of the form 




and the forms of integral resulting have already been con¬ 
sidered in Articles 287 to 290. 


294. (3). may be regarded as positive without loss of 
generality, for in any case in which this is not so, we may 
change all the signs of the factor a^x^'\-2b^x-i-c^, and linally 
change back the sign of the result when the integration has 
been effected. 

Hence we assume: (1) positive, (2) —po^^^itive. 


295. (4). We shall assume the subject of integration real. If 
the expression a^'^-\-2b.^x-\-c.^ has real factors, and 
may be written 

= a 2 (ir —XJ(a;--X 2 ), say, where Xi<X 2 ‘ 

In order that the radical should be real, we must therefore 
confine both the limits of integration to lie 


either between ~oo and X. I , . 

- , ^ ^ } when Ua is positive, 

or between X 2 and + 00 , j 

or between \ and Xg, when is negative. 

If the factors of a^x^+2K^x-\-c^ are unreal, and 

the condition positive is all that is necessary that the 
radical may be real for all values of x. The limits of inte¬ 
gration in this case may therefore be any real quantities 
whatever. 


296. Reduction to a Canonical Form. 

(5). Lemma. Any three expressions of the forms 
Mx+N, aja;2+26jX-f-Ci, a^'^-{-2b^+c^ 
can be in general simultaneously thrown into the forms 

where ^2 linear expressions of forms x--x^, 
respectively. 
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In order to do thin it is necessary to determine the eight 
quantities x^), (P, Q), g^), {y.,, and we have eight 

linear equations to find them, viz. 

Pi +?: = «i. Pi +9-2 = o-i’ P +Q = M, 

Pi^i +9 i^ 2 = —K PP^i +' 72*2 = ~K Pxy-\-Qx.,= -N, 
P2*i" + !72*2"= ^2- 

It folioWvS that 


I, 

1, 

«i 


1, 

1, 


X^y 

a'2. 

-h. 

= 0 and 

x„ 



X^\ 

*2^ 



a:,2, 

X^^y 

^2 


Also, as the consideration of the cases in which X or Y are 
perfect s(juares is to be rejected, we may assume x^ not equal 
to 

I'he determinants give at once on division l)}^ x.^—x^, 

a^x^x^+h^(x^ +x.^) +cq = 0,| 

(l.TpO^X2-\~h,j,(x^ -\-X.2)-\-C2 == 0, J 

x^x^ __ x^ _ 1 

tjCo - ~ c.ya^ ~~ '-^Pi ’ 

whence and x^ are determined, being the roots of 

{ap2 -~<^Pi)p ^—A ~^2^i)p +(^^2 .(-) 

i,e. Cy-Pp+4 = 0, 

where A, B,C are the co-factors of a, 6, c, in 


A- 


a, by c 

h^y Cj 
®2» ^2> ^2 


clA -\-bB -\~cC}* 


That is, p is given by 


h 

a,. 


-p, P“ 


^ Zq, Cj 1 = 0. 

'^'2> ^2» ^'2 

The remaining six quantities are found at once by solving 
the equations 


p-fg = 

px,+qx2 


1 or or ^’1 

r,= -6iJ -6j. j -N,i 


.(3) 


which give 

(Pv9i)> 

K.I.C. 


(Pi>9i), 

T 


(P, Q) respectively. 
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297. It may be remarked that the e(|uatioiis (1) may be 
reproduced immediately from the fiinctioria 

-j~ 21)2^ ~j~c^ 

by the sijnple rule : 

"‘For write x^Xo; for 2x write ( 271 +^ 2 ) leave the 
coefficients unaltered/' 

u h 

In the case when e(j[uation (2) havS one root infinite. 

Now tlierefore the general theorem of our Lemma fails, and 
the case must receive separate consideration. 

298. (6). In this case, viz. = the three expressions are: 

Clct O.y 

M^+N. a,{.+h:j- 

and putting 


a., 


^+a'; = ^="+a!’ 


they are 

and tlierefore are siinultaneousty reducible to the forms 
J‘i+Q, Pii^+<h> 

i.e. the same as if we put ^ 2 ”^ the former transformation. 
2fh). (7). When = = the two quadratic functions are 

(J/iT) 0^ Oey 

the same function, and the integral takes the form 

j.f 

J(aa:-+26a;+c)^ 

and a reduction formula may be used to connect with 




dx\ 


\ax^ -{•2hx-\-c)^ 

which has been considered before (Art. 85). Or the integral 
I may be deduced from the latter integral by differentiation 
with regard to c. 


300. Illustrative Examples. 

Ex. 1. In the case 

_ 3.r^ll _ 

(7.^2 - 46.a? +103) VilF^OJ+TsB' 

747i^ 2 ~ (.Ti + .Tg) +103 5= 0,1 whence =0, 

1 - 36 (.^1 4- .JPg) +1 “ 0; J X 1 X 2 — 5, 

and therefore x^^l, ^ 2 =^^ (the order is immaterial). 



REDUCTION TO A CANONICAL FORM. 


291 


AIkd 7,1 or 11,1 or -- S,"! 

P 4 5*/= J -- 3r>, I 11, J 

giving 34 or 5,'i or P= 1,^ 

?i= 4, J 92- 6, ] 2.J 

And tlio tnuiHformod roBult in tlien^foro 

_^'+2^2_ 

Ex. 2. In the case 

___ _ 

(3.^2 - 3().i; + 70) 50.'r ’ 

we have 

3r2-3ar+ 79 = 3(.r-5)2 + 4, 
r).r2 - OO.r +131 = 5 (.r - 5)2 + 6. 
Puttin^^ .r -5 —the traimfonned result is 


(3^2 4-4)^/5g2 4.(l 

801. Takinc^ tho general case tlien, wo suppose for the 

X « ayX^-{- 2biX+c^ - ^>4i2+ q^ii, 
r= 262*+ C2 =p2fiH 
where = 

so tl lat ^ 2 — —X 2 and 

Also, we are to use the transformation 

,/=l" ie 2 6^x4-c, Ji>25“+?a^2" 

X' ' aja;+2V4-Gi 

and V_iL±^d%__ ?Zi4±5i4 


Pi-Fs 
?1. ?2 


(^1 Si) XV’ 


. — f) \Pi' 2h\ /„ \ ^1^2 _ __ o ^-^1^2 „„„ 

•• „ „ K^2—*ii 1-2-sa,y. 


?h +3i 


i>2 +?2 = 


J f miM. 

Pl^l + gi^2^ P2^1 + ?2^2 = 
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(7 = oA-« 2 ^»i = (2J24-?2)(y'ia!i+?ia;2)-(/'i+?i)(2>i!*i+9'!i»2) 

= (2h92~P^i){^i * 2 )= +'^> 

t.e. X=+^’®*=C 

62 

when expressed in terms of the original coefficients. 

Tlie points on the graph of 

y=a>+- 265 +-V 

where the ordinate lias a maxim uni or a minimura value, 
i,e, the turning-points,” are given by 

1 = 0, i.e. by ^^^,= 0. 


and are therefore at ^i = 0 and x — x^ and x~x^; 

and the values of the corresponding ordinates, viz. and y^, 
are plainly 

y. = |? and 

We shall vsuppose the graph such that x = x^ gives the 
minimum ordinate and x^x.^ the maximum, and that x^>x^. 

Again, clearly y = is an asymptote, and the curve cuts 
the y-axis where y = —. It cuts the ic-axis where 
d^x^-^- 2h^' -f- C 2 ~ 0, 

i.e. in real points P, Q if 

in unreal points if b^c^a^c^^ 

It cuis the asymptote where 

a^x^^ ^b^x-]- Cg _ 


i.e. where 


1 ajCg —«2^i _ I -5 
2 C’ 


i.e. at a point jR at a finite distance from the y-axis, unless 
a case for the present excluded. 

There are three cases with which we are concerned, ie. in 
which some portion of the graph lies on the upper side of the 
a;-axis, otherwise >JY would be unreal. 
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Fig. 19. 

302. These are typical cases. It will be seen that we have 
taken and the turning-points both on the right-hand 

side of the ^/-axis, i,e. and x^ both positive. The student 
will have no difficulty in niaking the necessary modifications 
for any particular case in which the numerical values of the 
several constants are given. It is to be observed that pi and 
are necessarily both positive, for has been taken positive, 
and the roots of 

aix«+2fcia;+<?i=0, ie. 
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are imaginary; also that and cannot both be negative, for 

Moreover, p^. positive one, 

for P 2 /P 1 being regarded as the onaximum ordinate. 

As unreal values of XjY (ie, X^Jy) are to be excluded, 
and X is to be regarded as positive, it will be clear that we 
shall only be concerned with those portions of these graphs in 
which y is positive, and the limits of integration of 


cMx+N 

J XjY 


dx 


must be such as to lie within the boundaries of such regions 
as make this true. 

In Fig. 17, 2 / is positive from x=—oo to X—+ 00 , and the 
limits may therefore be any real quantities whatever. 

In Fig. 18, y is negative between x=OP (==Xj) and 
x—OQ (==A 2 )j therefore the limits may be anytliing 
between “oo and Aj, or between A^ and + 00 , both 
limits to lie in the same region. 

In Fig. 19, y is only positive between x=^ \ and a; = A 2 , and 
the limits must both lie between these values of x. 


803. The Integration after Preparation. 

We are now in a position to proceed with the integration of 

[Mx-YX , 

^“J W 

which we shall, to begin witli, suppose to have been trans¬ 
formed as explained to the form 

i~{ _ 

Y 1 Z* 

Putting v = 1 /, we have da: = —htt dy ; 

-A fclC2 


also. 




Pi _ Pii\^'^9it^. 


Px$i+^iii 


«/ — _'/2_ 

ai“ e £ a 


Pi^i*"b9'i^2 


Pu 9i 
Pi><li 
\Pi> 91 
Pi’ 92 


K 4* 


li 

Jx 


Vx 


K 


•Jpi *2-*i JVi-y 


K 




Vi 


Pi^ ^2 Pv^ 

ill. 

q^X q^X^ 

the signs of the 
ambiguities being 
governed by the signs 
of ^2 and ^ 1 , 
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i,e. both if x^<x. 2 ^x, 

first second +^^if x^<x <x^, 
botli if a? <jx^<x^. 

As the typical case we take x^<X 2 <::x and both signs positive, 

and note tliat if expressed in terms of the 

original coefficients. 

Substituting in the integral 

T-^l 


2K 


J zVy 




p 


-sZ/h 

I 

+1 


dy 


= - ^ /_i'l f-— f ^L 

‘xK V 1 J Jyiy.,- 


+ - 


Q 


-y) ' 


COS“ 


‘V"' 


cosli-' 


_Q 

Jq\ 

Q 


J 

VI;] 


sinli 


Qi 


-J 'i], 

M -yjJ 


•V ^1.) 

if 2/1 be +'■'; or, 

s/K(x,^—x^)l^ sl'[\ ^ y,> 

if y/i be negative. 

And the suitable modification is to be made in these general 
results as to signs of radicals and reality of form in each 
numerical case which may present itself. 

304. The Integration without a Preliminary Trans¬ 
formation. 

If it be preferred to pass directly to the integration with¬ 
out the preliminary transformation, we proceed as follows: 

/— f 

J (aix2+26iX-f Cj)*y«2^^+^^2^+^2 

a^^ +2b^+c^ . 

a^x^+2biX~]~Cj^ 

- b&2 _ «iX+ 6i_ 


-dx. 


Let 

Then 


2/ = 


1 dy 
2y dx 


2b^+ a^x^+ 2b^x+Cj 

(a^ +62) (b^x +c,) —{ayX+b^)(b^+c^) 


XY 


1 J 

~IXY' 


1 

'4>XY 
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where J is the Jacobian of the two quadratic expressions 

, j__\ 2a^x+2hi, 26i07+2^1 

~! 2^2^::+2^2, 2&2iP+2c2 . 


Hence 


dy__ J 

S““2Z2* 


Let x^, be the roots of the equation J = 0, and y., the 
corresponding values of y. Then the points (^. 2 » .V 2 ) 

are the“ turning-points’' of y, i.e. tlie points of maximum or 
minimum ordinates of the graph. Let y^ be the minimum 
ordinate, y^ the maximum. 

The equation giving i.e. J — 0, is obviously 

(ajb^—aj}^) — (c^a2—C2ay)x + {b^c^—b^c;) = 0, 


t.e. Cx^ "-Bx~\^A^0, 

where A, B, C are the cofactors of a, 6, c in the standard 
determinant 


A- 


a, 

ai, 


6, c 

61 , 

b^i C 2 


and we may write J ^ +^C(x—x^{x—x^, 

Again, any straight line y^fx will cut the graph of 

^ a^x^~\-2b{x+c^ 


in two points which are coincident in the two cases jx = y^ 
and fx = yi. 

Ai^ „ (a,-ai;u)x*+2(6,-V)a!+C2-Ciyu 

.a^isu y ““ "jf ’ 

Hence, when fx^y^ or y^ the numerator must contain 
or (x—x^'^ as a factor, and the equation 

(ag —cLtjx) aj 2 + 2 ( 62 —^im) ^+^ 2 —== 0 
must have in these cases equal roots. 

Hence, the necessary values of jx^ viz. and y^^ are the 
roots of the quadratic 

%» C » (ftj* 26162) M —^2^2) ~ 
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, (a;—a;,)* 

and y—yi = {P'i—0'iyi )——. 

.Va -«/ = (ai«/2 -«2) Y--- 

[a., supposed positive, y intermediate between 

//i and ^ 2 , Figs. 17 and 18]. 


Thus 




i'Jy-i-yy 


(«iy2-«2)^ 
the signs of tlic right-hand sides 

being both positive, if x^<,x^<cx\ 

the first positive, the second negative, if x^<i.x <^x^\ 
both negative, if x < < x ,^. 

Substituting in the original integral, and taking x^ <x,^cx 
as the standard case, we have 




Mx+N , (Mx+N 2X^ 


XjY 


dy 


f M x-YN P 

4C'J (a;—a;j){a:—aj^) Jy 


dy 


1 

~2C 


Mx^+N _1 p,Mx.,-\^N J__ 

a^j—a:^ x—x^Jy a^a— x—x.^Jy 


dy 


1 M.X.-\-N r- .- f c 


dy 


-Vi) 


1 Mx.y-\~N 


dy 

'']-^y{yi-y) 


= +2'’ co.sh~^/^^ -f Gcos-'-^ J-, if be positive, 


^2 


or z=z-\-F siiih"' ^ —G sin“*' ^, if a/i be negative, 
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where F and G are constants, viz. 


F^- 


-^iVv 


Mxo ~\~N f — • 
G^== -, . A- - 


for it has been seen above that ==\/£^—4^0. 

The suitable modification is to be made in these general 
results as to sign of radicals and reality of form in each 
numerical case which may present itself. 


305. Comparison of the Processes. Construction of Examples. 

Considerable arithmetical simplification accrues from the 
treatment shown in Art. 303, but of course at the cost of the 
initial reduction to the canonical form. 

The method there shown indicates a metliod of construction 
of such examples, for the values of P, Q, 

are there all at choice, due wire being taken that are 

both taken positive, and that p<^y are not both negative, as 
explained in Art. 802. 

[See a paper by Kussell, cited by Greenhill, CJmpter on the 
Integral Calculus,'] 


306. Various Forms of the Coefficients. 

The two coefficients may be thrown into various forms: 
n . (a2~ai;/)a:H-2(6.^~6,yu)x+a,—. 

for since y—--(Art. 304) 

is a fraction with (x—x^^ as a factor in the numerator when 
— or with (x—x,^^ in the numerator when fj. — y^y we have 
by comparison of coefficients 

(«2+(^2-^yi) = 0 
=0, 

0 , 05 , 4 - 6 , 0 , 0524 - 6 , 


and 


so 


and 


a, hn al)-t 

a,y.y —a. = ^, 

^ ai0524-6. 


and 

Also 


^1^2 "”^2^1 — K==C (Art. 301 ). 


Pi+yi =^1,1 . 

PiX,+q,x^^ - b, j 

Pi+yt = «2.| . 


Pi 


= ?i*2±^ g=_5,?l±A; 


Pi- 


05,-05, 


020524-62 


?2 = 


^2 ^5, 4 -6 2 
05,-05, ’ 
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whence we have the following moditications of the coefficients 
in Art. 80»S, viz.: 

P P P P , _ 


J~K{a^x, +b,) Jp^ VIP-AAC K ^ ^^2 

_ _ Mx,y~\-N I C 

{x.y~x^ JK^ B^—iAC 
Mx^y~{-N ,——--- 

And similarly for the coefficient involving Q, 

307. Convenient General Form of the Result. 

It appears then that i£ and be respectively the 
minimum and maximum ordinates of 

_ a,,x^ f 26237 +c., / _ r\ 

^ ” a^x^+2b^x -Pcj \ iC/ ’ 

and a5j, iCg the corresponding abscissae, and if Mx-\-N be 
written in the form P{x—Xy)-\ Q(x—x.,), then tlio integral 

^ J Xs/Y" ^ 

can be written, amongst many other ways, in tlie convenient 
PP, cos-1 _ QQ^ eosl .-1 

or -PP^ siu-i J f -QQ, sinh-i J + , 

^ 1/2 'n 

according as is +^® or 

where = and ^,=+^““ 1 ^ 1 , 

provided a-p^—a,p^=f=^0. 


808. Remark. 

It is further to be noticed that the two quadratics involved 
in this discussion, viz. 

(a+2+a.2Ci-26162) y+ = 0, 

(ap^ ) x^ — (c^a^ —Cga^) a;+(61C2 —b^c^) = 0, 

are transformable the one into the other by the homographic 
transformation a,po +60 

a^x+bp 

The one gives the ordinates 1 / 2 ), the other the abscissae x^) 
of the turning points. [See Salmon, Higher Algebra, p. l/B.) 
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309. A Special Case. 

It remains to discuss the case we have so far excluded, 
viz. when = 

Ot,y 

In this case the asymptote of the graph of 

a,a;^-f 26 i^+ Ca / , - (h 

^ Oja:'‘®+ 26 ja;+Cj \ X)' ^ ' 

does not meet the graph at a finite distance from the y-axis, 
and one of the two turning points has disappeared. It has 
been seen that the expression can, however, be written 

y =^ 2 ^ where 

^ vie+<ii 




r= by Art. 204, 


Now . _ 

2y dx Vxi^+h 


.V 

«i 

h.^ 

a./ 


Ijy Art. 294, 


±X 

a,' 




$ 


and 


dx~ PAi) 


Also ^==0 gives the turning point, viz. x=-x^y y^y^ \ and 
obviously is =^*. The only forms of the graph with which 

we are concerned are the four following. Cases, in which 
the graph lies entirely below the x-axis, give rise to entirely 
unreal values of J Y. Note the symmetry in all cases of the 
graph about an ordinate through the turning point. 






A SPECIAL CASE. 


SOI 




Fig. 22. 


with corresponding forms if be negative, viz. 



Fig. 23. 


In the case negative, the graph is entirely 

below the a;-axis, 

310. When the graph cuts the ac-axis, as in Figs. 21 and 23, 
at points P, Q, J Y is unreal for the value of x intermediate 
between P and i,e, intermediate between the roots of 
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if l)c positive, Imt real for sikjIi values of .r, if bo negative. 
Hence, in the lirst and tliird cases (Fi^s. 20 and 22) the limits 
of integration may be any whatever; in the second case (Fig. 21 ) 
both limits must be in the region from — oo to the smaller root 
of the (juadratic, or in the region from the larger root to +qo ; 
or in the fourth case (Fig. 28), being negative, JY is unreal 
for all values of x which are not intermediate between these 
roots. Thus in the fourth case the integration is only to be con¬ 
sidered when both limits lie intermediate between the roots of 


And in the fifth case, viz. JY is unreal for 

the wholes range x== —oc to -foe. 

^Ve have also 




n-t, 

Pi+Q 




.e 


qxX- 


—+of 


splits up into two integrals, viz. 

di 


or 


T))e lirst falls under the class discussed in Art. 277, and 

=? 2 

‘■2 Jrxir-£x-m-^ 

_P 2 

2 


sin" 


Jii Jim 

y p„ y p,i 




P‘Z 


Fr 


. ----- cosh"-’ 

V7>i(PA-Mi) 'K> 


y Pit+q. 


P 2 ■ , , / 

or ~ ,-:— sinli ' / 

^ ''’PiiVdi-P^i) ' 

the real form to be chosen. 

For the second integral, 


Ih 

-Pt 


ipti'^+i-i 

yp.p^- 


' Pit+qi 




dx 

x7y'~ 


Q 


2 (Fi?2 -?’2 ?i) 

Q 

^Pxdz-Pdx) 

Q 1 


r ] 

JxVy i 

fJL-v/x 

jvi 


dy 


ly i 


2 V?i(Mi-Pi92) 


I; 


dy 

dy 


or 


1 


y _____ 

^ y-^lyi-yV i 


_ f ^ 


according as 
y > or <yj, 
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t.e. 


or 




Q 


or 


-JiAMi-md 
Q ^ 


8 inh~^ 


- COS“ 


V; 
■V*. 


- 2 /i 


v«/i 

Hence we liave 

(1) (l^i?2—Ml) -I-'"- ?/i •'• ?a +" ^2 

P 


the real form 
t o be eliosen. 


/- 


1 " 

fc—v.a. - 


coslr 






( 2 ) ^1 •’• <l‘i +" Vi +'°, 

P 


Jp„q 


-L [-1. 


S}- 


. cos-' y+-y cosli-' 


(•^) iPi<li-'Pi.<ll) +"> ?/i +'''■> Pi 

/ = f- sinli-1^ y —^ sin-'. A/| .yl; 

VMo-Mi'- sTi V<7i ''/•2 


(4-) (7'i?2-Mi) •’• 92 -''‘>P2 +’ 


/= J, . r 

VMi-i'i92LV7'i 'ft 


ft sinh-' . /^9i 

ft-^ V9i 


‘V- 4 ^]^ 


results of similar forms to those obtained when — and 
a^ain the coefficients may be expressed in various forms. 


311. We note that the first of the two integrals, which has 
been referred for its integration to Art. 277, for which tlie 
substitution would be might equally well be 

obtained by the substitution 


pi^+qj 

Pii^+qi 


=y> 


ie, the same as used in the second integral. Upon this sub¬ 
stitution being made in the integral 7, we get a result of form 
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In the first of these we substitute for sjX its value in terms 

of y, viz. IvjhEmy 

^ ihy-p2 


In the second 


4? . 

we torm y^~y— 


and substitute for its value, viz. 
as shown. 

312. Illustrative Examples. 


PiQ^ziPdi 


fli vyi-?/ 


Ex, 1. Consider tlie integral 

7= f - dx, 

J (3.r“-2.c f l)s'2.c=^-ac+ 1 

(a) without reduction to the canonical form, (h) first reducing it as in 
Art. 29S. 

(a) Putting ?/='a,--2,irF l("=A') 

1 di/ _2,r-l _ 

\i/ ~ 2.r 4 1 3.r’‘^ -- 2.V f 1 

A'K "■ X\i/ ’ 

The turning points are given by .r=0 and .r— 1. [f .r —0, y= 1; if .r— 1, 




‘2r2 ~ 2.V + 1 _.r2 
3.r''‘- 2.rTl ~X' 


1 2 .r 2 - 2 .r+l 1 (.r-l) 2 . 

^ 2'“3.r“-27r+1 2“ ’ 


VA 1 VA ] . , 

- r3.r-l X^dy 


-i rp . ^ wx^^y 

2 J \.V X-\) 

(vyO -y) 

= — 008“' fjy -t- \/2 cosh”"' V 2 y 

' ■ V feSvf + oosl.- V2 


2 .K* — 2 .^ + 1 

.V-2.( + i' 
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The grapli of the transfoniiation formula in thib cane is shown in Fig. 24. 



And the signs selected refer to values of .r> ], and we have 
7 j ™ [^ — cos—' sj>/ } \l2 cosh—' 
if A|, X.j he the limits and both > 1. 


If .V lie-! between 0 and 1, we have 


n/A'^_ 1 
’.r “^/i: 


and 


VX __1 

•^’- 1 ' s/2s/f^y 


Jind we shall have 


A “ “ Cf )s-' — ^/2 cosh -' 2//J 


if A,, Ao both li<‘. between 0 and 1. 
If .r lie betwetni — cao and 0, 


1 

\^1 - ?/ 


and ^ - 

.r-1 . 


/2 s/j/ ~ 


and we shall liave 


/a = + cos-* V// ~ >/2 cosh-' 

if Ai, Ag bo both negative. 


If one limit, Ai, falls on one side of a turning point, saj .r—1, and 
0<A, <1, and the other, A^, on the opposite side, i,e. Ag > 1, the 
integration should be conducted from the lower lin}it to the turning 
point with the corresponding result, say /g, and from the turning point 
to the ui)per limit with tlio result 1^, 

(h) Next let us transform to the canonical form 


f_ 

before integration. 

Here, by the rule of Ait. 297, 

ari-r^- (.ri + x.^) + I ^0, I ; .Tj + .^2= 1, \ 

2xiX2 — (.i?i + ^^ 2 ) + 1 .ri = 0, ^ 2 ” 1 


B. I. a 


u 
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?’i+9i = 'i /’2 + 5'2=2, /’+^ = 3, 

5 -, = ], q„=l, Q=.l; 

= 1 ?>2 = 1,\ -P=2,-v 

g, = lj g,=lj §=l;/ 



Let y = J 




,2 {/j/ 

^ 1==0 gives ^ = 1, 
^ 2-0 gives 

JC ’ 


+ ^2 2^1 + ^2 _ ^1^2 . f - « t^t 

<hj. 


1 




2A' 


as before. 


, 1 wr, 

\/y ^ 

'/) Vsi- 




di/ 

>(i-'/) 




eos~* V?/ + C()sli~* V 'ly, 


Ex. 2, Asa case where 


— = 7 -, consider the integration of 

a.j, t>2 


f-5:^ 

J (x^ — ^.v+ 


5.r-9 


C?;a7, 


(.^•2--ar+10)^/6.^’-.r« 


Writing 3 = ^, 


dx==d^y 


J(f^+l)V9-^‘ 



9 - 
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Tlierefore d.i/=^sj\ 0 j = 2^10 Kiiih-’v'y 

= 2\/I68inh-' 

Also, at the maxim uni ordinate, ^=0 and y=9. 


And 


9 -;/=0 


1+^“ ‘ X ’ 


. \/x _ Vio 

taking .r>3, ^.e. ^ as 
Therefore, in tlie second integral, 


•■• - ^N/r6«mh- sin -1 ^ 


i.e. 


/ ().r - .r- f) . 1 



2 V > 

.r--0.r+]0^5 3 ^ 

10/ 


The graph of tlie substitution formuki, 

(U’ — . 7 '^ 

+ 10 ’ 

is shown in Fig. 25, 



Fig. 25, 

y attaining its maximum value 9 when ;r=3, and being negative for all 
values of ^ except such as lie between 0 and 6, and as we confine the 
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integration to i‘eal vahien of sjY the limits of integration are to be such 
tliat both lie within tlic region from 0 to 6. Also the sign of changes 
as X increases through the v^alue 3. Hence the signs adopted above 
when we take appl}^ to values of x between 3 and 6. 


For values between 0 and 3 we must use 


and make 


the corresponding change in the sign of the part of the result dependent 
thereon. 

313. Forms reducible to Case IV. 

As in previous cases, Arts. 281, 286, 288, attention is called 
to the varieties of form of integrals deducible from the case 
just considered, viz. X quadratic, Y quadratic. 


(1) Thus f —^ - dO reduces to 
' J a siB^O2osm (/+ c 

/ Lx I M dx ^ 

—-ifsin^/“jF. 

ar- 2bx i- c V1 -- X'^ 

rZsin ^4-ifcos , . 

(2) / —- dO reduces to 

a sin*^ ^ 4 26 sin 61 + c 

f Ar 4 X __ (/.r_ r _ Mdx _ 

J ax'^ 4 2bx 4 e 1 -ri ;2 J i 2/>.r -1 c* 

rXsin & 4 Afcos ^ 4 A" , 

^ jacos26* 4 26cos 61 + c ^ ’ “ - s mi .u 


dd reduces to 


61 4 26 cos 61 + c 


r Z sin 61 4 A/ cos 61_ 

^ ' J a sin*-* ^ 4 26 sin 61 cos 6^ 4 c cos*-* 0 ^ 


f L siiih u + M _, 

J a sinh^ u 4 26 ainh w 4 c 


rZ sinh 4 if cosh w 4 A , • -i i ^ / 

(6) I -“i-^-- du, similarly to (i 

' ' J asinh^u+^bsmhu i-c ’ j 

f Zsinh 4 ifcosh w , i ^ i 

(7 ) I — -1-r-.j- du, 1 >y tanh n = x. 

' J a sinh’*?4 4 26 siiih u cosh u 4 e cosh-*w 


similarly. 


by putting tan 0~x, 


similarly to (1). 


similarly to (2). 


Tf * { MX+ N d x _ 

~ J (a^x^ 4 26j.r 4 Cj) s/a.^x^ + 26.j.r 4 Cg 

we put dx^il-^^dz^ 

J + 26,(^+i)+rfJ ^^a,(^+^ + ‘>k (.4 + <4 
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where are written for Cj -f- 2ai, + 2^2 respectively ; so that 

f _1__ 

J (a^z^ + + d-^z^ + 26,2 + ai) \Ja^ + ihc^z^ 4- -f 

Hence, if F he a ‘^reciprocal” quadratic function of 2 , and X, Y 
reciprocal quartic expressions in 2 , we can iiitegiute 

/ F 1 

V / —\)dz by the substitution z-\-~ — x. 

X\J Y ^ 

(9) Similarly 

r___ 

J (aiz^ + 26 jZ® + d^z^ — 26,2 + H- + d^z- — -i- Wi 

integrates by the substitution z — ^^x. 

Z 

314. The Case of F^a Reciprocal Quartic. 

Lot Y be any reciprocal binaiy quartic expression 
=2 + 46 x^ - f- Gca^‘^+ 46 x -f a. 

mi _ T r.^^* - 1 (ix , . i i p 


Then /: 


reduces at once to the form 


j v/Quadratic’ 

by the substitution x + - = 2 , whence (l — ^^dx=^dz. 

For F =x 2 |”a^x^-|-^^+ 4 fc^a;+^^+ 6 c:J 
= a;*[a22 f 462+60— 2 a] 

,r/ , 26\2 462-0ac+2an 

= “^ [("+«)- a-^ -J 

oF/ . 26\“ A. 1 ■. __ rj- c\icMo 


= ax2 + ““^2 ’ where A = 2(262—3ac+a^); 


/ = 


'■ '■■ ” Oi -y-=^ 

26\2 A 


(^+f)- 


which, by Arts, 80, 81, 


= --F sinh-‘ , if X be +''", 

s/a Xs/K 

-4" cosh~ ^ , if A be —''®, 

yja Xsl~~K 

if a be — 

V—a xvA 


and a + ^®. 
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Note that if K be positive, the factors of Y as expressed in 
terms of z are real; 
if K be negative, unrea]; 
and that a Y+ Kx"^ is a perfect square. 


315. A Similar Case. 

In the same way, if 

Yj ~ +6cx‘^ — +a, 


the integration of 


I. 


1 dx 

x~ JY, 


can be effected by the substitution a?— 


For 


or 


or 


\\ - +“\) + 46 j + CcJ 

— x^[az^-\- 4^bz -h 6o + 2a] 

„r/ , 25 452 — 6 ac —2a2“| 

--J 

K ^h 2 K 1 

2 ; + " ) —” 2 ' , where Aj = 2(26‘^—3ac—a-); 



or 



dz 





1 , , iv/al, 

== smh-' • , 

•Ja Xy/K^ 

> co.h-.#;. 

s/a Xsf—K^ 

J-^a XsjK, 


if K, be +"^ 
if K, be 


and a +^®, 


J 


if a be —; 


also, Fi expressed in terms of 2 ? has real or unreal factors, as 
Ki is 4-^® or —and aYi + ^i»^ is a perfect square. 

In the integrations of these two articles, since the final form 
exhibited is arrived at by the conversion of a function of z into a 
function of F, or of Y^ in which process a square root is extracted 

(e.g. 

it is desirable to check by direct differentiation the sign of all 
numerical results obtained. 
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316. Other Forms. 

The substitutions 

respectively reduce 




1 1 


_1^1 

x~' z 


1 d/x 


and 


r.Z- 


Y and denoting tlie same quartic functions as before. 
[See Greenhills Chapter on the Integral Calculus, p. 41.] 

11 

For taking x -\— = ~ we have, differentiating logarithmically, 
X z 


dz 




1 dx^ -- 
1 2: 


x^~\ , xdz 

i.e. -dx - -, 

X-+1 z 


and 


s! y=x [a2‘'^+4te~^-l-6o—2a]^; 


-1 dx* 




dz 


]x’^-\-i JY ]s/a+4bz+(i)C~ta)z^' 

whose integral can be written down by Art. 80. 
And similarly, if 


x2+l 

- - f/x = 

x^~l 


x dz 
z 


and 


dx 


- 


dz 


x^—l JY^ J>/a + 462J+(6c+2a)22' 


whose integral can be written down as before. 

The integrals 

(a; 2 „ij r a;2+l dx 

p^^+Kx+d^ JY* VlV 

X dx 


Ja:*+i 


^x'^+b,x+a^ Vl 


CX^ + 1 


'x^+1 X dx 

x^+h^x~a^ JY^' 


are reduced to forms already considered by the same sub¬ 
stitutions, and are therefore intograble. 
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Similarly, if Y maph:^+4b^+&cx^+^hqx+aq\ 
Fj = ap*^‘4-46jar®+6ca;*—4&2’a:+ag'®, 
the integrations of 

J «r 'v r 

Cfx'^—q _ dx 

]l>x^+q 7?’ 

(fx^+q dx 

J aj ” ■ TT; 

dx 

]^-q 7 y; 

Ex. Consider the integral 


can be effected 
by the respective 
substitutions 


JU 

1 

q 

px-- =z, 

1 1 

vx — - 

^ X z 


Here 


S \x^ + +1 )ijx^ l' 


and putting x-\-- — Zy 

X 




Put - 1 = zdz~w div ; 


rife 


••• ^=/5 


(/?(> 1 ^ 

S + \/5 


= • , sni-'l -pzrp=^=:~ , : 8II 

V 5 si V 6 

\/6 ^ + 6.r'^ +1 


■V; 


1 

4-4 


817. Summing up. 

It will now be clear that any integration of the form 
f0(a;)_ jcto_ 

J s/ox^+Ec + c 

can be effected, where 0 and 0* are rational integral algebraic 
functions of x. 

For if be put into the form 
ylr{x) ^ 

,_ rx +p" 

^{A’x^+'B'x-irCJ’ 
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as explained in the chapter on Partial Fractions, then of the 
resulting integrals 

(1) f reducible to a lower order by Art. 

] Jax'^ -^ bx-\-c 240, and integrable. 

• dx has been considered in 

I (x — a)sf -f hx +c Art. 287. 

dx reduces by tlie method 

\ [x-~ftY Jax^-]~bx-\-c Art. 290. 

{Xx + iji!)dx has been considered in 


( 2 ) 


(*)| 


J ( Ax^-\-Bx-\-C)sJax^ -j- bx -f -c Art. 291. 
(X X ~|- jUL ) dx 

c 


is best got by dilferentiation with regard to C of the result 
for the case where « = !, as will be explained later. This 
method may also be adopted in (3). 


318. General Consideration of the Position. 

We have therefore now completed the integration of the 
most general function of x of form 

A + BjR 

c+dJr' 


where A, B C, D are rational integral algebraic functions of 
X of any d(^gree, and R is a rational integral algebraic function 
of X of degree 1 or 2. 

For rationalizing the denominator, 

A + BjR_ (A + B^/li)(C ~ VM) 

C + DsjR~ C^-b^R 

_AC-BBR {BC~AD)R J_ 

~ C^-Om + (J^-D^R 'jR 


PM 1 

where P, Q, M, N are rational integral algebraic functions of x, 
fP 

Now integrableby the methods of partial fractions; 

, M . . . CM 1 

and if be put into partial fractions, J ^ dx can, as has 
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been explained, be expressed as the sum of a finite number of 
such terms as have been discussed in the present chapter, and 
each term may then be integrated. 

Hence the tlieory of the integration of 

IC + D^R 

is now complete, where It is linear or quadratic. And it will 
be noted that the integration has been in all cases effected in 
terms of the known algebraic, logarithmic, inverse circular or 
inverse hyperbolic functions. 

When R is of higher degree than the second, it has been 
seen that in some special cases the integration can still be 
effected in terms of the elementary functions, but for the 
general discussion of the cases where R is cubic or (piartic, 
we shall require the elliptic functions, and in general for forms 
of R of higher degree than the fourth, we should require the 
functions known as hyperelliptie. 


GENERAL EXAMPLES. 

1. Obtain the following integrals : 

(ii) |(] + + 


(Vi) f 

(viii) 

J I *f ^ \f,K -f .7;- H 


(i) 1 

j*(l + hlx. 

(iii) 1 

j’/-i(2-3x + x2y 

(V) 1 

1 1 +® 

(Vioj 

f dx 

'h 

i f 

1 


-dx. 


+ x^ 


2. Iiilegrat. 


‘\/;r- - I 

( 

[Barnes Schol., 1887.] 

____ f (a + hx)+ p{h + cx)\ 

{x-p)s/a+ 2fjx + { - (a + 2bp + cp^)}^ ^ (a: - ~ nc J 

where p lies between the roots of « + 2bx + cx‘^ - 0, supposed real. 

[TiiiNiTT, 1880 and 1891.] 




3. Show that 
dx 
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4. Show that 


(* dxi 1 0/ ItTi^ • p _j 

I-COS”^ T A / -T, J it U < 0, 

J (*2 + a 2 )^ a ;2 + b -2 /'V 


and 


1 


^ cosh” 


b\x^ 


+ ^2 . 


4- CL' 


asfa"^ - j)^ 

5. Prove that 

(.r ■\-\)dx . . I‘dx^ - 2x 


2> 


if a>h. 




(2x'-*-2x+l)V3a:^-2x+l 


-2»+l 
lr.+ ]' 

"2x+ 1 
2a; 4-1' 


6. Integrate 


f (3a; 4- 4) dx 

J {bx^ 4- ^x)jA x'^ - 2^ 4-1 

where a<h<c. 


(i) 


1 1 l‘Sx--±r,- 

, (ii) f- 

J (x^ 4- 2ax + s/x"^ + 2ax 4- 


7. Integrate (i) 

<■"> f.f 


xdx 


+ Ifi - a:-’)[S t. John’s, 1888.] 


{x-\-h)dx 


4 - ar)\/x“ 4 - c 
dO 


=-: (a>c). 


Isin B-Jacos-d + hsm-O + c 

8. Find the values of 

f sina;t?a; 

J (cos X 4 cos a) v/(cOS X 4* COSyS) (cOS X 4- COS j) 
dx 


[St. John’s, 1889.] 
[Trinity, 1888.] 


(ii) 


f_ 

J COS {x 4- <1 

f; 


{x 4- a)V^COS(;r 4- fS)cos(z + y) 

a- - Xr 


- dXy 


9. Integrate , 

I (a- ~ ax + X“)(a‘^ 4 * aV + a;"*)® 

transforming by the substitution 

z‘^ 4- ax 4- - ax + a^). 

10. Integrate (i) f - 

^ J(3x2_i0x + 9)v'-x'‘ + 10x-13 

dx 


[7, 1890.] 
[7» 1«90.1 

[a, 1884.] 


(* - l)(x - •2)>J{x - 3)(*-- i)' [OoLn., 1892.] 
{x + 9) dx 


<ii) j; 

^ J(x- -5x + - 2* + 2 

(iv) f_ 

J {x - b){x - c) (;r ™ d) sjx-e 

(y) 

^ ){X^i’X+l)y/^-tX^2 
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11. Integrate 


12. Show that 


f x^~~ I 

' [Coll.. 1901.] 

(ii) raL-L^lc^. 

^ J s/^ + ic^ + 1 


f /sin (.r -a) , /cos x\ . . /sm A 

I A/ -- (a.r = cos a cos ^ (-) - sin a cosh ^ . )• 

J \ sin {X -t- a) \COS a/ V^in a/ 

[Cor.L. 

13. Integrate (i) f|-i l-I->/! - 

(11) - . [K. R ; Kri.Ku, 6^7., 

J (1 + A)n/(\/ 1 + a - X-) vol. iv. ] 


[Com.., 1901.] 


[R. R] 


^ ^ - x^) sjax 4- [Cxf. I. R., 19CK). j 

14. Evaluate the integral 

r dx 

J(a2 -■tan^.^)(/.2 ^ tanS;,)^’ TMath. Trip., 1880.] 

15. Prove that 

f _^ „ i_ eosh-i f 

J sin ;i; sin ^ {2x + a) \/sin a sin./ [Coll. , 1892, j 

16. Show how to integrate 

j*(/ic + ^) (aA + hx + c)'- dx^ 

where n is any positive or negative integer. [a, iS’tM).] 

17. Show that f—=r- ---. , om 

J (a 4- ^hx 4 (a 4- 2hx 4- ^ rinity, 1889.] 

18. Prove by the substitution 

?/2 (ax^ 4- 2bx 4- c)l(Ax^ + 2Bx + C), 
where A and AC - are positive, that the integral 

f (3Ix-\-N)dx _ 

J (Ax"^ 4* 2Bx 4* C)Jax^ 4- 2bx 4- c 


17. Show that 


becomes of the form 


p f 4.P 


where and Ag are the roots of the quadratic 

(a - \A) {c - A6^) - - AJ^)2 = 0, 

and Pj, Pg are definite constants. 
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Integrate completely the function 

x-i-S 

+“ 49 * 


[Math. Trip., 1891.] 


1 9. Prove j* v^tanh-' a ~l,anh“ir dx ^ ( 1 - sech a). 
}. Integrate | (x- + (.p- + a- + h-)~ dx. 

1. Integrate f-—~^ - 

J ( 1 “f COfi-x) V 1 4 - COS“UJ + COS^.T 


[iS, 1889.1 


and evaluate 


22. Show that 


^ ‘ [Ox. II. P., 1902.] 

am^xdx 

(1 4-eos-:/:)^/l 4 -cos“UJ + cos4.t’ [‘St. John’s, 1882.] 

r __ 

J i (a- + cir-)s/l - X“ 


1 ( 7 -«) 


J (x - a)jAx- + ^iBx + C 

is transcendental unless jid- 4 - 2i>a 4 - (7= 0. [ j. m. Sch. Ox., 1904.] 

Establish the results 


and ( 


{x - 1 )s/x- - 4:r 4- 5 J'l x - 1 

'_ dx^ __ . _jV'.S’^'2”7-'2x“ 


ii) f- 

^ J(x-2)v 


(x-2)v/(3+ 


23. Show that 


n/7(..'-2)“- 

[Coll, a, 1890.] 


f_(^1 -a x)(l -h x) _ dx^ nr 2- ah 

J _i (1 “ 2aj>ra^)jr- ilx i- lr) Jl -P ""21- aF ^1 

24. Describe the steps whereby the integral of a rational function 
of a single variable, x, can bo obtained. 

Prove that if the sign of summation refer to the suffixes 1, 2, 3 
in cyclical order, the integral 

f -^- r2(c. - a){(\ - h) 2c, -a- in 

■ J dxj(x -a){x- b)Mr, - r,) | J 

is a certain constant multiple of 

(* - a)^x - hY(x - c^)-^(x - - 63 )-^ 

[Math. Trip., 1896.] 

25. Determine the degenerate form of the elliptic integral 


f _ s 


Si>«3>S3, 


when 52 is made to coincide with 5^ or with 53. [Int. Arts, London.] 
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2 f). Prove, by means of the sul)stituti()ii that 

X - a ’ 


r_^5_~_”4. -1 j ^~7 ^ 

I - y)\/{x -a){x- /5) \/(a ~ y)(y - /3j S y " X - a 


. _ _ 

V(a - y) (l8 - y) ^ f3 - y ' X - a 

[Int. Arts, London.] 


27. Prove that 


' __ dx^ _1 

I (1-h:r)(2 ^-a:)^4(l-ir) ^V2 


28. Show that the integral 


[Math. Tiiir. L, 1912.] 


r_ dx 

]xsj‘6x^ - 


is rationalized by the assumption ic—(1 + 2/-)/(3 - ?/-), and hence, or 
otherwise, find its value. 

Prove that if in be a positive proper fraction, the value of the 

;ibove integral when taken between limits J and - is the same 

3 2 + 7// 

as when taken between limits — and —-,. 

2 + m 7n{2+i)i) 

[Math. Trip. I., 1910.] 

29. Prove by means of the substitution 

a-x__a-~d c-y 
x-b b ~c y ~d^ 

that, if m be any positive quantity, and a>h>c>d^ 
r {(a~z)(x-c)y«-^ 
f /(« - ‘>'}(^ - rf) I {X - l>) (-C - c) p" 

Jb \ a-d h-c / 


{{a~x){c- x)Y^'~'^ 

\{a -. r)(x-d) (b- x) (c - x)] 


[Math, Trip., 1878.] 

[See Wolstenholrae’s Mathematical ProhlemSf Numbers 1900-1903 for a 
group of similar examples.] 

80. By the transformation + integrate 


'px^ ~ q dx 


[Cf. Euler, C.I., iv., p. 22. J 
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31. Apply the traiisfornuition x- to integrate 




dx 

(1 -xvr+i>;^' 

[Eulkr, G./., iv.] 


32. Show that 

( 2(16 , , cos^ cos 6 

I .-, rr.X.rr=r= “ tanh ^ + tail*"^ . 

J sm 6 ^cos 26 ^cos 26 i/cos 26 

33. Show that the traiiisformation 




will reduce the integration 
dx 


(a + />;r”) ((a + hx:‘f - 


to the form 


1 r 

A l+h^ 


[Euler, C./., iv., 53 and 56; Peacock, p. 30.5.] 


34. (i) Show that 


J (1 - ;/:)\/l - ic- ^1 -•*- [PEAComv, p. 309.] 

aiul (ii) integrate | 


35. Integrate 


sin^6^+ 2 cos''^ 


dO. 


cos 6 sill A6 

[St. John’s, 1881.] 


36. Show that 

f la-~c-x'dx 1. /'y-Hy + cV^ 

where V^\l 4- • 

.... fa;--4>l dx 1 xja~2 

^ ^ jx--l ^+ •>/a~2 x--\ 

[Hall, LC., p. 325.] 

37. If F{x^ y) be a rational algebraic function of x and y, show 

that f , _ .-p , 

j F{x, \/l + a;-)(a? + vl -t x-)'^dx 

may be integrated by the transformation a? ^ sinh log ^). 





320 


CHAPTER Vlll. 


38. Show that 


(i) J(cos26^)^ cos 


L ^(3 + 2 cos 20)Jcos 20 + ^(\/2 sin 0). 


(iii) I = +^j''i^2 + 


COS 0 + \/sm-ii - ain^ 


X* 

‘‘‘(1 !)‘‘‘^(2"!)2'''(;>!)2'^ ' 


39. Show that 




(ii) + + 

1 13 

40. If </) (x) = cIq 4- iy 4-..., show that 


[Anc;i.in.] 


,... 20 1,, i/iy 1/i.3\2 1/i.^.SN^ 


l/i\2 1/1.3V l/i.3.r,\2 

“pIj) +;rA2.-ij +fyn^'.4.oy 


[An(;un.] 


41. Integrate 


. f sin 20 dO 

J \/siri^ ^ 4- 4 sin^ 0 cos^ 0 + 2 cos‘^ 0 

(ii) f_ (■:^-l)dz 

J (3^ + ^ + 1) ^ 45 + 1 

42. If c7 he the Jacobian of two quadratic functions < J Xj viz. 
~ + 2b^x p Cj , ^ + 2h^x 4- , 

2(«iZ + Ji), 2 (/<i.t, + Cj) 

— 2{a^ + h^, ‘lQ)^ + c,^ , 

show that if itj = 0, = 0 have no positive roots, then 

f-—ia: = 2log‘^2. 

Jo“l«2 ®«2C, 
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43. By means of the identity 


f (a + sin^a;)”cosjcda;=:f (l+a -sin^rc)^sin xdx^ 
Jo Jo 


prove that 

= (I+o)"-2^<l+a)"-‘ + 2* (1 + 

[WoLSTENHOLME, Problems, No. 1929; Wiogins, E, Times^ No. 13323.] 

44. Show that 

(i) . -e, ^ 4) 

4.nn _.on-S . 

®(;> + 2)(p + 4)(p + 6)“ +••• 

^-(1 +«)« - H-a)«-x +«)"-* 

_ (p+ l)(p + 3)(p + 5) 

»(p + 2)(p + 4)(p + 6)^‘^“'' 


(ii) a" + «t/i;-;^«>'-ii + "(72 


^p + 'l *(p + 2)(p + 4) 




'^"^S(p + 2)(p + 4)(p + 6)®" 


. nn (P+l )(P+3)( ?' + 5) , ,A„-3j3 . 

^‘*0>+2)(p + 4)(p + 6)^'‘ + "‘’ 


45. (i) Integrate 


2a:3-l 

i:8 + 2.^3~a:2+l‘ 


[Ox. I. P., 1903.] 


(ii) Integrate 


r (3a:*~l)da; 

I i^ 4 * - 16 aJ‘-* + 1 * 


(iii) Prove that 

r^(l - sin 6 cos d + sin^ d) cos^ Odd _ IOtt 
J _ f (I + sin & cos Oy 9 
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46. (i) Show that 


pa I .,*» 

j (1 - dx - --- ^ 


(ii) Evaluate 


ra+A ^ 




How could your result be applied to the summation of series h 

fa, 1880.] 

47. Discuss the integration of 

l/[“. (tte)'. 

where / denotes a rational integral algebraic function of the 
quantities indicated. [Lacroix, C./., ii., p. 30.] 

48. If Fix) be a rational integral algebraic function of x, show 

pM 1 

that I ,i_z = ttL where k is the coefficient of - in the product 

„ ria.^ 1 K3 1 1 

[8t. John’s, 1891.] 
Xi Fix) 

or where k is the constant term in the expansion of —-r. 

[Coll., 1892.] 

49. If f(x) be an arbitrary algebraic polynomial of degree n- 1, 

and in 

F^{x)^A-^^Jx~anx~br, 

where A is a constant, then 


j /(»)P„(x)(/x=0. 


50. Prove that 


f X dx a , 

I --^ ^ log sec a, 

Jo cos a: cos (a - x) sin a ® 

51, Show that if a be less than unity, 


p xsmxdx _ tan“^a 

J 0 I + cosmic a 


[Lond. Univ.] 


[Coll., 1896,] 


K 1891,] 
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52. Integrate (i) f 

[5, 1881.J 

(ii) f-^~\/l ~ I 

^ ' J cos</> [8t. John’s, 1885. J 


53. From the definition of a BessoPs function, viz. 


J»(«) 2”T(m+1)|_' 2(2m+2) 

derive the results 

sin;- 
X 


r a:2 ,r4 

L * 2 (2m + 2) 2‘. 4 (2m + 2) (2m + i) 

-=j' Jf){x sin 0) sin 0(16, 

ft 

1 - cos a: P T t • J/J 
^ Jo 


* > 


[Coll., 1896.] 


54. Integrate (i) 

(ii) 

(iii) 


{x+lf 

1 _ 

v/r + 3 sin X cos x + 2 sin - x cos^ x 
1 


v/(l 4- sin x) (2 + sin x)' [Math. Trip., 1897.] 


55. Show that 


I siiP'* X sin nx dx = sin^ vx 


d fcli(sinx)\ 
dx \ 


sin nx I ’ 

where the form of the function <l> is defined liy the relation 

Mt(»t-1) __2 


«/>(.')= 


71^ - {n^ - m^) {712 - (qn - 2)^} 

7?i(7?i - l)(7n ~ 2 )(m - 3) 


(7^2 - 7n^) {71.2 __ _ 2)2 } {7t2 - (7?i - 4)2} ' 

m lieing a positive integer and 71 not being of the form ± ( 7)1 - 2r), 
where r is a positive integer not greater than . 

[Math. Trip., 1897.] 

56. Draw graphs of the transformation formula 

C 2 ) 

corresponding to those of Arts. 301 and 309 for 
(a^ + 2b^ + + 2bjX + 
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319. Vaxious Limiting Forms expressed as Definite Integrals. 

The definition of an integral, viz. 

where 6 = a 4- nh may be expressed as 


T ^ j ( I ^ 


and can be used for the evaluation of a certain class of 
limiting forma. 

Ex, Find the value of 

r ^ ^ 22 ^ 3‘^ 

«-co + 1 ^ ^ H- 2^ ^ 71 '^ + 3^ 

Tins may be written as 


1 


n « I — 

£<„=» y; -. Jii., 


14 


r 1 

and takiim - as a: and - as d,v 

® 7i 71 


'-I' ^ +^>1 =i 


320. In the same way 

1 

Ltn^^{^{a)<p(a+h)(j>(a+2h) ... <^(a+nA)}^ 

where A = ^—~ may be evaluated. 
n 


324 
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Let u— {</>(a)0(a+A)0(a+2ii)... (p{a+nh)}^ \ 
then log M = ~{log ^(a)+log^(a+A)+ ... +log ({i{(i+rh) 


I 

n 11 


+... +log 9!.(6)} 




and therefore if we write 


' ' n 


and 

the limit of log u iw 


(b—a) ~=dx, 
' ' n 


Hence (ce) </> (a + h)(l>{a-i- 2 h){a -f nh )}”, 

b—a 


where A = - 




{nee CaZc’., p. 6, Ex, 3]. 

Ex. Find the limit when n — ^ of 

{00 }"• 

Calling this expression 

log«.i|log(l + t) + |,^(l+|’) + ... + l„g(l+j')} 

n n 

and log w—jf log (1 + .r 2 ) 

= [.rlog(l +.^=)]‘-2/' 

= Iog2-2_f 

= log2-2 + 2.’^=| + log2-2; 

, „ . 7r~4 Tr-4 

X«M = « =28 5~ 
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Examples. 


1. Determine by integration the limiting values of the sums of the 
following seiies when n is infinitely great: 

1 . 1 . 1 . . 1 

n n 




[o, 1884.] 


(ii) 


11'^ + + 4-„r 


[Oxford, 1888,] 

(iii) ; + . . . + , 

\/2a-D V4a-2^ \l(Sn-Z^ sl^ln^-n^ 

[Clark, ktc., 1882.] 

(iv) l«in=‘|^ + sin“g+...+si>r-*^}, 

k being a positive integer. [St. John’s, 1886.] 

2. Show that the limit wlien n is increased indefinite)}^ of 

{n — mY H. — mX'^ — — , 3 


- + 




2?i ' 3/^ > ' 2‘ 

[COJ.LKOES, 1892.] 

3, -Find the limit when n is indefinitely great of the series 


\ln - i s/'in - 1 sj'^n - 1 


n 27i 


37i ■)“•••+ 


sf'iY-l 


4. Evaluate 


[Colleges, 1890.]. 
^ [-v/’2^7i — 1 V 4a%i — 1 — 1 ~ J 


5. Evaluate 

Li, 


- f— 

'7i=ceo 1 ^ H 

L(7i^i+D)-2 (772 4 2‘-^; 


.4- 

!)if 1^2 


]■ 


[C. S., 1901.] 


General Theorems on Integration. 

321. Vaxioiis Propositions, 

There are certain general propositions on integration, many 
of which are almost self-evident from the definition of inte¬ 
gration or from geometrical considerations, the truth of some 
of which the student will have noticed for himself, but which 
require to be definitely stated. It will be assumed that all 
functions occurring in the following theorems are finite and 
continuous between tlie limits ascribed, unless the contrary 
be specified: 
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Cb Cb 

322. L I ip{x)dx—\ (f){z)dz, 

Jn Ja 

for if be such that 

and therefore such that 

each integral is equal to ~~\fr{a). 

In other words, the result being necessarily eventually inde¬ 
pendent of a; or z, it is plainly immaterial whether the letter x 
or the letter z is used in the process of obtaining the indefinite 
integral previous to the substitution of the limits. 

rb fc Cb 

823. 11. J (j){x)dx=\ (j>{x)dx-\-\ cp{x)dx. 

For if \lr{x) be the indelinite integral of ^>{x)y 
the left side is \fr{b) --yj^(a) 

and the right side is 

{V.(o)-Vx(a)}+{V^(6)-Vr(c)}, 
which is the same thing. 

Further, it is e(|ually clear that 

Cb Cc C<i Ce fb 

J (p(x)dx^\ (j){x)(lx-]~\ (p{x)dx+\ (lj(x)dx+ ,,, +1 (p{x)dx, 

where c, d, e,f, ... k are any real quantities which lie in the 
region from a- to 6 for which <p{x) has been assumed to be 
finite and continuous. 

Let us illustrate the fact geometrically. 
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Let the curve drawn be the graph of y = and let the 
equations of the ordinates 

N,P,. ... N,P, 

be x — iiy x = c, x==d, ,,, x = k, x = h 

respectively. 

Then the above theorem in integration expresses the 
obvious fact that 

Area N-^N^P^P^ = Area N^N.^P.j^P^ + Area N.^N^P.^^P^ + ... 

+ Area 

324 III. j* (}>{x)dx=^—^ (lx. 

For, with the same notation as before, 

the left side is '\}r{b)-~'^j'{a) 
and the right side is — 

An interchange of the limits, therefore, changes the sign 
of the integral. 

325. IV. f <p{x)dx={ (f>{a—x)dx, 

Jo Jo 

For if we put x—u—X, we have dx-—dX \ and 
if x — a, A = 0; 
if ir = (), Z = a. 



= (byllL), 

= ^ ^•l>{a~x) dx, (by L). 


Hence 
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Geometrically this expresses the obvious fact that, in esti¬ 
mating the area 00'QP (Fig. 27) between the y and oj-axes, 
an ordinate O'Q, and the curve PQ, which is the graph of 
«/—0(cc), we may if we like take our origin at 0\ O'Q as our 
Y-axis and O'X as our X-axis, as it cannot affect the result, 
whether the elements of area are added up from left to right, 
or from right to left. 

r 2a pa pa 

326. V. I (f)(x)dx==\ (/>{x)dx-\-\ (j>{2a~x)dx, 

Jo jo Jo 

For, by IL, 

r2a ra r2a 

I (/) {x) dx — I (/> {x) da: + I (a:) dx, 

Jo Jo J a 

and if in the second term we put a:= 2a—X, we have da: = — dX, 


when x = a, X — a; 
when a:==2a, X=0. 



Thus the second integral on the right side, viz. 

p2a pO 

I ({){x)dx= — \ (/){2a—X)dX 

J a J a 

= j“^(2a-Z)rfZ (by III.) 
= J </>(2a—x)dx (by I.); 

^2a po pa 

I y>{x)dx~ I (j){x)dx~\-\ iji{2a~’-x) dx, 

Jo Jo Jo 


The geometrical interpretation is, that if we are estimating 
the area 00'QP (Fig. 28) between the y and x axes, an ordinate 
O'Q^ viz. x^2a, and the graph of y — ^(a:), viz. the curve QP, we 
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may if we like take Ox and Oy for our axes for the portion 
ONRPy NR being the mid-ordinate, and O'X, O'Y for axes in 
the second portion, thus finding each part separately, and 
then adding togctlier, a fact obviously true. 

327. VI. Plainly, if be such that 
<f>{2a—x)~f/)(x), 
this proposition takes the form 

1 (j}{x)dx~2\ (j>{x)dx; 

Jo Jo 

and if (p{x) be such that 



X O N O' 


Fig. 29. 

In the first case there is symmetry about the mid-ordinate 
NR (Fig. 29), and the whole area OO'QRP in such a case is 
double that of ONRP. 




Y 

p 






X 0 


o' ^ 



Q 


Fig. 30. 

In the second case (j>{a)= i,e. f/>(a) = 0, and the curve 

cuts the aj-axis at N (Fig. 30), viz. wliere x — a^ and though 
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the regions ONP, O'NQ are equal in absolute area, the second 

integral of Art. 326, viz. 1 <J)(2a—x)dx, which is referred to 

Jo 

O'X and O'Y as axes, represents (—the area O'NQ), for all the 
ordinates are affected by a negative sign. 

Hence, the algebraic sum of the two is zero, the one 
cancelling the other. 

There is now symmetry about the point N. 

328. This principle is very useful in tlie integrals of the 
trigonometric or of any periodic functions. 

Thus, since — 

/ 2 / sin'*./-c/.r. 

Jo Jo 

And since hi,*— — cf)S“^*’^^(7r — 

f cos’'^^ ''^.r dx— 0; 

Jo ’ 

so also since cos“”.>t' —cos“” (tt —.t’), 

/ 2 / dj:. 

Jo Jo 

We may express these propositions in words, thus: 

To add up alt terms of the form siii^xdx at equal in¬ 
definitely small intervals from 0 to ir is to add up all such 

terms from 0 to ^ and double the result. For the second 

quadrant sines are merely repetitions of the first quadrant 
sines in the reverse order. 

Or geometrically, the curve 7/ = siii^a; being symmetrical 
about the ordinate = whole area between the ordi¬ 

nates 0 and TT is double that between 0 and ~ • 

Similarly, the second quadrant cosines are repetitions of 
the first (j[uadrant cosines with opposite signs, and therefore 
a term of form Gon^^-^^xdx in the first quadrant is cancelled 
by the corresponding term in the second (quadrant, but a term 
cos2»»xd.r, the index being now even, is duplicated by the 
corresponding term in the second quadrant. 

Similar remarks and geometrical illustrations apply to 
otlier cases and for wider limits of integration. 
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Thus 


r 0, 

Jo 


for the third and fourth (juadraut elements cancel those from the first 
and second. 

I sin^^.r(T?.r —4 I sin“’*.^^f/.r, 

Jq Jo 


cos®’*‘^*.r cf.r—0, 

fl 

cos^.vdv “4 cos‘''".rfl?.27, 


and so on. 


320. VIL A Periodic Function. 

If c/>(x) = c/>(a+x), 

I <li{x)(lx~n\ (j> (x) dx. 

•Jo *10 

For, drawing the graph of y = it iH clear that it con.si.stH 
of an infinite series of repetitions of the part lying between 
the ordinates OPq, (x — O), and N^P^y (x — a), (B'ig. 31), for 
(f){x) = <})(x-{~a)y 

a-nd therefore writing x+a for Xy 

(p(x-{-a) =^(p(x+’2a) = (f>(x+3a) = etc. 

Also the areas bounded by the successive portions of the curve, 
the corresponding ordinates and the a;-axis are all equal. 

ra C2a pa 

Thus J (j>{x)dx = ^ (f>{x)dx^^ f/>(aj)dx = etc. 

pi a Ca r2a |'«« 

and I d>{x)dx~\ <j){x)dx+\ ij>(x)dx+(l>(;x)dx 

Jo Jo Jo J(n-l)a 

fa 

= nj <l){x)dx. 



Thus, for instance, since sin^”.r —8in^’*(7r + /r), 

I sin'’*.a?ax=4 / 8in‘-”.vaz’ — 8 sin’”.27CW’ = 8“^ ^- 

Jo Jo Jo 2 w -2 2 2 
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330. VIIT. Arbitrary Change of the Limits. 

Ill estiiuatiiig i: <p(x)dxy tlie limits may be altered arbitrarily 

to j)y qy provided x be transformed linearly in a suitable 
manner. 

Take x = Let A and B be chosen so tliat 


i.e, 

and 

Then 


b==A+Bq,i q^p ’ 


B- 


h~a 


X- 


dx~ 


-a 


■ I 

q-p '^q-p^ 


h —a 


d(. 


f* w*- t)d$ 

q~pjp \q-~p ^ 

<l~Piv V 


q-v i~v 

aq—hp h a . 

- — H- X )dx (by L). 

q—p ' q-p J w / 


The geometrical significance of this is that instead of find 
ing the area of y -^<jj{x) from x~a to x~b^ we may find the 
area of 7 ^ i i \ 


h ~~a , /aq - 
-V'( - 

q~p \ q- 


P <1~~V 


from ^~p to ^ —q. 

Let the two graphs be drawn (Fig. 32), and let AA\ BRy 
two ordinates, viz. x — a, x~b in the one, correspond to PP\ 



QQ'y two ordinates, viz. in the otlier; then each 

element of the distance AB is reduced to a corresponding 

element of PQ in the ratio f—wlnlst there is a transference 

b - a 
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of the a distance ^ 

q-p 


in the positive direction of 


the a;-axis if this quantity be positive, or in the opposite 
direction if negative. This alteration in the grapli leaves 
the number of units of area in the portion of the graph 
considered unaltered, the effect being merely that of drawing 
the graph on a different scale, the ordinates being altered 


in the ratio ““ > whilst the breadths of the elementary strips 
are altered in the inverse ratio, leaving the areas unchanged. 


331. IX. If </>(x), \lr{x) be single-valued continuous and 
finite functions of x, of which the latter retains the same sign 
between a and 6, then 

(x) dx=(f>{^)^^ V-" (x)dx, 

where a<^<b. 

For I by the dehnition of an integral (Art. 11), 

J a 

Now, of all the expressions 

(p{(l), <p{(l-\-h) y ip {d y ... <p{b - h)y 

let ^(ii) be the greatest and ^(^ 3 ) least. 

Then 0(a)i^(a)-|-0(^”}~^)\^(^~l~^)“f“ *•• ~\'<p{h — h^'ij/'(b — Ji) 

••• '^^{b —A)] 

and > 0 (^ 2 )[^(^)+VK®+^)+V^(<^+ 2 ^O+ ••• -Hr{b-~h)]. 

Hence [ <p{x)\lr{x)dx<<p{^~^) f \jr(x)dx 

Ja Ja 

and >0(^2) f ^^{^)dXy 

Ja 

and therefore must ==^(^)J ^{x)dxy 

where <p{^) is intermediate between ^(^ 1 ) and 
a value of x somewhere between a and 6. 

It has been assumed that ^{x) is positive for the range 
from a to h. If \lr{x) be negative throughout, the order of the 
inequalities is reversed, but the final result remains the same. 
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382. Cor, I. Asa case of this theorem write for ^(x), 
and 1 for \!r(x). 

Then J cl>(x)dx~({>{^)^ 1 dx~{b—a)(j>{^), 

ie. = ; 

or putting b=^a+h and where 6^ is a positive proper 

fraction, 

subject to the condition that (f>{x) and <j/{x) are finite and 
continuous functions of x for the whole range of values of x 
from a to a+A. [See Dif. Calc., Art. 189.] 

838. Cor. II. If (/>(x) has a finite value for all values of x, 

a<aj<6, it follows that Z = f <j>{x)dx is finite if a and h are 

J a 

finite, for if c/)(^i) be the greatest and 0 (^ 2 ) least of the 
values of 0(x), 7 lies between 0(fi)(6-~a) and (p{$^){b~a), and 
is therefore finite. 


334. Cor. III. If Ui, ... be all single-valued functions 

of X, finite and continuous for all values of x between a and 6, 
and if the series Wi +'?^2 + W 3 + ^/ 4 +... to an infinite number of 
terms be uniformly and unconditionally convergent for all 
values of x between these limits, and /(x) the limit 
towards which it converges, then the series 

f ii^dx-\-{ w.2rfx+[ WscJx-f... 

J a J a J a 

is also convergent for values of x between a and 6, and con- 

verges to the limit J f{x) dx. [This theorem has already been 

proved in Art. 34 from a slightly different point of view.] 

Let 7^„ be the remainder after n terms of the given series, 


so that 


'^1 + ^2 4" ^3 + • • • + “f* -* /(®)« 


rx rx raj raj rx 

I Ui dx -f” I ^2 dx ~}“ I “1^3 dx “b • • • H“ I dx ~ J (2?) dx. 

J a J a J a Jo. J a 


Now, by supposition, 7i„ is finite. Let and 
greatest and least values of as x changes continuously irona 
a to 6. 
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Then J ll^dx lies between li„(x~-a) and a\ 

Moreover, vanishes by liypothesis when n is indefinitely 
increased, whence and R^ also vanish in the limit; 

I R^dx vanishes in the limit. 

J a 

Hence f u^dx+{ U 2 dx+[ U:^dx+,,. 
j a j a J a 


converges to the limit 


f f(3:)dx. 

Ja 

[Serret, Calcul Integ., p. 108.] 


335. Cor. IV. If a continuous function f(x) can be expanded 
in a series of powers of x convergent for values of x between 
0 and a, 

say, ^0 + + • • • > 


then 


A,x + A,^ + A,l+... 


is also a continuous and convergent series tending to tlie limit 
''f(x)dx. [Cf. Art. 34] 


i: 


336. Cor. V. 
r* 


jy(a:)dx = 1^/(0)+»/'(())+^/"(<>)+ ...]dx 

= xf{0) + ^^r\0)+^~r(0) + ..., 

convergent between the same limits for which Maclaurin's 
series, which has been used, is convergent. 

This gives a means of expressing an integration by means 
of a series. 


337. Lemma. A Theorem due to Abel. If Sr be the sum 
of the first r terms, and the sum of the last r terms of the 
series 

+ + ... +Wrd-... + 

each term being real and finite, but not necessarily all of 
the same sign, and if 

2 and a be the greatest and least values of /S,., 
and 2" and <t be the greatest and least values of S', 
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and if a 2 > ^ 3 » ••• ^ positive finite quantities arranged 

in descending order of magnitude, and if 

/S = *** 

then we shall have a^S > S> a^or; 

and if a^, a^, ... he arranged in ascending order of 

magnitude, then 'O' ^ cr ^ ^ ^ 

^ > /S > a^or . 

For 

S = «!W, -f ^2^2 + + ... + 

= ai(/Si) +<X2(^^2-^l) +^3t3(A§3— S^) 

+ ... +<ln-i{Sn-i'~Sn-2) +-<Xn(^n“'S„_i) 

= /Si («! —a.) + /S 2 (a 2 —a^)+ 

and tti—( 22 , CL 2 -~-^d> positive quantities; 

/. S < 2[(<2i-“a2) + (^2~”<^3) + (®3—^4)+ ••• +(an-l“^n)‘h^n] 
and > or [(ai - a 2 ) + (a^ - ^a) + («3 + *. • + —a„) -f a„], 

/S<ai2 and /S>ai<r, aiS>/S>ai<T. 

In the same way, writing the series from the other end, and 
if#a^, a„_ 2 , ... «ii be in descending order of magnitude, 

> /S > a„cr'. 

This theorem in inequalities is due to Abel. 

We note also that if ai, a.^, ag, ... a„ were all negative, the 
same theorems would still hold, except that the inequalities 
would have been reversed, viz. 

aiS</S<ai<T and </S < a^o-'. 


33S. X. Applying Abels inequality theorem to the case of 
the integml r* 

J <f>ix)\lr(x)dx. 


where ^{x) and yjr{x) are finite and continuous functions of x 
for all values of x between the limits a and 6 , and <p{x) positive 
and continually decreasing throughout that range, and writing 
^(a), ... 0 ( 6 — h) 

respectively for a^, a^, a^y ... a„, 

and hy]/{a), hy}/{a+h), 7t'0*(a+27t), ... h\j/^{h—h) 
for Wo, W 3 , ... w„, 
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and taking the limit when h is indefinitely smalh we have 

rb 

>S=| <j>{x)\}/'{x) dx, 

J a 

= <})(a) j \]r{x) dXy 
J a 

rf2 

a^ar = 0(«) j V^(^) 

J a 

where are the limits corresponding to the greatest and 

least values of I \/jr(x) dx for different values of ^ between a 
and 6; 

^(a)j \l/'{x)dx> \ (f>(x)y^(x) dx>d^{a)\ \J^{x)dx, 

J a J a J a 

and therefore f (l}{x)\jr(x) dx = il>{a) { \Jr{x) dx 
J a J a 

for some value of ^ intermediate between a and b. 

Similarly, if </>(rc) be a continually increasing function, 

rh rb 

(j>{b) j v^(^) ^ I ^ 1 V^(^) 

rb 

where are the values of £ which make I \j/^[x) dx 

greatest or least, and therefore ^ 

I 0 (^) J <l>{x)dXy 

where ^ is intermediate between a and b. 


339. From the last remark of Art. 337 it appears that the 
same theorem will be true when <p{x) is negative through¬ 
out, That is, that provided ^(x) be continually positive or 
continually negative from x — ato x = 6, and 0'(x) retains the 
same sign throughout this range, 


J <l>{x)\]^{x)dx—<l>{a)^ \jj^{x)dx 
J <p{x)yf^{x)dx==<f>(b)^ y^r{x)dXy 


according as 9 ?>'(x) is negative or positive, where ^ is some 
value of X between a and 6, Le, ^—a+B{h—a)y where 9 is 
some positive proper fraction. 
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340. A Theorem due to Ossian Bonnet. 

If (/){x) be negative, i,e. decreasing, but (j){x) changing 
sign in the interval from x = a to x==h, and therefore 
negative and 0(a) positive, write 

<p(x)-<p(b) = x{x); 

then x'i^) is negative and xi^) i® positive from a to b. 

J a J a 

= 0(?>)£ \lr{x)dx + xi^)^ ^(^)dx 

^ [0 (^) d- 0 (^>) (^) dx] +x («^) j dx 

= {<!> (^) + x(<^^)J 

= 0 (a) J >/r (cc) da? + 0 (6) J x/r {x) dx, 

341. Finally, if <p'(x) be positive, i.e, (/>{x) increasing, but 
changing sign in the interval between a and 6, and therefore 
0(a) negative and 0(6) positive, write 

0(x)--0(a)-:x(^r); 

then x'(^) positive and x(-^) positive from a to 6. 

rb 

.*. I <f>{x)\jj^{x)dx 

=1O)+x (*)]'/' 

==^^(a)J i//(a5)<fx + ;^(i>)J \J/-{x)dx 

a: \l/'(x)dx+^ ■'/^C'3^)^a:J+x(6)j' \lr{x)dx 

= 0 (a) j V {^) +l ^ («) +X (^) ] j ^ (^) 

= 0(a)J 0^(a?)da*+0(6)| \lr(x)dx. 

Hence, in all cases where the differential coefficient of (/>(x) is 
a continuous function, retaining one sign between the limits, 
though 0(») itself may change sign, 

J 0(a?)x//'(a?)da? = 0(a)J ylr{x)dx-\-<j>{h)^ \lr{x)dx 
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for 8 ome value of ^ intermediate between a and 6 , ^ and ^ 
being finite and continuous throughout. 

This theorem is due to OssiAN Bonnet. 

342. XL (i) Since 

+ ••• + ••• 

- +« 2 ^> 2 + • • • + 
we have upon putting 

<p{a+h) 

\=^\lr{a) , l>n 

and taking the limit when h is indefinitely small, 

(x)]2da;< j^£ 

(ii) If a^, ao, ... 

and 6 ^, 62 > ••• 

be two sets of positive quantities, both in descending or both 
in ascending order of magnitude, 

2a? K —2a? 2arbr<0 
[for 'I,a^^{ay—as){by — bs) is positive]. 

And it follows as in (i) that if (/}{x) and y/^ix) be finite, con¬ 
tinuous, and positive, and i/}(x) and ylr'{x) be both positive or 
both negative from a: —a to a; = 6 , then 

[ ({)(a:)dx{ [ip{x)']^\l/-{x)dx<^{ [<P{^)Yd^{ [ 0 (^)] 

J a j a J a J a ' 

If <j»' and \/r' are of opposite signs the order of the inequality 

is reversed. 

General and Principal Values of an Integral. Cauchy. 
343. XII. The Definition of Integration. Modifications. 

In our summation definition of integration, as 

... -^<p{b — h)\ 

which has been denoted by 

f <})(x)dx, 

J a 

we have assumed 

(1) <}>{x) finite and continuous and single-valued for the 

whole range from a? = a to x— 6 . 

(2) a and h to be both finite quantities. 
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This definition will fail when these conditionvS are not satisfied, 
and will require modification. 

Wo have also (Art. 1(S) extended our notation so as to let 


J ijy{x)dx stand for the limit when b is indefinitely increased 
of \^(a) where ^ similar extension 


when the lower limit becomes infinitely large. The subject of 
integration itself, viz. (p{x), has been so far, however, in all 
cases, understood to be finite, single-valued, and continuous 
for the whole range of integration from a to b, whether that 
range be finite or infinite. 


344. Infinities of the Integrand. General and Principal 
Values. Cauchy. 

When <:/>(x) becomes infinite between the limits of integration, 
say at the point x—c, where a<c<b, and nowhere else 
between a and b, our definition holds 


from x — a to x—c—e 

and from x=c-\-tj to x~by 

where e and arc two positive quantities which may be taken 
as small as we please. 

The integral j* (f>(x)dx is now to be understood as meaning 

Lt^-o rf <p (x) dx -f- f 0 {x) dxT . 

Tj=ol— J a J —1 

This limit may be finite, infinite, or of undetermined 
value. 

It is called the General Value of the Integral. 

When )y = e, Cauchy has named the limiting form derived, 
the Principal Value of the Integral, viz. 

(f>(x)dx+^ 


which may be finite or infinite. 

A similar modification of the original definition will 
obviously be necessary when the subject of integration, viz. 
0(a;), attains an infinite value more than once between the 
extreme limits of the integration, viz. between a and 6. 
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If the infinity of (p(x) occurs at one of the limits, say 

f ^ 

at the upper one, then the integral I <j){x)dx is to bo under¬ 
stood to mean 

I <l>{x)dx, 

J a 

Again when the upper limit is infinite we shall understand 

I (j>{x) dx to mesin 
Ja 1 

Lte :=.0 1 (x) dx 

J a 

and when the lower Ivntil is infinite we shall understand 

f (x) dx to mean 
J UO 

Lt^-o I 0 (x) dx, 

« 

When the integration is from —cjo to -j-oo we shall consider 
j" ' </>(x) dx to mean 

r+; 

^^0 \ <p(x)dx, 

n-Oj 1 


the integration 


Ll 


wliich we shall refer to as its General value; i.e, 

where = 

€ and 7] being small positive cjuantities independent of each 

other; and when ^ ^ we shall refer to 

1 
r 

Tjtf 


‘-£ 


f/>(x) dx 


as its Principal value ; i,e. 


345. Geometrical Illustrations. 

Let a graph be drawn of y = 9 ^>{x), and let 0^=a, 00 = c, 
OB^b. Then at 0 (x=c) there is an asymptote parallel to 
the ^-axis. The graph may be such as to approach the 
asymptote from opposite sides at the same extremity (Fig. 33), 
or from opposite sides at opposite extremities (Fig. 34), In 
the first case there is no change of sign of (f}(x) as x passes 
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through the value c. In the second, (j>{x) does change sign. 
Let the inscribed rectangles be drawn as in Art. 11. Let 
F^Nr and Pj!f8 be the ordinates at distances fe and qe on 
opposite sides of the asymptote; then it is clear tliat 

Cauchy's “General Value" of 1 (j){x)dx is the limit of 

area ANrFy.P^±:8bresi N^BP^P^, 
where e is indefinitely decreased, i,e. where NyC, CN^ are 
indefinitely decreased in such a manner as to retain a 
definite, but arbitrary ratio to each other, viz. p; q, whilst 



the “Principal Value" is what this becomes when CN^ 

ultimately vanish in a ratio of e<iuality. 

This treatment in either case excludes the area bounded 
by PrNjNsPgOO Pr in Fig. 33, where (f>{x) retains the same sign 
or the difference of the areas NyCoo P^^N^, N^C {—cc ) PJ^g, 
where ^(a?) changes sign as x passes through C, as in Fig. 84, 
when both ordinates NyPr ^-nd N^Pg are made to approach 
indefinitely closely to the asymptote. 

There is no advantage in prescribing beforehand the relative 
speeds at which the ordinates NrPr> are made to approach 
the asymptote, viz. by making the approach in the ratio of 
some definite but arbitrarily chosen quantities p, q. We 




Fig. 34. 


In understanclini 




dx to mean 


<p(x)dx+{ 

17 = 0 LJ a J C+ri J 

where e, tj are two positive quantities, we can ultimately make 

~ in our investigations of the ‘‘General Value,” and if 

we take that is € = 17, we shall have Cauchy’s 

“Principal Value.” 


346 . When the inscribed and circumscribed rectangles are 
drawn in the Newtonian manner (Art. 11), the pairs in 
immediate contiguity with the asymptote are in area [Fig. 35] 
'c), €(p(c) and i7^(c+J7), 
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The circumscribed rectangles are numerically greater than 
the inscribed ones. They are of infinite length 0(c), and of 
infinitesimal breadths e and rj respectively (Fig. 35). 


CO 



These areas then are “ undetermined ” quantities until wo 
know the nature of 0(c). If the orders of the intinitesimals 
€, tj be higher than the order of the infinity 0(c) their limits 
are zero. If of lower order their limits are infinite. But, in 
the latter case, if (j>{x) cliange sign as x passes through the 
value c, we may be only concerned with the difference of 
these infinities, which may be finite. 

347. If <f>{x) becomes infinite at a point x—c, the general 
way in which it does so is by the vanishing of a factor in its 
denominator. 

F(x) 

Let 4>{x)~z —where F{x) contains no factor x—c, and 
(x c)'* 

therefore retains the same sign as x increases through the 
value c, and n is positive. 

We are only concerned to discuss the behaviour of 
this function in the immediate vicinity of the asymptote. 
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Therefore we may take our limits a, b so near to x~c that 
F{x) retains the same sign throiigliout, and if A and B are 
the greatest and least values of F{x) in this interval, 

dx 

And it 


(b . . 

I dx is 1 

ia 


intermediate between A 




dx 


~c)^ 


and B 


i 


rb 

Hence we may confine our discussion to 1 . 

J a 


dx 

will be convenient to push forward our origin to the point (r, 0), 
so that the y-axis coincides with the asymptote, and we then 
have to discuss tlie limit of 


f ” ^ f ^ da: wdiere a ™ c— a, 


This expression lias tlie value 


n 


-u 



(-j _ _i_ I 1 

n-i 



(а) When n is < 1, i.e. 0 <n < 1, the limit is Unite, viz. 

and is independent of the limiting value of This is then 

both the '‘General Value” and the “Principal Value.” 

The first and last elements in the summations, viz. 

and being respectively and (n < 1) vanish 

€ y} 

independently of each other, 

(б) If w> 1, the limit to be discussed is that of 


1 r 1 11 



which is infinite in general, when e and n diminish indepen¬ 
dently and ultimately vanish in any arbitrary ratio of 
inequality. Hence the “ General Value ” is infinite. 


But when n is odd or of the form 


2 \+\ 

^+r 


(X and a being 
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integers and X /x), the infinities will cancel each other when 
€, t} ultimately vanish in a ratio of equality. 

The Principal Value is therefore finite, and 


1.1 1 1 

n—\ L/S”-' 


2X 1 

when n is odd or of the form ^(X > ijl), and infinite if n is 

z/xH-i 

2X 

an even integer or of the form y-qTp? (A > /^)- 

(c) When n — \ Ave have to discuss the limit of 
r ‘ . C^dx 

or putting in the first integral, 

i.c. log -+ Lt log - • 

^ a r} 

This limit depends entirely upon the mode of approach of 
the ordinates N^Pn (Fig'- ^^4) to the asymj)tote, and is 

undetermined till that is settled. 

When where j>, q are any finite quantities to be 

^. R p 

chosen, the limit is log ^+log^, and is arbitrary, depending 
upon the choice of and q. 

When q) and q have been chosen e<j[ual, that is when e, tj 
vanisli in a ratio of equality, the limit becomes log - • 

Hence the General Value is an arbitrary quantity; the 
Principal Value is log — • 

If n be of the form “ becomes unreal when x is 

2/x 

negative and the first integral is unreal, from —a to — e. 
Excluding this we are then only concerned with 


rdx __i rJ'. 

w-l [a 

_J__ n\ I—1 

»-i 
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^ ^ v if n < 1, and infinite if n> I, 
n —1 


which is real and = 
and may be referred to as the Princiiml Value of the real part. 


348. We next consider the case when the infinite value of 
(j>ix) occurs (it one of the limits, say h. 

I (p{x)dx is then to bo interpreted as Lt^ -.o\ (j){x)dx, 

3 a 3 a 


which is called the “ Principal Value.” 


Let (p(x) 


/(a=) 

(a:—6)"’ 


wherti /(x) does not contain the factor 


x~~bj and therefore does not vanish w^hen x~h\ and lot n be 
positive. Tlien, 

(a) if n/ be < 1 and if we can find some quantity y between 
a and b such that throughout the range of values of x from 
y to 6 the numerical value of f(;x) does not exceed some finite 
quantity A, the Principal Value will be finite. 


f‘b—€ rb-e 

For I (p{x)dx=\ </){x)dx+\ (p{x)dx. 

3a 3a Jy 

The first of these two integrals is finite, and in the limit 
the numerical value of the second is not greater than 


moreover 


IA-^oA 


3y Ix-by^ 


dx 

r (x-by^ 



y 




the limit of which, when €=0, is and there¬ 

fore finite. 

(b) If, however, w > 1, and if we can find some quantity y 
between a and 6, such that throughout the range of values of 
X from y to 6 the numerical value of f{x) is greater than 
some finite quantity B throughout this range of values of x, 
and if f{x) preserves the same sign throughout that range, 
the Principal Value of the integral will be infinite. 
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For, fiH ])ef(jre, 


rb~( ry ^b—f 

I cf>(x)dx=^\ (p(x)dx+\ <J>(x)i 

j a J a J y 


the firHt of the two integrals being finite. 

But the numerical value of o f/> (x) dx is greater than 
the numerical value of ^ 


C'- ' dx 

Jv (X--6)"' 


J, {x-hr‘ (y 

which becomes infinite when 6 vanishes. 


1 _‘ 

"hyi-i} 


(c) Lastly, if n = l, and if, as in the last case (b), sucli a 
quantity y can be found as there described, the numerical 


value of Li 


.=.0 f <j>{x) 

J y 

f>b-~c r 


dx is <rrcater than the nuimn-ical value of 


^ dx 


the numerical value of which is infinite, and therefore the 

Cb 

Principal Value of I ij){x) dx is in this case, also, infinite. 

J a 


.H9. To sum up these Statements.* 

If it be possible to find a quantity y between a and b such that 
the numerical value of that is f{x), does not exceed 

some finite quantity A throughout the range from y to b, and if 

n< 1, then the Principal Value of [ (fj{x)dx is linite. If it be 

possible to find a quantity y between a and b such that the 
numerical value of ^{x){x—b)”’ does exceed some finite (juantity 
B throughout that range, and if <{>{x){x~~b)'^ does not change 
sign throughout that range, then if n <t 1 the Pi incipal Value 

of [ (j)(x)dx will be infinite. 

J a 

Obviously a similar rule liolds for the lower limit by re¬ 
versing the order of integration, i.e. interchanging the limits. 


Sorret, Cakul InWjral, i). UK). 
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350. (a) Consider 


n dx^ 

Jo 


Here the subject of integration, viz. is infinite at the tipper 

limit. 


We have to consider 


^Jo /s/yiT^* 


Let </> (x) - . Then </> (.r) ^/l - .r=;;yp_pp 


vhich is < 1 for the 


whole range 0 < .r^ 1 or for any part of it, and the index of the factor 
1 - is which is < 1. Hence by Art. 348 (a) the Principal Value is 
finite. 


It is of course obvdonsly ecpjal to 




t.a. Z/f=o{sin~'(l - c) — sin~K)}~-siu“n — sin"U)—-. 

(S) Consider P—. 

Jo (1 ~.r 2)2 

Here the subject of integiation, viz.- ^ is infinite at the upper 

Jiinit. Let <h{x)— -^ ... Then </>(.r)(l —.r)* — — ^ ~ wliich is 

(l+.rP 2V2 

and does not change sign for all values of x from .r —0 to .r—l or for 
any part of that rraige. Also the index of tlie factoi’ 1 ~~,r is i.e. > 1. 
Hence, by Art. 348 (5), the Principal Value of this integral is co. 


351. Consider 


ider where 0 


<n<l. 


. ^ log X 


(Secret, C./., p. 103.) 


When X is made to approach zero indefinitely closely, the integrand, 
viz. cf)(x)^.}ogx/x", increases numerically without limit. Taken quantity 
p lying between zero and 1 /q so that jt? is positive and < 1. Then 

1 

x^'^**<^(x)':^-.r^"logx has a turning point at v~e~p, vanishes at —0, and 
whilst numerically decreasing to zero as x diminishes from e~ p to zero 
is always numerically less than Moreover p 4-n is a positive index 
less than 1. 

Hence, by Art. 349, the Principal Value of this integral is finite. 


352. Suppose that f(x) dxhas a value which Is finite and determinate, 
when/(.r) becomes oo at x=c. (a <c < h.) Then this value must be 

f\ 

•Jc-hqi 


fa ^ /Weir} , .(A) 
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whatever may he tlie ratio of p : < 7 , and if this limit were not independent 
oi p : g, this General Value would not he determinate. 

The Principal Value is the case when p = q^ 1 , 

/,i!.=o[ Ve-) d.c + (fo-].(B) 


The difference of tliese exprcssioim A and B is 


D '^c-pf rc-\-€ 


and tliis limit must tlierefore vanish whatever tlie ratio p : q may be if 
d:c is to liave a finite and determinate v'alue. 


Cauchy^ calls such integrals ^SSingular ])efinite” integrals [Integrales 
d 6 firiies singuli^ires], viz. those in which the subject of integration hecomes 
infinitely great at the same time that the limits differ hy an infinitesimal. 

In order that p and q shall disappear, the first integral must be inde¬ 
pendent of p, the second of when c is indefinitely diminished. 

For example, in the case 

r P 

/_ I — where a <c< b i 


hen^ 


(Ir 3r, 


Jind the limit when C --0 is zej*o and independent of p. 

rcj-(/e 

Similarly for / - ' the limit is independent of g, and the 

integral T is determinate. 

See Williamson, Int. Oalc.j pages 128-135 ; Moigno, Calc. Integ. ; 
Serret, Calc. Jnt.^ 91-107 ; Bertrand, C.T., p. 117, for further 

information as to General and Principal Values. 


353. Successive Integrations. 

Successive integrations of a function may be expressed in 
terms of single integrals. 

Let u be any function of x. 

Then will 

n ! u~x^j^ u —^ XU + 

1 d 

— ...-h(—where 


Serret, CcUcitl Intdgrcd^ p. 107. 
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For 


D 




udx \ dx 

xudx 


— X^udx “ J: 


1 


1 


— Xj^U~Y)XU, 

and the theorem is therefore true wlien w = l. 

Also, integrating each term of the stated result, assumed 
for the moment true, 




rx*^ 1 lx* 

^[_n Jj D 'I 

^\_n — lD Dn—1 J 


] 


+ ... 


r 1 1 

-)-(__l)n X ^X*^U- 


and 


n-j-l 


n(J nH fiQ 

" I J __2__ _i /_ l\n. 

1-1 *** ‘ ^ ^ 1 


7i n- 


1 


[(]_l)n+l__(_])n4l]:== 


n + ] 

:===„ JL_- [7] —i)n+i__/ ])n4n:==— 

n+V-^ ^ ^ J ^ + 2 

Hence, the right-hand members of the several brackets add 
up to 


n + \ D 


Therefore, multiplying by n + 1, 
in + l)\-^l^^u = x”+^^u~''+WiX”^xu 

+ ”+*C2a;”“*^a:*M—... +(—!)"+* -^x”+^u, 
i.e, if the theorem be true for the operator for 

n + 1 integrations, it is true for i.e. for n+2 integra¬ 

tions; which establishes the inductive proof, for we have 
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shown that it is true if n~l, w^heuce it is true for n = 2, etc., 
and generally. 

The theorem shows that a repeated integral such as 
M u dx dx dx dx 

can be expressed in terms of single integrations of 

Jwrfic, ^xudx, ^xhidx, ^x^udx. 

Tins theorem is given by Todhunt(u% Integral Calmdus, 
p. 72, q.v. 


1. Iiitejrrate 


MISCELLANEOUS EXAMPLES. 

. j* 

^ ^ J(.z:coSiC ~ 

(ii) f 


O -n ..lx f"" x(C‘^-'X-)dx 4 , 

2. Prove tliat I —-^ = Fri rr ^ 

5// ' ’ [L.3 

r 

3. If .Y = a + + 0 ^ 2 , show that 1-:^ can be made to depend 

■ r d.,' 

uj-on Jy,r-T 

Eind a reduction formula for jeos w;r sin’'a^(Za:, and apply it to the 

oo ni - A J r T 1 


case = 4. 


^ , f 2.r-3 

4. Evaluate I- ”, i.- tt “ 7 “ "" 

J i)j;- - 1 hx +14 - 

U* (lV‘V 

5, Prove that j n . ~glx 

m be made to depend upon 

I V -T" dx. 

Jo 


dx 

-loJ+~9* 


can be made to depend uj 


Hence show that if f{x) be an arbitrary polynomial of degree 
n - 1, and ^ ^ ^ ^ ^ 

then ^ f{^)Pn{^) dx — 0, 

where a, ft are the roots, consideied real, of the quadratic 
Ax^ + J)X-^ 0=0, 
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6. Prove that the effect of the operation periodic 

function a cos {7it 4-«) is to multiply the amplitude a by sJp'V 4* 
and to increase the angle nt-\-€ by tan"”^™. 

Write down the effect of the operation 




and generally, of the operation 

on the same periodic function. [Int. Arts, I^ondon.] 

7. When i/ ax- 4- 2bx -f r, prove that 

1 ch-i7.£ , 4-sh-*^/^L or / 

J ?/ \Ia s/ac - Ir s/a sflP -ac si - a \IIP - ac 

the real form to be chosen, and deduce the value of the integral 

in the degenerate case when a = 0. [I^t. Arts, London.] 

8. Find the limiting value of {n\Yln, when n is infinite. 

9. Find the limiting value when n is infinite of the liP" part of 
the sum of tiie n quantities 

4-1 R 4- 2 n 4- 3 71 4- n 

71 ’ 11 ^ 71 ’ ”' 71 ’ 

and show that it bears to the limiting value of the root of the 
product of the same quantities the ratio : 8, where e is the base 
of the Napierian logarithms, [Oxford 1886, and I. P., 1911.] 

10. If Tia is always equal to unity, and n is indefinitely great, 
show that the limiting value of the product 

(1 +«^){l + (2a)‘}^{l + (.-?a)''}^{l +(U)<)i.. {1 +(««)<}» 

is [OxroBD, 1888.] 

11. Show that the limit of the sum of n terms of the series 


(W-^ + V‘){iX+ 2. 1 + 2.22) (m2 + +“2n2)’ 

when n is infinite, is ^ . r- tt 


•J2 tan~^ V2 ■ 


[ 7 , 1901.1 


12, Find LL 


s/n -a s/2n-a sJSn - a -s/P - a"" 

n-c 2n-c 3n -c ‘ - c 1 
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13. Find tho limiting value, when n is infirtite, of 




. 27r , 37r . 7/7r'| 

. tan ^ . tan - ... tan 


14. Show that the limit of the product 


[Oxford 1. P,, 1903.1 


when n is increased indefinitely, is [Colleges, 1896.] 

15. Find the limit, when n is indefinitely increased, of 

1 ( X 2x (n - 1 

- i sec + sec + ... + sec-^ I, 

Qi I n n n f 


where x is 


Examine the case when x > 


16. Find tho limiting value of 


2 log // - log [(I + n-’)'*(22 -h ny ... (27i2)’'^], 
when 71 is indefinitely increased. [Oxford I. P., 1900.] 

17. Show from elementary considerations that when 71 increases 

indefinitely, 11 1 

1 4- ~ + o + ... H— — log 7i> 

J ,3 71 ° 

approaches a finite limit intermediate between I and 1. 

I St. John’s, 1884.] 

18. If f(x)--=f{<i + x), show that 


Cna Ca 

f{x) (/a - (»t - 1) /(«) dx, 

ja JO 


and illustrate geometrically. [Oxfcj 

19. Prove that | </>(;?;) dx = j d*(a-x) dx, 

Jo Jo 

and show that (1) f dx ^ dx, 

Jol+cos^a: 2joi+cos“X ’ 

and evaluate this integral when ti—I and when 7 i~3, 

/ 0 \ f (1:^ Z Irvo. Q 


[Oxford I. P., 1888 .J 


(.) j>.« 


0X11 tlUJ n 


20. If €j>(x)= - <f>(2a ~-x)f show that 


f2a Cb 

J <l>{x)dx~ - j ^{x)dx. 


[Colleges, 1886.] 
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21. Prove that T tf "''J f tr- 


provided remains finite when x vanishes. [St. John’s, 1888.] 

22 . Provo that if </>(^), ^'(«*)» be'continuous and finite 

from x~ a to x — h, 

f (■'■) =-<}>{a + 0(h- a))[4>{h) - f (a)], 

where (9 is a positive proper fraction. 

23. Prove that I x /(sin x) dx --=■ 1 /(sin x) dx. 


2 k Show that 


(St. John’s, 1883.] 


f /'' O') 4>0-^) dx ~ f f(x) 0 - •'*) 

J a' J a 

TTi L Ja 

where /"(.^■) means the differential coefficient of /(.v:). [ 7 , 1893.1 

2 b. Show that, if \^'(*r)—f ilj(x)<j) (2a - x) dx, 

Jo 

then [Trinity, 1895.] 

26. If /(.r, is symmetrical in x and y, prove that 

f ^/(a-, f{x,l~^x)dx, " 

J1—/.* J 


[Coi.LKOKS a, 1889.] 


27. Examine under what limitations the formula 

f </> (j:) dx =-. f </> (x) dx -f f </) (x) dx 
}b jh jc 

holds good. 

Show that j* ~ ~ ^ j* 


[Math. Tripos, 1884.] 


28. If 


^ 1 1 1 1 
A =1 + 3 + j. + ...+2^, 


show that when n and m are both infinite and the ratio n: m tends 
to a limit F, A„~ log2 + log k. [Colleges o, 1888.] 
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29. Show that 
1 


(6:/^ + a)-=c“ 
COS ^ ' 


sin 
. cos 


(l)x 4 - a - n tan~^ 


4 - AAiyX ^ 4 -... -{• A 

^ 0 , A^, etc,, being arbitrary constants, and also that it may be written 

{D + aY cos AQ-\r A^x+ ... + A „_i 

and explain how the latter operation is to bo conducted. 


30. If 
show that 

whore 


A f (I 4- sin- 0) dO^ 
J 0 

TT 

J o 

4(14- a .^(1 4- (2 4 - (ly)'^. 


and 

Hence show that 

where 4(14* ^^•+l) (1 + a,) ■■=(24- 

31, Show that if n:>\, 


1 1 1 
tanh ' ^ (Ix ^ + log n). 


[OXFOKD I. r., 191 l.j 


32. Ilotv is the crpiation 


ync)dx,^j\h)~f(a) 

to bo interpreted when f(x) is not a single-valued function ? 
Illustrate your answer by evaluating 

dd 

J cos- 0 4 - 6 - sin- 0 ^ 

where a and b are real and n is a positive integer. 


33. Kemembering that I means the limit tended to 


[Oxford I. P., 1912 .] 


i; 


as 


the first of the two positive quantities e, ?/ tends to zero, and the 
second to infinity, prove that if a> 1 , the value of 


is zero if ?i>0, but not if 7i = 0. 


[Oxford I. P., 1917.] 
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34. If f{oc) be any function of x which can be put into partial 


fractions of the form -then will 

IK 

35. If 0 <h<a, a,-=\{a-\-h), h^^{ah)^, 

prove that h<\<a^<a, I (a ~ h). 

Show that if (d + h) tan $ cot (j> — a-b tari^ 6 , 

then f (a-cos- 6 ^ + sin“^)~“(^ 6 ^ ™ f si<'/</>. 

Jo Jo 


[Math. Tkit., Pakt 11., 1915.] 


36. Show that 


ret 

Jq sin 0 tan-i (sin 9) dO ^ - 1 ). 


[Math. Trip., 1882.] 


37. Show how to evaluate y)dj\ wliere y/) denotes any 
rational algebraic function of the coordinates .r, y of a point on a 


[St. John's, 1891.] 


38. Show that if a be greater than unity, 


f' X (lx TT^ 

J 0 - eos^a; ~ 2a^a^ - 1 ‘ I. P., 1 890. ] 

39. Prove that 

£ ,/> (x) (lx = |<^ (x) ^ ~ c/, Q j I (lx. 

[St, John’s Coll., 1882.] 

40. Prove that [' ta.rk/ 2 . 

J 0 2 + cos 2 a; ^2 [Oxf. 1 . P. , 1889. ] 


41. Integrate 


p ilx 

J yi —^ between a and />. 


[R. P.] 


42. Prove that 


j* (2 - xy^ dx = 22^*J a;” (1 ~ x)'^ dx. 


[OxF. II. P., 1886.] 


43. Prove that 


y ~a Z 

f 2 eos^ X <jf>(sin 2x) dx===\ ^ (sin x) dx. 

a. J Ba 


{Ht, John’s.] 
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44. Show that 


~ C‘^ + 


J a-,:^V2(«2+"c2)r2 _ (a^ 1 ^2)2 - 

is the equation of a circle. [Math. Trip., 1882.] 

45. Find the integrals 

('0 fif'!) +fl) ll<>ga:cZa:; 


(/y) j~\^x^(x-3)^ — 4x : 


sin^x tan'' 


[St. John’s, 1887.] 


46. Prove that 


log (I -f tan a tan x) dx a log sec a. 


[Colls., 1896.] 


47. Evaluate 


(i) dx. 

^ ^ J (x+ 1 )-^ 

[Trin., 1891.] 

..... f 1 

J (l+®tana;)2‘ 


(ii) 

[Hali 

.. r xe^dx 

J (c-x- 1)'>* [Hali 

, ., f'- 8(30 X coseo X , 

(vi) 1 ^ , - dx. 

je log tan a; 


dx 

(1 +0; tan ’ 
[Trin,, 1891.] 
!og(l +x=) , 


[Halt., I.G.'] 

dx 

• 1)'>* [Hall,/.C.] 


[Trin., 1884.] 


48. If 


<vn, 

f /n I ( i ” OOS ax dx, 


show that a^Iy^ = 2n{2n ~ l)/„_i - in{n I)/„_ 2 , 

provided n > 1. 

Tl ^ 

Show also that /„ = -gn^i {f(p) ^ +17 ^} > 

where f(a) and g{a) are algebraic functions of a, of degrocs>?i, 
with integral coefficients. [Trin., 1892.] 

49. Show that 

(ii) ±1- .i_cos-1 (a >-2) 

' ' Ja^ -1 Vl-oxa + a:* v/« - 2 a^ - 1 V" " 

[Hall, I . O ., j). 325 and p. 346.] 
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50. Show that 
n 

Jo 


j; 


■ (a+Tf (2a+l f ~ ("■5rt'+ 1)-* 


51. Prove that 

dO 


0 n/ 1 +siri2 6^ 


«^1, 

(**) ^ 2 ^ G) 

52. If 
prove that 




2 2 4 

<l>{x)=atT + ^ a,^ + .. 


2 1 /I .3^^ 

■*■ 32 \2 .4 




cos^ 0 c/4(8in 0)dB ~ 3 ■*" g (^3 

1 1 i /2.4\2 

(iii) ’r-3“32-l' + 5a(i) +7n3i5) 


1 /2.4V 

=* + 7(3;rj 


[AnO LIN.] 


[xiNOLIN.l 


f^5-t .... 


[Anglin.] 
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DIFFEREN'ITATION, ETC., TINDER AN INTEGRATION 

SIGN. 


854. Differentiation of a Definite Integral with regard to a 
Parameter. 

A defimto integral is l>y its nature independent of the 
value of tlie particular variable in ternis of wliich the 
integration is etlected, and its ^'alue depends upon any 
oth(‘r (juantities which may occur in the integrand or in the 
limits. 

First, let us consid(U' tlie differentiation with regard to c of 

the integral cj)(x,c)dx, where a and h are each finite 

J a 

and independent of c. We shall sxippose also that <p(x,c) is 
and continnoiif^, as also its differential 
eoe^cient with regard to c for the range of values of x from 
a to h. When c changes to c-j-Sc, suppose tliat the consequent 
change of u is to n-^Sn. 

(h 

Then u + Su —■ 1 </> (x, c 6 g) dx 

J a 

and Su ~ [ [</> (x, c + ^c) — f/> (x, c)] dx. 

J a 

Now 0(x, c+dc) —</)(x, c) + ()C(f/(x, c-\-0 Sc), 

where the accent represents differentiation of ^>(x, c) with 
regard to c, and 0 is a positive proper fraction, c+<9 Sc being 
written for c after the differentiation is performed, i.e. 

g/{x,c+0Sc)dx==^^ 

[See Arts. 1898, 1902, Vol IL] 
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355. Next, lot a and b be also fuiictions of c. 

rh f 56 


rO i 

Then ii 4 ™ 1 c/> {x, c + (h) dx 

J a hSet 


and 


C^U = 


r6 + 66 


=J, 


a+Sa 


c-\-Sc)dx- 


-f 

J a 


dx 


Now 

^ 6-|-56 


and 


^ 6^■^6 ra 

= \ </> (a;, c+^c) dx + 1 ij> (x, c -\ - Sc) dx 

Jb J ai 6a 

-f" f c~\~Sc)~ ’(.jii^X) c)J dx, 

a 

(/){x, c+t)c) (lx^c/){b-{-f)^Sbt c+^c) Sb (by Art. 832) 

I (/){x, c+dc) dx=^ —</>(«+^? 2 Sc) Sa, 

J a ] 

where 9i and 0^ arc |X)sitive proper fractions. 

T, P ['/‘(a^. «+ Sc)-.jy(x, C)] dx 
Also -. 

has been discussed in tlie last article. 

Hence, dividing the expression for Sn by Sc and taking the 
limit, when Sc is indefinitely diminished, 

du p c) J J db da 

and the conditions under which this is true have been stated 

above, viz. ip{x,c) and are single-valued, finite and 

continuotes functions of x throughout the ftaite range x—a 
to x^by inclusive. 

This is a case of the theorem on partial differentiation, Diff. 
Calc,, Art. ICO, viz. 

du^^du du da_^du db 
dc dc^' da dc^db dc 


356. Geometrical Meaning of the Process. 

We next examine the geometrical meaning of this differen¬ 
tiation. 

Let a/5, a be the respective graphs of 

7/ = 0 (x, c), 2/ = 0 + Sc). 
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Let the ordinates of both curves be drawn at the points 
ic==a, x=a~\-Sa, x^b-{-Sb, 

viz. A ay', Bf'iS', Ay a', 

respectively. Let NQP be any othe.r ordinate, and draw 

aS, f'iR parallel to the a?-axis. Then 1 (f)(x, c)dx is represented 

J a 

by the area AB/Sa. Wo have to diHerentiate this area with 



regard to c. Wlien c is increased to c + rSc, a and h being both 
dependent upon c, area ABfia is changed to A'B'^'a, and 


Lt 


dc 

Now 
^S'y'a 


area 


area ^'S'/SV—area ABBa 
ABpa = Lise ^o-—- - - - 

Y ^S'y'a + BB'/3'<Y — AA'a'y 


8c 


j a 


dx 


J a 8c 


, Also 

oc Sc 

T.<l>{b, c) Sh+^R^'S' 

-- 


.dh j-RR^'S' 


Sc 
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, y. AAay j. AAFya~\-aB(iy 

and Lt --—~ Lt --- 

Sc Sc 

T, <p(cL, c) Sd-}-aSay' 
=.Lt 

c) ^ 


dc 


area ABBa 




dc 


^ area fiR^'S'— area aSay 


Now, if the terminal ordinates A'a\ A a and B' ft', Bft are 
finite, as supposed, the portions ftRft'S' and aSa'y' are both 
of the second order of infinitesimals, for their breadths and 
greatest lengths are both first order infinitesimals; and there¬ 
fore, when divided by Sc, they still remain of the first order 
of infinitesimals and disappear when the limit is taken. 




• />(«, c) 


da 

dc 


The student will see that the truth of this theorem could 
not be asserted without further examination if any of the 
ordinates of the figure became infinite, or if either of the 
graphs were discontinuous, or if either graph were cut by an 
ordinate in more places than one for any position between 
the extreme ordinates of tlie portion considered. 

When one of the limits is infinite the theorem may still be 
true, but special consideration is needed in each case. 


357. If the integral to be differentiated with respect to c 
be “indefinite,” ie, the limits not stated, say 

u~^<l){x, c) dx + A, 

where A is an arbitrary constant, then 
du__ {c>(j>(x, c) , , 

3A 

and A being an arbitrary constant as regards x, is also 
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an arbitrary constant as re^^arcls x ; and we may write tlu^ 
result as , ^ 

dc J Oc 

where A' is an arbitrary constant. 

358. Integration of a Definite Integral with regard to a Para¬ 
meter. 

rb 


Take the integral 


u- 


-f (j>(x,c)dx, 

J a 


where a and b are not functions of c. 
Then, by tlie previous articles, 


c) 

'dc 


i.e. 


rb 

c) 

j* u dc — 

j* I 0 (rr, r) J Q 0 (.r, 


dx 


dx ~ n : 
dx, 


359. Supposing that instead of d^n indefinite integration of u 
we require a ilejhiite integration between Cq and c, say, regarded 
as independent of a and 5, then we shall have in general 

f rr d:P[dc~~[ f (j>{Xy c)d(^dx 
v C(j Lj 0 / •! _J fy —1 

that is the order of integration is immaterial. 


then 

and 


For putti ng j 0 {x, c) dc ~ f (x, c) , say, 

J Co 

1 f^l =1 f(x, c) dx, 




also 


= [ <f>(x,c)dx, 
Ja 

-- j* J (jj{x, c) rfc == J (/}{x, c) dx. 
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Hence botli 




dc 


and f f <p{XyC)dc\dx 

JaLJc^ J 

have the same differential coefficient with regard to c, and 
both vanish when c~c^. Hence they arc equal. 

This theorem may be written 

f f 0 (x, c) dc = [ [ <j> {x, c) dx dc, 

J C^y J ii J a 'J C(y 

and expresses that the order of the integrations may be 
changed. The theorem presupposes that the limits of inte¬ 
gration and c are independent of the limits a and h, and 
also that c) remains single-valued, finite and continuous 
for all values of the quantities x and c between or at their 
limits. 


360. Notation. 

Tlie notation of this ‘‘double integration’’ calls for expla¬ 
nation. It will be noticed that we liave written 

f r [ if>{x, c) d:j^dc as f f (p{x, c) dedx, 

JcoLJ(z J JcoJa 


inverting the order of the dx and dc. The order of writing 
these symbols does not appear to be universally agreed upon, 
some authors adc^ting the opposite order. For the sake of 
clearness we may state that throughout this book the right- 
lumd element and the right-hand integration sign refer to 
the first operation, the left-hand element and the left-hand 
integration sign refer to the second. 

f xi rpi 

I y)dxdy will mean that 


(1) <h{^,y) is to be integrated with regard to y, keeping x 

constant, between limits y^y^, y—y\- 

(2) That the result obtained is then to be integrated with 

regard to x between limits x-^x^ and x^x^. 

A notation which carries its own explanation, and used 

when there is any fear of confusion, is 

r«i. Cvi _ 

dx\ dy(j,(x,y). 

J Xo J Vo 
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Geometrical Interpretation. 

Writing y wlu^rc W(‘. had c in (/)(x, c) and dy for cfc, wo have 
to establish tlic t]ieo)-ein 

f I f ^l^{^^y)dx\dy^.[ rr y>{x,y)diP[dx, 

<0 LJ tf J J a Lj Co -j 

Imagine the rectangular space })oijnded by 
x^a, x^h, y=CQ, 2 /“^ 

to be divided up into infinitesimal rectangles by two families 
of straight lines, the first set being equidistant from each 
other and parallel to the a?-axis, and the second set being equi¬ 
distant from each other and parallel to the y-axis, the distance 
betwi^en consecutive lines of each family being infinitesimal. 


c 


RS' 







Q' 



» 





II 


Q 

c 



II 



'^0 


RS 

1 

0 




B 


Tig. 37. 

Imagine that we have to find the mass of this rectangle, 
regarded as of variable density, such that (/^{x, y) is the density 
at any jioint {x, y\ and that the elementary rectangle whose 
corners are {x, y), y\ y+Sy) and (x, y+Sy), and 

whose area is Sx Sy, is so small that the density may be taken 
uniform all over it, or, whicli will amount to the same thing, 
that the density at any point of the small area Sx Sy differs 
from that at x^ y by an infinitesimal. 

The mass of this small rectangle will be, to the second 
order of infinitesimals, <p{x, y)SxSy. Let PQQ'P' and RSS'R 
'be the two elementary strips whose common element is oxSy. 
Then, in adding up all the elements of mass along the strip 
PQQ'P\ we have 

in the limit when Sx is indefinitely small. 
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Tlien, if wo sum tiio strips from y—c^ to y — c, we have in 
the limit, when Sy is imletijutely small, 

But if we fiivst sum the elements <j>{x,y)Sx Sy along the strip 
RSS'Ky we have in the limit, when Sy is indefinitely small, 

[ <i>{x: y) dy j Sx. 

And if we sum these strips from x~a to x = b we have in 
the limit, when Sx is indefinitely small, 

f i \'<l>{^,y)dy]dx. 

J a L J fo J 

And as the order of addition of tliese elements is obviously 
immaterial we perceive that these two results must be equal. 
Hence the trutli of the theorem, provided y) be finite for 
all points of the rectangle. [See Art. 1899, Vol. II.] 

362. Successive Differentiation. 

Having established the equation 

dp, .J J , /7 \db , .da 

we can differentiate again and again and successively obtain 
the second, third, etc., differential coefficients witli regard to c. 
The successive results however, in general form, rapidly get 
complicated. Thus, for instance, we have 
P 


c) , ^0(6, c) db d<l)(a, c) < 

J a ^ do r>c ( 




(:/)(b, c) /dh\^ ^<f>{by c) db 




00 (a, c) fda\ 2 00 (a, c) da . . d'^a 

aa” \dc) 0c“ 


which reduces to an expression with seven terms. 

Similarly, the third and other differential coefficients may 
be found when necessary. 

In particular cases there may be considerable simplification. 
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363. Many important results can be derived from these 
theorems, and new forms deduced, by differentiation or 
integration with regard to letters whicli have been regarded 
as constants in a previous integration. 

Ex. 1. For example, taking the case 


[ T -(<^1^ > a/~, r *^,1 (Art. 171) 

a + b cos .r ^^2 _ L \ a + b Jo' ^ 

n 

i: 


we have, upon differentiation with regard to a, 

^ A _ 

Jq (rt + ^c(>s.r)“ 

1 )iffe)‘entiating again with 

r _ d:v _ 

Jq (r/, +cos .r)*^ 

or, with I’ogard to 6, 

cos .r d.(‘ 


Cl 


Jleiicc 


Jq (a + b coh ,-vy^ 
d 4- b' cos .r 


’ Jo ((t-i-\coiA 


'da \sjd-- 

- /;V ■ 


regard to a. 



1 d 

7ra 

TT 2d^ 4- 

2 da 



_ 1 3 

“jro- 

Btt a6 

2a6(„2 

- 

2 {aa-62)i 

TT a'(2d^ 

+*-)- 

ZahJ) 


{a^-bY^ 


Generally, 

r _ d£ _ 

Jo r</' +^> cos 

eod^~-^:rd.v 


etc. 


^n-i 


1 


1 


(-1)"-' 'c>-> ] 

(w-l) I 

gcur 


{a+ b cos .vy* 

Ex. 2. Clearly je'^^dx — 

.£r(, 

a \ a / 

[Int. Calc, for Beginners, Art. 213.] 
Show that these results are identical. 


Jo d* 


Ex. 3. Starting with / ( 

Jo 

we have / dx = —^, 

./q 

by differentiations with respect to a. [See Art. 1897, Vol. II.] 
K.i.e. 2 a 
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E;i. 4. Frojn such integrals as 
f d.r 

j-- or 

J {p.v + ^) V +c 

we can deduce 

dx 


k 


dx 




x^ 4 - ^hiX 4 - cj) + 2h.^x + 

dx 




{px + q) (ax^ + ^bx + 


“h qY^ ax^ 4- ^bx 4 c’ 

or (3) f-- 

J (ai,r^ 4- 2hjX + q)"v 4- ^2b.-p: 4- ^2 

o.. (4)f--- 

^ (a^x-^ 4 2 biX+Ci)(a.j.v‘^+ 2 b^'e + c.^Y 

by l espectivcly differentiating the first w — 1 times with regard to q, 

or once witli regard to c, 
or the second n — 1 times with regard to Cj, 
or once with regard to 

when once the primary integral has been found (Chap. VIII.), and this 
will often be more convenient than the employment of a reduction for¬ 
mula. Differentiation with regard to other letters, p, a, b, rtj, a.j or 
i!> 2 , will give other integrals. 

Dor example, bj" Art. 270 (supposing bp>aq, a and p positive), 
((ix-i-b)( 2 }x-{~q)s s'a{bp-aq) ^p > o.r+o 

Therefore 

f .. _=2( - ir- la /^+?] 

(a.r + b)'‘(pxi-g)i (“-^)' '^l>” ^^'Ja{hp-oq) ’p \ax-+l>J 

and 

/•__ 3”"* r Bin-1 Ji Jp^~\ 

J (ax + />)'‘(px+q)i (»-U!3«"-‘U/a(ip-a5) 'P V <w+iJ’ 

etc. 

Ex. 5. If (^“v/(a*^4-A)(6^-f A)(c 2 4-A), prove that 

/ V. 4__J__ . _i _lWAr/A 
Jo W^+\'^b'^ + X'^c'^-hX A/"''^“ 


= 0 . 


We have 
.•. the integral in question is 


Similarly 


2dQ^ dX , ^^A c?A _ 
(f} -h A 6“ 4" A c' + A * 


2 i<?_IWAdX 

y dk k) y 


Q 

1 \ dk r^JQ 
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If / = 


we have 

Jo Q du'^ 2 Jo a-4-A Q 

and the above equation may be written 

0 / B/ 0/___ J_ 

3^ "^352 Be* a he' 

For several useful illustrations of such integrals, which occur in problems 
on the attraction of ellipsoidal shells, see Analt/tical Static,% by E. J. 
Routh, vol. II., pp. 100-101. 

364. Diffp:iientiation of a Multiple Integral with 

REGARD TO AN INVOLVED CONSTANT. 

It will be sufficieut to take the case of a multiple integral 
of the second order. 


pi pi 

Consider I~ \ dx\ dy c), 

J Xo J Vo 


where c, x^, x^, y^, y^ are all functions o£ some quantity t but 
not involving x or y. 

Let ^(ji{x,y,c)dy = F{x,y,c), 

where x is regarded as a constant in tliis integration, so tliat 
?)F{x, y, c) 


^ 2 / 


y, c)\ 


then r ‘ {x, y, c) dy = F{x, y^,c)- F{x, y^, c) - v, say. 
Jyo 


Then 


-r. 


vdx. 


Differentiating by the rule of Art. 355, 


dl r 1 dv 


dj [ 
di-^], 


da:+~‘vi- 


dxn 


Br**' ^ dt dt 


where and v-^ are the values of v when x receives the values 
Xq and Xi respectively. 


dt 

dv 


Thus, substituting for we have 

^(®i. y. c)dy-~^^\{xo, y, c)dy. 
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This may bo written in the more compact form 

‘’'''"I- 


A similar process may be applied in cases of Multiple 
Integrals of a higher order. It is to be understood that all 
limitations with regard to the nature of cp, and the range of 
integration, which correspond to those described in Art. 355 
for the case of a single variable, are supposed to be assumed. 


3G5. Remainder after u terms of Taylor’s Series 
EXPRESSED as A DEFINITE INTEGRAL. 

Let /(.t) be a function of x which is finite and continuous 
throughout the range of values of x, from x^a to x~a~\-h, 
as also all its differential coefficients as far as 

Let x=a~\-h~z be an intermediate value of x, (h). 

Considering the integral 1 f'{a~j-h—z)dz, we may 

J 0* 

(1) integrate directly as j^—/(aH-A -::)J ~f{o~\~h)—f{a), 

or ( 2 ) apply tlie rule of continued integration by parts 
(Art. 95), viz. 

{a + h—z) + ^^f" {a-\-h—z) + {a + h — z) + ... 

i.e. /(o+S)-/(»)+V(«)+|’r(‘‘)+|/"(a) + ..- 
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Hence the remainder after n terms is 

Rn ^ :l - 3; ) 1 f (« + ^ - 

By theorem IX., Art. 331, this is equal to 

(¥^1) j/""' + 

for some value of ^ lying between 0 and A, which may 
be written (1 ~9)h wliere 9 is a positive proper fraction. 

}^n 

Hence which is Lagrange’s form of re¬ 

mainder (see Diff. Calc., Art. 130). 


366. Remainders after (m+1) terms in Lagrange’s 
Theorem and in Laplace’s Extension, expressed by 

MEANS OF A DEFINITE INTEGRAL. 

It is easy to find an expression for the remainder after 
(n+1) terms in Laplace’s extension of Lagrange’s theorem 
{Diff, Calc., Art. 518). 

Lagrange’s theorem states that if z~y-^X(j>{z) and u be 
any function of z, say f{z), then the expansion of u in powers 
of X is 

«=/(-) =/(y)+a:</> (?/)/'(y) +|, ^[{<A(y)}y'(y)] 

and Laplace’s extension states that if z = F{y-\-xcl){z)}y 


f{z) ^f{F{y)} +x<t,{F (y)} ^ U {i-Cy)} 




dy 

]■ 


V^//1 dy 

and contains the former as a particular case. 

Take then z^F{y+X(l>{z)}, and consider the integral 


where 
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We shall write tjiFi for etc., to avoid the multi¬ 

plicity of brackets. 

Putting n = 0, we have 

Again, differentiating 7,^ with regard to y (Art. 355), 

-[xipFy'\«(fFy)(F'y) 
=nI„_^-x”{<pFy)”-^-(fFy ); 

Putting w —1, 2, 3, ... successively in this result, 

etc.; 

whence 

f{z)-fFy^x{<pFy) ^(fFy)+-^I^ 

= I (/fy) + J |[57y!>|/%l] +i, 

= etc., 

and /(2) jPj/) I (/Jt/) +g |[PV r^|/^l]+ - 

x" d”~^ r~ rxf \ tL d j-rT- n , 1 T 

The remainder sought is therefore 

1 /f/\nCF-^(z) 
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This includes, as a particular case, the remainder after 
(n + 1) terms in Lagrange's theorem, when z=^y+X(j){z), viz. 

cited by Professor Williamson {Encyclopaedia Britannica, “ Infini¬ 
tesimal Calculus," §151) as due to M. Popoff {Comptes Rendns, 
1861), the demonstration of wliich by M. Zolotareff, (|Uoted in 
the Encyclopaedia Britannica, is similar to the above. 


GENERAL EXAMPLES. 


1 . Prove that 
d 
da 




dx =■ 


[CT 1 “ (riTT ^ 

and verify the result by performing the integration first. 

2 . If A be the area bounded by a parabola and its latus rectum 
(4tt), prove 

(1) by differentiating the integral 4| s/axdx with regard to a, 

Jo 

(2) by first integrating and then diflerentiating with regard to a, 
tliat 

da 3 

3. Apply the method of Art. 355 to prove that 
d 


d r-r _ 


and explain geometrically each step of the process. 

Obtain the same result by first integrating and then differentiating 
the result with regard to c; and also geometrically. 


4. Show that if 






then 

provided a be positive. 

d" f' 


, 9 % „ 01 * 072 ^ 


1 . 


5. Show that 


dc^'’ J. 


f{x + c) dx = 2’y'<”"'^^(2c). 


[Tjunity, 1888.J 
[a, 188,3.] 


6 . If f{x + c) ~f{x) for all values of a:, show that 
[ f{y + as)dy 


is independent of 


[a, 1887.J 
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dx __ TT d 1 3Y' 

J„ (^^cos^TjPsm^’^i^ 2»+i U ^''' W. 

. Prove that if m = (a'* + 6'‘)j' F{{a-h)x] dx. 


(a/3)-l. 


8 . Prove that if u = 


where F denotes any function, /3 and a being independent of a and 
bt and n being a positive integer, then 




da'^db) 


[0xFORi>, J886.] 




[«, 1885.] 


where c is a function of u and ;r, prove that 
»f ^ D</» j 

dx 1 cV; ■ 

10 . If u=\^ y)dy, 

where a and /i arc functions of x and w, prove that 

7 // ;/ \ 


11 . Comraeiit upon the application of the rule of Art. 355 to the case 
d f® d>(x)dx 


d r® ^(x)dx 
da]^ ^2 _ £1 

Prove that in this case the true result is 
1 x<b'(x)dx 

® J ~a - X- 

CF{a) 

12 . If u^\ 4>{0,a)d0, 

J/(«) 

we have da ' da 

Do you consider that this formula fails in the case in which 


i^(a)=«a, y’(a) = 0 and a)“- 

If so, to what extent and in what respect ? 


\/cos 6 - < 
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Prove that in this case 


sin a r - 

2;/2j„ 


dvb sin a f - 
da 


mi^OdO 




Make any renjarks that oecur to you as to the reasons for the 
peculiar form which the general formula assumes in this case. 

[6, 1884.] 

13. Show that the equation 
dx I 




di 


ceases to hold for x = 0. 


[Math. Tktpos, 1897.] 


14. Find a curve in which the abscissa of the centroid of the 
area of that portion bounded by the curve, the coordinate axes and 
an ordinate is proportional to the abscissa of the bounding ordinate. 

[CuLLEOKS, 1878.] 

15. A vessel in the form of a right circular cylinder with vertical 
axis and a flat horizontal base is filled to varying depths with liquid 
of varying density. If the depth of the centre of gravity of the 

liquid be always ~ of the immersed portion of the axis, show that 

the density varies as (depth)"-’. 


16. Find the general e(]uation of all solids of revolution for which 
the distance from the vertex of the centroid of a segment made by 
a plane perpendicular to the axis, is proportional to the height of 
the segment. [Todhuntek, Integral Calc-uhn^^ p. 198.] 


17. Find the form of the curve for which the area bounded by 
the curve, the coordinate axes and an ordinate is such that the 
moments of inertia of this area about the coordinate axes are in a 
constant ratio. 


18. A body moves from rest at a distance a towards a centre of 
attraction varying inversely as the distance. Show that the time of 
describing the space between and will be a maximum when 


= 1 




may be assumed that 



[Tait and Steele, Dynamics of a Particle.2 
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19. Find the density of a parabolic plate as a function of the 
abscissa in order that the distance of the centroid from the vertex 
may vary as the square root of the length of the plate. [a, 1881.] 

20. Find the equation of the curve such that the area included 

by the ordinate at any point, the axis of x and the curve is in a 
constant ratio to the area included by the ordinate, the axis of x 
and the tangent. [Math. Thipos, 1882.] 


21. Prove that 


F(x) + 2x 

d^<^F{x)dx dx 




Jo 


2 a Ja - X 


dx. 


cn /r(x) dx 

Under what circumstances will I - y // - be independent of al 

Jo \/a-x 

[Todhuntkh, Int. Calc.] 

22 . If taiy = 

verify that 


r® dx 1 j•<^ 

Jo^l-a:® .^1 - ti 


d<l> 


tan^ sin^c/> 

o 




d\p 


/^1 - tan-^ sin- 1 /' 
[Math. Tripos, 189().] 


23. Prove that 


J 2 r 6 

J0 a- + a;- Jo Jo 

24. Verify that 

= y/j* (1 - vy~^'' ^ 


[e, 1884.] 




^dv 


satisfies the differential equation of the hypergeoraetric series, viz. 

when p > 0 and y > 


25. If 
verify that 


f = +/nog(a!sin20)} d9, 

dhi du 


^ dx 
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1 r*" 

26. Prove that y = - I (a; 4 - cos (f>s/x^ - 1 )" dijj 
0 

satisfies the equation 


d 

dx 


=»(n+l)y. 


[Sr. John’s, 1892.] 


27. Show that the differential equation 

dhi _a h 

dx?'^ x'^ 

f “ a sin z + h cos 
Jo X-\-Z 

Write down the complete solutioii. 


is satisfied by 


dz. 


[St. John’.s, 1883.] 

28. If 7 y = | log(v/xsin + 

d‘^y 
dx^~' 




prove that 

29. Prove that 

pr 2rt-l pir 

J (cosh X - sinh x cos <l>) dcj) = J 


[St. John’s, 1889.] 


(l(fi 


Prove also that if 
I 


' 2»4-l • 

0 (cosh X - sinh x cos <^) a 


^ = J (cosh X - sinh x cos f/>)^ dipj 

P Ip cos </>(/</) 

^ J 0 (cosh - sinh x cos ^ 


[a, 1886.] 


30. If 

X Jo 

equation 


cos(ma;” 8 in </i) COS” prove that y satisfies the 




[a, 1886.] 


31. Verify that 




= ^(ir^F[A 'hBlog{U^{ao + h^)} ] dn, 
where 4- h^u + log VU^ == j* du^ 


and the limits are given by e“* VU^ = 0 , satisfies the equation 
provided a-J)^ - 


(%++K+^*1*) (®o+V) y= 


[Spitzer, GrelUt vol. liv.] 
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32. Verify that if x be positive 

J —(/ J - w 


and if x be negative 


It ~ C 


\ I' (it + V., j“r" - q ^)^-‘ 


dt 


solves the differential equation 


dH da 




33. Prove that 


f . j cos a . X 

1 sin 0 arc cos -r du = ( 1 - cos a). 

J, sin 0 2^ ' 


34. Prove that 


1 + ax dx . . 

I log ^ sill ' Ui, 


[Petzval.] 


[Trinity, iSSO.j 


[Oxford. 1888.] 


35. Establish the known result 
f“ lo2r.T 


dx 


lofia 


and hence prove that when n is a positive integer 


1 . 


(a+x)"*- (« + l) 




}• 


(13) r dx==^ --L. / _ 1 _ 1 _ _ 1 \ 


[Math. 4 ’kipos, 1883.] 


36. If the operator A, applied to a function of a, has the effect 
of changing a to a + 1, and subtracting the original function, show 

that r* 

A I cl>(x, a)dx ~ \ Ail>(Xf a)dXf 

where a and b are independent of a. 

Prove that 

[Bertrand, C . I ., p. 183.] 
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37. (rivon w = 


^ j* difTerentiating twice we have 

dhi f" a:- cos ax ^ 

But this is indeterminate when x is infinite. Discuss the validity 
of the differentiation. [Behtrand, Gal. Tut., p. 181.] 


3(S. Is it true that 




dx ? 


If not, why not ? [See Art. 1899, Vol. II.] 

Evaluate each side separately and compare the results. 

[Bkrtkand, Cal, Int., p. 187.] 

39. If P-h t.Q ~ 4>(x + Aj/), show that in general 
rh rfi '?^n W' 3/> 




and 


1:1:1—-i:ri^-- 


Examine the case </>(.r 4- ty) - taking a - 0, « — 0 and h — 

[Bertrand.] 

40. If f{x) — (2 - .t)' J [I -X sin^^)”*' dd^ show that 

~^(2 -ir)~2 f cos 2^[(1 - n^cos^^)"^' - (1 - a:; sij^^)"^] 

" Jo 


^/(?) 

dx 


Hence show that as x increases from 0 to l,/(a^) increases from 

[C. S., 1898.] 


to 00 . 

v/2 


41. Prove that 


i: * 1: * £ * ■ ^ 1: ' (rVi 1: *■ 

there being n integration signs in the left member of the equality. 

[R. R] 

42. Show that 


dc^ 


I <l>{x + rj-\- c) dx diA =r: 9</>(3c) - 8c/)(2c) + </>(c). 
IJo Jo J 


[OXF. II. R, 1890.:i 
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43. Show that the quartic function 

+ ibx^ + 6cic2 _|_ 4^;^ ^ ^ 

can, in general, be expressed in three different ways as the sura of 
two squares + IPj where 

P ™ a”“ [{ax + 6)2 + 3 (ac - 62 ) - 2 A] 

and P“ [2 (ax + 6 ) A + a^d ~ Sahc + 26 ^], 

A having any one of three determinate values A^, Ag, Ag. 

(* tlx 

Verify the evaluation of the integral J q in the form 
^[(A, - A 3 )A,itan-’|>- + (A 3 - 

where A - (Ag - Ag)(Ag - Aj)(\j - Ag). 

[Math. Trip., 1897 .] 


44. ShoM^ that 



a4'a:)""'‘^(ix = 


(n-^T- 1 )! 



i ~ a 

[1. C. S., 1892.] 
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PRELIMINARY TO INTEGRATION OF WHERE 

Q IS A RATIONAL QUARTIC. DEFINITIONS 
OF ELLIPTIC FUNCTIONS. ELEMENTARY CON¬ 
SIDERATIONS. 


367. In many problems of both pure and applied mathe¬ 
matics, such as the investigation of the length of an arc of 
ivii ellipse, or of a lemniscate, or the time of a finite oscilla¬ 
tion of an ordinary simple circular pendulum, integrals occur 
in which the integrand contains a square root of an algebraic 
function of higher degree than the second. 

Now the integral 



where Q is the general biquadratic function 
-f + 4!a.^x +, 

cannot in general be integrated by means of the circular, inverse 
circular, or inverse hyperbolic functions, though it has been seen 
that for particular values of the coefficients this may be possible; 
for no such function is known which will, on differentiation, give 


rise to the general expression ^ as its diflFerential coeflScient. 

Hence, in discussing such an integral as this, we are in a 
position similar to that which would have occurred if we had 
c dx 

required the integral 1 before the inverse circular 

j sj Ox “p C2/“ 

or inverse hyperbolic functions had been discovered. The 

r dx 

integration even of the case 1-^==™ would then have pre- 

J V i T* 
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sented a difficulty. And the necessity for the consideration 
of such an integral would have formed a suitable starting- 
point for the investigation of such functions as would have 


1 


or, mere generally, 


1 

sfa+bx+cx^ 


for their differential 


coefficients. 

And the whole theory of such functions could have been 
built up from this starting-point. 


368. For instance, let 



Then F(0)-0. 

Let X and y be two variables connected by the equation 


—x^ 


i,e, F\y) 


The integral is F (x)+F(?/)= constant—F(s), say, where z is 
the value of y when x vanishes. 

But multiplying by Jl—x’^ •Jl — y'^, 

dxs/l ~y^-\-dyJl - x^~ 0 , 


and we can integrate this by parts, viz. 


xJi—y^-\-\x—iJl-^- dy + yJl—x^-\~ f ydx = constant == C, 

and the part under the integration sign vanishes. 

Hence, xs/l — y^+yj'l—x^ — z, say, where z is the value of 
y it X vanishes. 

Hence we have the addition equation 

F(x)+F{y) = F{xJl -tf+yjl-x^), 
and if we then choose to write 8in~^ (a supposed unknown 
symbol) for F, we should have 

8in~^ x +sin"'^ y = sin“i {xo/T^^ + y s/l — , 

or writing sm“'^a;=0 and %iTr^y = ^, 

sin (0 -f 0) = sin 0 Vl — sin^ 0 -f sin 0 >/l — sin^^, 
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and we should thus have arrived at one of the fundamental 
propositions of trigonometry, and could have built up the 
general theory. 

Such is actually our position with regard to the integration 

of or, more generally, where M and N 

rational integral algebraic functions of x, and Q is a rational 
integral algebraic polynomial of degree higher than the 
second, say the quartic 

Q + {ya^x^ + ^a.j^x + , 


are 


and the absence of knowledge of any function which, upon 
differentiation, would give a general result of this kind long 
barred the progress of geometers. 


3()9. It was natural that after having exhausted the dis¬ 
cussion of integrations which could be expressed algebraically 
or by means of logarithms, or by inverse circular functions, that 
is in tei'ms of arcs of a circle, that investigators should tui'n 
their attention to such expressions as could be integrated by 
means of arcs of an ellipse or a hyperbola. Thus Colin 
Maclaurin, in his Fluxions, vol. ii., Art. 799, of date 1742, 

discusses “the fluent of —u,” or as it would now be 

2>Jxx ~-1 


IC ^dx . If 


X dx 

^x(x^— I)' 


which he expresses as 


the arc of a rectangular hyperbola of semi-axis unity, viz. 
drawing a tangent at the vertex A of the hyperbola, centre C, 
and a circle witli the same centre and radius x cutting the 

A 

tangent at the point M, then letting the bisector of ACM cut 

1 X dx 

the hyperbola at E, arc which we leave 

to the student to verify. 

370. The real starting-point of the general theory of such 
integrals, which have been termed Elliptic Integrals, from 
their intimate connexion with that curve, may be taken to be 
Fagnano's discovery,* that upon every ellipse or hyperbola 
it is possible to assign in an infinite number of ways two 

♦Fagnano, Produzioni unaiematiche, tom. ii. 

B.I.C. 2ri 
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arcs whose difference is equal to an algebraic expression, and 
that the leinniscate “jouifc de cette singuliere propridtd, que 
ses arcs pen vent etre multiplies ou di vises alg^briquement, 
comme les arcs de cercle, quoique chacun d eux soit une 
transcendante d'un ordre superieur/'* 


371. Definitions. Various mathematicians, Euler,*}* Lagrange, J 
Landen§ and others, turned their attention to this matter, and 
much progress was made. But the chief advance was due to 
the investigations of Legendre, first in his Mimoires sur les 
Transcendantes Elliptiques, 1793, and, aftei- a long interval, in 
his Exercices de Calcul Integral, 1811. In this last work he 
treated the general reduction of the integral 



where P is any rational function whatever of x, and Q is the 
quartic function 

showing that in all cases the integration may be made to 
depend upon that of three fundamental integrals, viz. 


J 0 


de 

'A ’ 


F(0, 

} os/l—k- siii^e 

E{eyk)~{ \ll—k-H\irede—\ Ad6y 
Jo Jo 

U(e.kn) = C- 
J 0 ( 


i' 


where A “\/1 sin‘^0, 


) (1 + w sin^ 6) \/1 — P sin- 6 

de __ 

|o(l+wsin2d)A’ ^ 

which he calls the “ Elliptic Integrals of the First, Second and 
Third kind respectively,” k being a real constant quantity less 
than unity, called the modulus, and n any constant whatever. 


372. Legendre in a footnote, (pages 18, 19) of the Exercices suggested 
names for these functions, but it does not appear that the names were 
generally adopted, except as to the initial letter £7 and II still used for 
the second and third. He remarks: 

“Ces functions r^unissent un si grand nombre de propri6t6s, que 


♦Legendre, Exercices de Calcvl l7U4graU, 1811. 
t Ruler, Novi. Com. Petrop., tom. vi. et vii. 
t M^m. de Tuvin, tom. iv. 

§ Math. Memoirs, by John Landen, 1780. 
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quand elles Reroiit plus g6n6ralemerit connnes, on jugera sans dotite 
n^cessaire de leur iruposer im ii<nn paifciculier, ot de d('^8igiier la 

fonction de c et 6gale ^ * eoinine on d^sigiie I’arc dont le sinus 


est .r, ou le norabro dont le logarithme est ?/. II seiuble qn’on carac- 
t^riserait assez bien la fonction F en lui dormant le iioin de Nome^ 
parce (jue cette fonction a la propri6t6 de i-^gler tout ce qui concerne 
la cornparaison des fonctions elliptiques. Peut-etre conviendrait-il en 
inenie temps de donner les noms (X'Epinome et de Paranome aux fonctions 
A' et II que constituent les deux autres esp^ces.” 


373. Legendre established addition formulae for each of 
these functions analogous to the trigonometrical formulae for 
sin(0±:0), cos(6±0), whence their whole theory may be 
deduced, as for the ordinary circular functions of trigo¬ 
nometry, and their numerical values calculated and tabulated 
for definite values of k and n. This having been done, they 
are available for numerical use, as in the case of the circular 
and inverse circular functions. 


374. All three of Legendres standard forms are compre¬ 
hended in the one formula 


H, or 



A ABsin^O _ d9 

I -f a sin^<9 ^ ^2 


The cases are 

^=1,5 = 0, n=r0, HE^F(9,k), 

A=:l, B=-~k^ n=(\ H^-E{9,kl 

A=l, B^O, ff^n(9,k,n). 


375. The ** Complete Values.'’ 
The function 

1 -f-n sin^t^ 


The Real Periodicity. 


_ 1 

\/l —A;^sin2(9 


obviously goes through all its values four times, as 9 increases 
from 0 to 2x, and then repeats the same cycle. The values 
in the second quadrant are merely repetitions of those in 
the first, passed through in the reverse order. 

It is clear then that 

w:=M>K=w:>-• 


and that 
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We nmy call H tlio quarter period of the integral H. 

L Jg 

In the case of the first elliptic integral, this “complete” 
f ^ do 

integral 1 is denoted by F. or K, and called the 

Jos/l - sirr6> 

real quarter jperiod of F{0, Ic). 

Similarly, and IIj arc written for the “ complete ” integral 
of the second and third kinds respectively, i.e. when the limits 

are 0 and and jfe\, 11^ are the respective quarter periods of 
E{Q, k) and 11 (6, k, n). 


Thus 


' Vl- 


do 

-k^»hi^e' 


(i;-D 




do _ 

- k- 8in“ 6> 


=K~F 


j^analogous to cos“^ir — — —sin-^xj * 

In this respect these integrals resemble the length of the 
arc of an ellipse, or of any oval symmetrical about two per¬ 
pendicular axes. In fact, as will be presently shown, one 
of them, E, represents the length of an arc of an ellipse 
measured from the end of the minor axis. And it was 
this particular fact that led Legendre to style them Elliptic 
functions. 

It will be noticed that the “complete” values are not 
numerical until the values of n are assigned, but are func¬ 
tions of k and n. 


376. It is not the object of the present chapter to discuss 
elliptic functions at length, nor to establish the mode of 
Pdx 

-, 5 - to one of the above canonical forms. These 

matters, as well as the addition formulae, will be postponed 
for later treatment. The present chapter must be regarded 
as an introductory description of such functions, so that the 
student will gradually grow accustomed to their use in cases 
that may appear in treating of the rectification of ellipses 
aud other curves. 


reduction of 
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377. The Jacobian Notation. 


In the inte^nil u- 


it is usual to call the 


.JLU JLXA *. CA/A W I /- - —- — AV AfcJ 

superior limit 0 the amplitude of u^ and write it as 

0 =am u, 

and in accordance with the usual notation for inverse functions 

/»e /in 

Thus am~i 6 ^ HE I 

Jo^/l-A^sin26> 

If a; = sin 6 ^, we have a;=sinani?/, which is abbreviated into 
X = sn and it = sn“^ x. 

Similarly, — cos 0 = cos am u, abbreviated to cn w; 

00 

—P=4=-_~-. =tan 6 ^ = tan am abbreviated to tn u. 

Jl~x^ 

Tlie quantity \/I—sin^f?, which we have called A, may 
bo written A(^), (mod. k\ or A(^, /:) when it is necessary to 
put 0, k in evidence; 

\/l —A2 8in26^ = Aam w, 
which is further abbreviated to dn u. 

Thus dn ^ A am u ^ AO ^s/l -k^ si n^^. 

The names of these expressions, sn cn u, dn u, are spoken 
as spelt, ie. each letter read off. 

37s. Differentiation. 

From the integral itself =--j— 

Hence we can differentiate each of these functions. 

Thus 

d d . ^ ^dO . 

sn u = y sin 0 = cos ^ -y- = cn w dn w. . 

au du du 

d d ^ • ndO j 

jr~ cn w = j- cos 0 = —sm fy - 7 - = ~ sn w dn 

du du du 


/ dn « = # vrri= - h- sn « cn «. 
du du , sJ\-~k^sXi\^Odu 

It follows that any expression involving such functions 
may be differentiated by the ordinary rules of differentiation. 


~ k^ sn u cn u. 
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879. Integration. 

Conversely, we can integrate various forms involving such 
functions. 

Thus Jen w dn u du = sn w, 

Jsn u dn udu= —cn u, 

Jsn cn udu = —pdn u. 

880. TJie elementary transformations are merely those of 
ordinary trigonometry for single angles. 

Thus cn^ u = cos^ 61 = 1 — sin^ 6 ^ = 1 — sn^ u, 

BXl^U =Hhl^0 = l — COH^O ~l —cii^u, 

dn^u — l — k^sin^O ~l—k^sn^u, 

, sn u , , cn u 1 

tnu = -, ctn u = cot am u = = t—, 

cn u sn u tn u 

sn^u +cn 2 ^f = l, 

du ^u-\-k^ sn^ = 1 , 

etc. 


381. If X 


= 8 in 6 ^, F~[ 

Jev/a^ 


dx 


;v/(l-a;=*)(l-Fx*)’ 
which exhibits the quartic nature of the radical. 

• f ^ dx 

The equation ti== I - may then be written as 
^ • Jo\/(l-x*)(l-Fx2) 


and 


-x^)(\ — k'^x^) 
x = snu, (mod. k ); or as sn(u, k );" 
w = 8 n"^a?, (mod. k ); or sn’”^(a;, k). 


382. The earlier authors treating of this subject, Legendre, 
Euler and others, regarded the direct integral u as the func¬ 
tion to be studied, and 9 as its inverse. 

The course followed by all later writers, Abel, Clifford, 
Ferrers, Cayley, Greenhill and others, is to regard 9 as the 
direct function and u as its inverse. 
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383. The inverse nature of u is expressed in calling it 
and this is in conformity with the simple case where 
= viz. « 

dx 


whilst 


Uo = 




= sn“^ (Xy h). 


384. Complementary Modulus. 

It is desirable to introduce a new quantity h' such that 

K is called the complementary modulus 

385. Transformations. 

Each of the functions, sn w, cn Uy dn u, tn u, can be expressed 
in terms of the others. 


lfsn^ = cc, Q.mi~J\—x^ =s/l- sii 


811“ W 


dn u — k^x^=\I~\ — sn^u 


tn u • 


sn 


sn u 


~ Jr^x- cn u sj I - 81 u J 

If cn u=^x, sn u — \l\—x?‘ == v/1 — en*^ ii, 

(ill u — Jx - k'^ (1 — x^) ~ s'k''^-\-lc^ cn‘^ 


tn ii- 


If dn u—Xy snw: 


s/l~X^ 




Vi- 


Jl- 

cn u 

v/l — (In^ie 


QXIU — 


sjk^ — \ -}-x^ Vdii^ u — k'^ 


tn u 

If tnu — x, snw= ^ 


■ k 

Jl — x^ 


X 

■jT+^ 


__ / 1—dn^t« 



cntt = 


Ji+S^ 

v'T + k'^x^ 


J\ + tn^t^’ 
1 

Jl -f-tn^w' 


/l + k'^ tn^u 
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386. Inverse Notation, 

With the inverse notation the same formulae would be 
written 


811“^ X = — v/1 —= tii“^ 


V 1—X- 


cn “^X = 811“^ — dn“^ -f k^x^ = tii 


27^2 ' 


dn-^ic^sn”"^ -—~cn"' j - 


tn“^a7 — sn*"^ 


387. Ex. cu“^ 


-71— 

J 1 +X^ 


W oos 52 -f (;o.s / l -?-coh 2/j \ 

l4-co8!2/i ’ ^ 2 / 

-•"“'(VnrSlI' ““<*) 


j/sin 


Similarly 


388. Illustrative Examples of Reduction to the Legendrian Form. 


1. Consider /= 


Let .f = 6 sin B. 


r ^ a.1? /TV 

p hcoi^BdO 

\/(a^ — 6^ sin^ 6^) cos'^ B 

^=am (a/), 


.^•"Z^sin ^ = Z»sii (f:f/) ; mod. 


2. Consider the ease /— / —> - .r:^. 

./aj Vl-.?* 


Put .^7=COS Of 
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P _ -BinOcW 

Je sin +cos'-^ 0 
fo dO 1 dS 


^ _ dO __ 1 / 

0 — am ( r>j2 ); mod. > 

.'i? = cn /v/ 2 , 


'0 Vl~^8in^0 


3. (Consider 


, where a <h< c < .v. 


l I f - - -- • >y IIUX KJ L4/ ^ C/ -L. 

‘'a; sj 4 {.V - a) (.r - h) (.i’ - r) 

Lefc .r — a~ {c - a) e.osec'-^ 

TheII I I ^ —a)'2 cosec^ ^ cot OdO 

Jo ^4 ; _ a) coHoc- 0{{c — a) cosec’'^ 0a)}{{c- a) cot^0} 

Jo j __ jp,j 0 

1 ro do 


y I ~ sin- 0 

I V c- a 

(^’ Vri:) 

■al) ; mod. y---Zf 


0 ~ am {\lc — al) ; mod, 


. — Hin6^ —sii {\/c-~aI); 


i=~/ -811“ 

VC-a 

4. Consider the case 


(V-". V'^')- 

\ ’ x — a y c — a' 




Put .r + A — (1 -f A) cos‘^ (ji. • 

Thus, 

j _ _ — (T + A) 2 cos <:/> sin </> r/</> 

jc/. v'jl - A + il + A) cos“<^}{(l pA) —{l-f A)co8-</i}(l + A) co8-</> 

==2 _ 

Jo <v/2 — (1 4 -A) 

f—7^—= 

Jo 






394 


CHAPTER XI. 


Vi?) 

li X —cos 2 0 and A = cos 2/S, 

/=v'2an-' co8/i)j. (Art. 387 .) 


Similarly, 




dx 


W 2 cn-(-\/f_i, V' j-) 

. 4 


\/(l — A) 

= \/2 I 

These integrals are useful in the rectification of a Cassinian oval. 

5. Consider the integration 

fx 1 ( 1 ^ — 

■^ = jo 'Vc^ 

Putting .r=cjsin 0, 

/— ^/a“ — c^8m-^0d0^aj^ ^I -0 d0 

-“«{«. 3- 

6. Consider the integration 


Here we may put 


x>c> a. 


— A —sin-u>. 


Then 

and 


Vc'^ — a^sin^u) 
x== - 

C0S(0 

dx _ (c^ — a^)8inoj 

d<o cos^ to) >/c^ — sin^ w 
c 2 -a 2 


/= sec2a)-^5:L=::--^c^co 


o sin^w — cos^w , 

SeC-^ <0 -- (tU) 


-T 

“ I Lv -; —-r— - -— 

^0 vc‘^ —tt^sirru) 

, _ r a2^ft> 

= L sec^ <i> V sin^ wdio - L f—r - r ii" 

^0 N/c--a^sin^a) 

_ a^sin^w —a® 

= tan 0) V sin* (i> + / “> .,“"^ 9 .= 

Jo —a^siiro) 

, ___ f*^ (c^ — a^) — {c^ - ^ 

= tan a>vc^ — siii'^w-f I - ~ .. t „ 
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= tan — + 




’ Jo 


dii> 




1 —.> sin^o) dw 

tan (u s /to 4- ^ - cE ^to, 

the integration needed in the leetification of a hyperbola. 

7. Reduce the integral 


r= r\/ 0^h‘^ . 


to Legendriaii form, taking a>h. 
W rite h tan 0 -- a cot 


Then 


dO^-- 




h - o 

1 + 


-ah,, . .. . 

sin- X "h X 


Jlence 

% 


0 \/ {d^ + c^) 4- (h^ 4- C-) tan’^ 0 
_ a cosec x 


dd 


i 


ah d\ 


V a^ h‘^ «in‘-^ v 4- d^ cos^ y 

{a^ + e^) + (b^ + e^)"pooi^X 


X 

__ a^b^dx 

0 [<i^ - (a- - h'^) sin'-^ xl ^ d- c^) b‘^ siu“ x + + c^) cos^x 

d^d^d-x 


__ r'- dX 

Jo [a^- (a-- b“) V'““X 

«-V(/^^4-c’^j I /, d^-l)^ . \ / d^- h-c^ . 2 

. r_ Tt/' 

■■ aV6H:c^ V^’a Vft-^+c^’ /’ 

an integral of the Third Species. 

This integral is needed in the rectification and quadrature of a sphero- 


389. The Simple Pendulum. Dynamical illustration of the real 
periodicity of F. 

Consider the finite oscillation o£ a simple circular 
pendulum. Let 9 be the angular displacement of the rod 
from the vertical at time t, a the extreme value of 9, m the 
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mass of the bob, a the length of the rod. The line of 
:^ero-velocity in this case cuts the circle described by the 
bob at two points A, A' between which the bob oscillates. 



r 


Fig. 38. 


The energy equation is 

J mdW = mg {a cos 9 —a cos a) 

= 2mga (nin^ ^ — sin^ ^ 


giving 


i-sV" 

^ y a 




t being measured from the instant at which the bob passes 
through its lowest position. 

Let sin ™ = sin^ sin <f >; 
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When (9 = a, and d = 0, and the time to this point, 

viz, T, is given by 



and is the quarter period of the whole time of a complete 
oscillation. Writing K for it appears that the function 



is periodic and has a real period Thus or K is called 

the “ quarter period of the integral F*' viz., 


K=r 


d(f> 


where k = sin ^. 


Jos/l-'/c'^sin-2 
For an indefinitely small oscillation u is infinitesimal and 
7’=^ , the ordinary formula for a small oscillation. 


390. Complete Revolutions. 

Case of the pendulum making complete revolutions. 



c 

Fig. 89. 


In the case when the line of zero velocity is at a height h 
O 2a) above the lowest point and does not cut the circle 
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described by the bob of the pendulum, the velocity of the bob 
is not exhausted when it arrives at the highest point of its 
path. Tlie rod then makes complete revolutions and does not 
oscillate. In this case the energy equation is 


J ma^ 9^ = mg [A —al — cos 6^] ; 

02 = ?■?('-'-2 sin^^) 
a \a 2/ 

2gh A 2a 


2gh/. 2a . 
= -«2 


and 


J2gh 


a 


1 ? 


k 

d9 


2a . £ 
- sin 2 „- 


h 


Let 


0 = 2 ^, 


^2(fh ^_ 
2a 


p d<f> 


(I'o) 


Vx)- 


' The time of a half revolution is given by 0 = ~, 


and 


T=-j~-fF,; mod 
J2gh 


j2a 


6 , . 9 ■J2(th, 

, 2a 1 / • 0 /2a\ 

‘=7257.” (""2' yi ,)- 


391. Legendre’s Formulae. 

Legendre gives (Exercises, p. 199) a list of results connect¬ 
ing various integrals at once by elementary means with the 
first two standard integrals of Art. 871, viz. 

|'f=f(0,*). J’^A(i0=^(0,^). 

These we may usefully reproduce for reference, and they will 
furnish a useful set of examples for the student to verify. 
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Examples (Legendre). 

Prove the following twelve results: 

-A- 

[Putting P and differentiating, we obtain, after 

dP k'^ 

a little reduction, then integrating we obtain 

the result stated.] 


== ~1^{F-Ey 


^(E~k'^F). 


lo 

lo '"“A 
Jo ^ 




j^,^(AUnO + k'^F-E). 




2 A tan 2 +i^—2jS. 


( * 0 

—j— = 2Atan^+2i?’-2JS. 

8. f Asec*6lrf0= Atane + jP-E. 

Jo 

9. J Atan2(?d0= Atan^+i^—2£. 

jW5 4,_9^2 h'2 

10 . Jl^dO - ^Ai,\u0coB9 + ^-^E~^F 

Jo o o 

11. A sin20 d9==--iA sin 9 cos ^ 

12. j'Acos20d^?= -jAsmecos0'+iipi&-|pE. 


392. Further discussion of Elliptic integrals is reserved till 
Chapter XXXI. Enough has been written to explain their 
nature, and the student will be able to employ the notation 
when wanted in the intervening chapters. 
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EXAMPLES. 
1. By putting x ~ ^, shew that 


^ 1 + sin 0 

I dx _ 1 

cv/icll + + 


2 JoVl sf’l ^ \ V2/ ' 


and that 


1 - sn (nj'l) 


' y~, Anod. w=-j-sn “ 7 ;:Y 

l+sii(wv/2) \ \/2/ J2 \1 \/2/ 

2. Prove that 

(^, /;) -- 2^1+ 22^ 2- 4*-^ 2‘^ 4-. 6”^^ • y i 

and that iV)~ 1*574745 very nearly. 

3. Prove that 

L-^/i 1 70 1^*3 7. 1^32.5., \ 

— 2 f 1 22^" 22.42^ 22.42.62^' ”/* 


r- //i 7v ^/i 1 70 1"*- a i-'. r> ,, 

— 2 (^1 ~22/42^ 22.42.62^' 


4. Prove that 

n, (/;, ?/) 


,(», ‘,«) - '[1 + (Ji* - •); + (‘,-;|l--‘ - ’ «> t «')1- 


+ ...] if w be < 1. 

5. Establish the truth of 

(a) (m u + ----) 4 - fm n + —- ) - (^1 +--—) . 

\ cn u/ \ sn u/ \ sn ?/ cn u/ 


(a) 

/ 1 

(sn +- 

\ cn w, 

if>) 

cn ii sn u 

sn u cn u 


cn ii + sn u 

(c) 

( - “ sn u 
\sn u / 

(d) 

1 - cn u / 

1 -f cn n ” \s 


uj 


6. Prove that 


(1) dn2?x - Ic^ cn2 u = 

(2) ~~4~= 1-l-tn2w, 
' ' cn^n 

(3) -1. =1 +J_. 

' ' sn^w tirw 
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7. Prove thaL 


(1) sri^?^ = 2 sii u cn u dn 


(2) jsn" 


u cn dn u du = 


p+l ’ 

/^\ f fU, ^ _ \ _ /« cn n'\-h\ ^ ^ l 

^ ^ J a + />cn'#/ ' {aT^Jmn}' ^ ‘ 

8. Prove 

2 sn u cn v ^ sin (am u + am v) + sin (am u - am ?;), 

2 cn u cn v = cos (am u + am v) + cos (am u — am v). 

9. By putting x ^ a cos Oy show that 

-1 

]xJa‘^ as!2 \a' s/2/ ' 

io u dx 1 /a 1 \ 

10. Provo I cn~^ ( - , -; ) • 

}ajx'^~a‘^ as! 2 \*^ sj2J 

11. By putting x~a ^show that 


12. Prove that 


f 


r _ 1 .. 1 -f i\ 

J X s/ii'^ + 0',"^ ~ 2a -I- ’ s/2/ ' 

, / -a^ . \ 

1 / -- sm tt) < 


/+ 2a^x^ cos 2a + 2( 


13. Prove that 

sn jfir= 1, cn iv" = 0, dn K—k\ tnK=oo . 

14. Prove that 

(1) (sn w + cn uy — n (sn u -f- cn ?i)”~' (cn u - sn n) dn u, 

(2) j* (Jc- sn u + cn uy (l!^Gn ii - sn 'a)dn u du — * 

15. Draw graphs of y = A$ and showing that the former 

consists of an undulating curve lying entirely below the line y=^ 1 and 
the other of an undulating line lying entirely above the line y - 1. 
Take the cases F = J and kr — \. 

Show that the areas bounded by these curves, the ir-axis, 
the y-axis and any ordinate .at a point whose abscissa is 0 represent 
i^(6?) and F(0) completely. Examine what happens in the limiting 
cases A: = 0 and A: = 1. 


E.I.C. 


2c 
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16. Show that the complete elliptic integrals of the First and 
Second Species may be cxpiessed as 

l.n 

h hn 


where /(/t, b, x) is the h 3 ^pergeometric series 
- a. b aa -i- I bb-^ I 

1 +• -- X+~—- ■ :v x'^ + 

1.26‘r+l ^ • 

17. Show by clifferontiating F(0, k) and E{0, k) with regard to k 


.... dF 1 I/O rn k sin ^COS ^ 


Hence, eliminating E and F alternately, show that 
\-*^k^dF ,, siri6>cos6> 

\-k!^dE n sin ^ cos ^ ^ 

< ^ w+-7r -dk-^^- ) 

and for the complete functions F^^ E^ 
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QUADRATURE (I). 

PLANE SURFACES, CARTESIAN AND POLAR EQUATIONS. 

393. The process of finding the area bounded by any 
defined contour line is termed Quadrature, or, which amounts 
to tlie same thing, Quadrature is the investigation of the 
size of a sqxiare which shall liave the same area as that of 
tlie region under consideration. 

The closed contour may consist of a single curve or of a 
system of several arcs of different curves or straight lines. 

As we shall, in most cases, have to form some rough idea of 
the shape of the curves under discussion so as to be able 
properly to assign the limits of integration, the student 
should be familiar with the rules of procedure adopted in 
the tracing of curves for the various systems of coordinates 
by which they may be defined, Cartesians, Polars, etc., and 
for such information may be referred to the author’s treatise 
on the Differential Calculus, Chap. XII. 

394. It has been already shown (Art. 11) that the area 
bounded by a curve whose ecjuation is y = any pair of 
ordinates, aj==a and x^ b and the jr-axis, may be considered 
as the limit of the sum of an infinite number of inscribed 
rectangles; and that the expression for the area is 

fh rb 

J ydx, or J (j>(x)dx ; 

and it was assumed that <j>{x) is a finite and continuous func¬ 
tion of X, which does not change sign between these limits. 
In the same way the area bounded by the curve, two given 

abscissae, and y=d, and the ^/-axis is J xdy. 
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If the angle between tlie coordinate axes were w instead of 
90", we should liave the expressions 


for the area. 


sin o) J ydx, or siiitoj* xdy 


395. Again, if the area desired be bounded by two given 
curves y — (p{x) and y and two given ordinates x = a 

and x—b, it will be clear by simiiar reasoning that this area 



may be also considered as the limit of the sum of a secies of 
rectangles constructed as indicated in the figure. If PQ be the 
portion of any of the ordinates intercepted between the curves, 
and Sx the breadth of the elementary rectangle of which PQ 
is a side, the expression for the area will accordingly be 

Ltix^o^PQSx, or f [(j)(x)—\lr{x)]dx, 
x—a J a 

where the same assumption is made as before as to (jy{x) and 
yp'ix) being finite and continuous from x^a to x—b^ and, 
moreover, 0(a;)—\//(cc) must retain the same sign throughout 
the integration, i.e, the curves must not cross each other, and 
(p(x) has been assumed >\fr(x) throughout. 

396. Case when the Coordinates are expressed in terms of a 
Parameter. 

We have regarded x as the independent variable. If this is 
not so the formula can be modified to suit the circumstances. 
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Suppose the curve defined by the e(iuations 
x==^ct>[t\ y=^fr{t), 

and that the values of t corresponding to the initial and final 
ordinates are arid 

Then y Sx = yf/(t) cp'(t) St to the first order, and in the limit 
f ydx — [ xj/-(i) cp'{t) dl, 

Jti 

it being supposed that the integrand remains finite and 
continuous throughout, and that as t changes continuously, 
increasing from the value to the value point 

(a?, 0) also travels continuously along the x-axis from (a, 0) 
to {b, 0) without going over any part of its course more than 
once, and always in the same direction of increase of x. 


397. Case where the Arc is the Parameter. 

If the arc of the curve be the independent variable, being 
measured from some definite point on the curve, then at a 
point at which the gradient of the tangent is we have 

dx = cos x^rds, and we may write the expression ^ydx as 
f or {y cos x^r ds, 


the limits of the integration with regard to s being the values 
of s cornisponding to the beginning and end of the arc, and 
supposing that ycosxlr does not change sign. 


In the same way we may write Jxrfy as 

^ 


398. Area expressed by a Line Integral round the Contour. 

Let the formulae c08\//-rf5, Jxsinv//^ be applied to the 

evaluation of the area of a closed curve consisting of a single 
oval. 

Let us suppose h measured from any point on the curve in 
such a direction that a person travelling along it in the direction 
of an increase of s hiis the area sought always to his left. Let xjr 
be the angle the tangent makes with the positive direction 
of the x-axis. Let APBQ be the oval in question, and let 



406 


CHAPTER XII. 


AL, BN be the tangents parallel to the y-axis. In the 
arc APB in the figure, is changing from — - to 

and cos\/^ is positive. In the arc BQA x// is changing from 
™ to and cos\/^ is negative. Integrating then ii/cos\/>ds 
from A to J5, through P, we obtain the area ALMNBPA taken 



positively, whilst integration from B to A, through Q, obtains 
the area BQALMNB taken negatively. Hence, to obtain the 

whole area, it is necessary to take our formula as --cos x/^ ds 

in integration round the whole perimeter in the counter¬ 
clockwise direction. 

In the same way and under the same circumstances the 
area will also be given by +Ja?sinx/r 

This is the conventional mode of measuring 8. If we 
measured in a clockwise direction the signs would both be 
reversed. 

399. Precautions. 

If the curve cuts itself once, having a node, as in the case 
of a lemniscate, it will be clear, from an inspection of the 
accompanying figure, that, in travelling completely round 
the whole curve, the directions in which the two loops are 
travelled round in continuously progressing in the direction 
of the increase of s, are one clockwise and the other counter- 
clockwise, and therefore, in conducting the integration com¬ 
pletely round we get the difference of the areas of the two 
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loops with either formula, and in the case of equality of the 
loops the total line-integral of icsinx/r, or of ycos-v/r, round the 
complete curve will be zero. If we require the absolute area 

^1 



Fig. 42. 


enclosed we must therefore treat eacli loop separately and 
add the positive results. 

If in travelling continuously round the perimeter of the 
closed curve there be several nodes and several loops, we 
shall see in the same way that the total line-integral of a^siiix// 
or of 2 /co 8 \/r, will give the difference of the areas of the odd 
and even loops. 

400. The student should examine the truth of the result in 


Q 



O] N; nT ^5 N, N« 


Fig. 43. 

figures of other shapes—say a horseshoe-shaped closed curve, 
such as shown in Fig. 43. 
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Let ABCDEF be t)ie points at which the tangents are 
parallel to the ^-axis, then if BN. 2 * ordinates, 

the integral 

~^y cos \/r ds yields 

—area iiiViiVgS + area JSC'iV'aiVg—area CN^N^^D 
+ area DENarea EN^N^F + area FQAN^N^^Fy 
ie. the closed area ABCPDEFQA, 

401. If y be continuous, but discontinuous at points on 

the boundary of tlie figure, as at ABCD in Fig. 44, tlie inte¬ 
gration must be conducted along each of tlie portions into 



which the perimeter is divided by the discontinuities, but the 
same rule holds, as before, viz. 


area 


or 


rli pc 

ABCD = — I yi cos ds^ — I cos x/rg ds^ 

J A )li 

- f ^3 cos x/rg ds^ -[ y a cos x /^4 ds^y 

JC JD 

rB pc 

= +J 2^1 sin x/tj + J £C 2 sinx//“ 2^^2 

-f f 2:3sinx/r3d53-f f x^ sin yp'ds^y 
Jc Jn 


suffixes denoting the several portions along wliich the inte¬ 
gration is conducted, and S 3 , etc., always being measured 
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“in the same sense’' along the perimeter. Here the limits 
of the integrals are denoted by the points A, B,C of the 
perimeter successively arrived at in a continuous progress 
round it. 

402. If has an infinite ordinate between a and 6, 

say at x — c, it has been explained that the infinity can be 
excluded by taking 

f cp (x) dx to mean ff (p{x) dx+{ (jy (x) rfxl. 

Ja L-Jo Jc-fc J 

As, however, (p{x) will, in general, change sign in passing 
through an infinite value and the graph reappear from in¬ 
finity at the opposite end of the asymptote, it will be desirable 
to consider the areas on opposite sides of the as 3 unptote 
separately, and, after evaluation, add the positive res'idts to¬ 
gether. This is of course the same precaution we have had 
to take in Art. 895, in stipulating that (p(x) does not change 
sign between the limits, which would mean that part of the 
curve was above the x-axis and part below, so that careless¬ 
ness in this respect would lead to a result which would 
represent the difference of the two portions of the area 
re([uired instead of their sum. 


408. Illustrative Examples. 


1, Find the area bounded by the ellipse + the ordinates 

.r—<r, x—d and the ^-axis. 

Here 


Area ~ 




“ 2 ” 


-+ysin 









a result obtainable without integration by reduction of the ordinates 
of the auxiliary circle in the ratio b : a. 

For a quadrant of the ellipse, we put c^=a and c = 0, and the above 


expression becomes 
whole ellipse. 


. ^ or giving irah for the area of the 


2. Find the area which lies in the first quadrant and is bounded by the 
circle and the parabola y^~(ix. 

The curves touch at the origin and cut again at (a, a). 

The limits for x are therefore from x^O to x=^a. 
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Tbe area sought is therefore 

Putting vT—a(l - cos 0) in the first 




Hiii^ 0 d$—a^ 


1 TT 

2 2 


~ 4 ~» 



Fig. 45. 

as of course might have boon written down, being a quadrant of a circle 
of radius a ; and 


^axdx^^Ja ^ J = § 

Thus the area required is 

3. Find the area 

(1) of the loop of the curve 

X {x-^ -f- ?/^) ■= a (x-^— y 2), 

(2) of the portion bounded by the curve and its asymptote. 


Here 




a-hx' 


To trace this curve, we observe 

(1) It is symmetrical about the j?-axis. 

(2) No real part exists for points at which x>a or < - a. 

(3) It has an asymptote x-ha==0. 

(4) It goes through the origin, and the tangents there are ix. 

(5) It crosses the;r-axis when x—a, and at this point is infinite. 

(6) The shape of tlie curve is therefore that shown in the figure 
(Fig. 46). 

Hence, for the loop the limits of integration are 0 and a, and then 
double the result so as to include the portion below the .r-axis. 

For the portion between the curve and the asymptote, the limits are 
x=b: - a to ^=0 and double as before. 
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For the loop wo therefore have, 

Area =2 f 

Jo ^ a-{-X 

For the portion between the curve and the anyuiptote we have, 

Area = — 2 / ^dx. 

J-a ya+j; 

The moaning of the negative sign is this : In choosing the 4- sign 
before the radical in ;y=.r we are tracing the ])ortion of the 

curve below the x-axis on the left of the origin and above the x-axis on 



Fig. 46. 


the riglit of the origin. Hence, // being negative between the limits 
— a and 0, it is to be expected that wo should obtain a negative result 
if wo evaluate the expression, 

ar^O 

Lt '^ ydx. 

x-=.-a 


Therefore we prefix the - before the radical before integration to ensure 
a positive result. 

To integrate J.v ^=acos 6^ and dx— - a sin OdO. 

Thus f ^ — dr = — a cos ® ^ 

Jo + ^ Jw ^ l-cos'*6^ 

V 

w 

=s a^J (cos —cos^^) 

- - 

Area of loop== 2a^ 


And 
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Again, .r du;~ -la cos 0 V- \ sin OdO 

^ ’ J-a y a + j.' Jn • ^ \-c.ob^6 

= «“ f {cos 6 - COii^ d) ci6 

and the area between the asymptote and the curve 


- 2a 




With regard to the latter portion of this example, it is to be observed 
that the greatest ordinate is an iidinite one. In Arts. 11 and 394 it was 
assumed that ev^ery ordinate was finite. Is then the result obtained for 
the area bounded by the curve and the asymptote l igorously true ? 

It will be noted that the factor which occurs in the denomina¬ 

tor and gives rise to the infinite value of y has an index < 1 and positive. 
Hence (Art. 348) we infer that the principal value of the integral is finite. 

Let us examine the case more closely, and integrate between -o-fe 
and 0, where € is some small positive quantity, so as to exclude the infinite 
ordinate at the point where - a. 

We have as before 


where -•a-f“€ = 6ecos(;r-8), so that 8 is a small positive angle, viz. 

This integral is then 

„r . „ 0 sin2e>-« s (rr-S TTN^ainSSl 

2 r 1 ^ I • 5 j I 


and approaches indefinitely closely to the former result 



when 8 is made to diminish without limit to zero. 


4. Prove that the whole area of the curve 


- 2ax^ + -f ^2^ „ jy ^^ 2 ^ 

Here, solving for y, 

y=~ dh \fa'^ — 
a 


=^yi=fcy2, 

where y^ is the ordinate of a parabola and yg that of a circle of radius a. 
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Tlie area of a strip parallel to the ?/“axia and of breadth 8.r is 
\k'h +^' 2 ) - (yi - .'/2)] 

and the total aiea of the curve ^ j the same as that of the 

circle, 



404. Tlie last example will suggest to tlie student that if 
the curve y ~(j} {x)±.Ja- — x- he drawn, it may be regarded as 
constructed by means of two curves, viz. 

Vi — ^ (^) 2/2 = Vtt- — X-, 

the latter being a circle and the ordinates of the resultant 
curve being the sum or difference of and y^, viz. 

2/ = 2/i±2/2> 

and as in the parabola and circle of Ex. 4, the closed curve 
formed will be divisible into strips of length (?/] - 1 - 2 / 2 )'” (?/i~ 2 / 2 ) 
and breadth dx, and therefore of area 2y^ cx. 

Hence the area in any such case is 2 
the same as that of the circle. 

This curve, if written in rational form, is 

+ + [(/> (x)P - == 2y<l) (x), 

(f)(x) being supposed rational. And the areas of all such curves 
are ==7ra^. 


y^dx — ira^y and is 
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Similarly, for curves of form 

+ 2/H [^(y)]“ - = 2a;^(2/), 
which are clearly to be constructed as 

x=<t>{y)±Ja^-y'^, 

and consist of closed curves of area irctr ; or more generally 
still, if y^~f(x) be a closed curve whose area is A, then 
another curve can bo constructed from it of form 

y = <l>ix)±Jf{x), 

i.e. y--2y<f,(x) + [</>(x)f-f(x) = 0 

whose area is also A. 

For the areas of corresponding elementary strips parallel to 
tlio y-axifi are for the original curve and the derived curve 
respectively, 

2-Jf{x)Sx and [{<l>{x) + Jf{x)}-{<j>{x)-^f^}]8x, 

which are equal, and therefore their sums are equal also. 
Similarly for 

x^ - 2x<(,{y) + \_i>{y)f -f(y) = 0. 

405. In Art. 895 it is shown that the area between the 
two curves y:=4^{x) and y = \]r{x) and a. pair of ordinates 
x = a,x — h is 

It may be that y = 4^(x) and y = 4^{x) are different branches of 
the same curve. This is really what liappens in the various cases 
considered in the last article. 


406. Ex. Consider the case of an ellipse 

-h = 1, P<ah, 

If , ^2 I'he ordinates for any abscissa 


Vi +^2=- 


24 

h h* 


V\V2-~ 

the length of the strip is 

>6 Ifi ^ ^ b >a6_A2 
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And the area is 

I il/ '^ 2 / 2 ) between ordinates and x^t 



or for ilie whole ellipse 


— /? • 1 /- 1- . TT 

— xarea or circle of i-adins -7-7^- 

sjah-/i^' s/ab- 




ExAMPLjCS. 


1. Obtain the area bounded by a parabola and its latus reetnrn. A 
series of ordinates are drawn between the vertex and the latus rectum, 

parallel to the latter, viz. ,r—a, where r=l, 2, 3, Show 

that they divide the aforementioned area into n eijual parts. 


2. Obtain the areas Ixmuded by the curve, the .r-axis, and the specified 
ordinates in the following cases : 


(a) The catenary y = ccosh‘J, 

(b) The logarithmic curve ?/—e*, 

(c) The logarithmic curve ?/™log*.r, 

(d) Th e el 1 ipse J/ — ~ 'j 


from .r=0 to x — A. 

from x — Otox = b. 
from .r — 1 to ^ = /i (A > 1) 

from x^\l(i^-~b'^ to X —a. 


(e) The hyperbola — from x = a to x — b, 

a and & both >0; first, if the hyperbola be rectangular, 
second, if the angle between the asymptotes be w. 

(/) The curve y=j*e**, from ^=0 to .a?—/o 


3. Obtain the area (1) bounded by the parabolas y'^ — Aax^ a^ — A«,y ; 

(2) bounded by the parabolas y-= 4a.r, 

In what ratio is this area divided by the common chord in each case ? 
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4. Find the areas of the portions into which the ellipse 
is divided (1) by the straight line^ —c ; 

(2) by the two straight lines y = c, x — d^ supposed to cut within 
the ellipse. 

5. Trace the curve — and find the whole area included 

between the curve and its asymptotes. 

6. Find the area between tlie curve ?/-(a+.r) —(a —and its asymptote. 

7. Find the area of the loop of the curve 

y\v + (.7; + (.7; 4- 2 a) = 0 . 

8. Two curves in \vhi(;h yoc.r*" and two in which form a 

quadrilateral ; show that its area is 

where (.ri,?/i), (•'^’ 2 ? .^* 2 )) (•^ 3 > coordinates of the corners 

taken in order. [Trinity, 1H91.J 

9. By means of the integral jt/dx taken round the contour of the 
triangle formed by the intersecting lines, 

//-=(3fi.77+/q, 

?/=^a.y7* + A>, 

y-a.j.7.' + /73, 

show that they enclose the area 

2 (O j ~ <13) 2 (<12 - 2 (03 - «..) ‘ 

[Smith’s Prize, 1876.] 

10. A four-sided figure is formed by the three jiarabolas, 

y2 ^ 

— 4a j;: 16a^ ~ 0, 

and the axis of x. Prove that its area is 12a^, and is equal to the area 
enclosed by the chords of the area. [Colleges a, 1886.] 

11. Find the curvilinear area enclosed between the parabola y“^4a.r 

and its evolute. [Oxf. I. P., 1880.] 

12. Show that the area cut off from a semi-cubical parabola by a 
tangent is divided by the tangent at the cusp in the ratio 64 :17. 

[Oxford II. P., 1889.] 

13. (i) Find the area of a loop of the curve 

af-=xHa~x), [I. C. S., 1882.] 

(ii) Find the whole area of the curve 
~ a V — 47*. 


[I. C. S., 1881.] 
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14. Trace the curve and prove that its area is equal to 

that of the circle wlioso radius is a. [I. C. S., 1887 and 1890.] 

15. Trace the ctirve — .r), find prove that its area is 

to that of the circle of radius a as 6 to 4. 


16. Find the area of the curve 

^/(.r-^ + l) ——1 from .r—O to .r=l. 

[St. John’s, 1881.] 

17. (i) Find the area between asymptote. 

(ii) Show tliat the whole area between 
(x — a) (h — x) ~ c^x^ 

and its asymptote is Trc(a-^h). [Ox. 11. P., 1903.] 

(iii) Show that the area between the curve 
y‘iv = — a^x 

and its asynqitote is that of a circle of radius a. [St. John’s, 1889.] 


18. Find the area between the axis of .r, the liyperbola x^fa 
and the line y — xtan a, where 

-^>tana>0. [Ox. 1. ]>.. 1901.] 

If A be the vertex, O the centre, and /* any point on tlie hyperbola 
1, prove that 

, 2>S 

X=a co.sh - ,, y — h sinh ,, 
alA ^ ab' 

where S is the sectorial area A OP [Math. Tripos, 1885.] 


19. Find by integration the area lying on tlie same side of the axis of 
X as the positive part of the axis of y, and wliich is contained by the lines 

y^==4a.r, 

•2q-7y2_2aa7, 

2h. 

Express the area both when x is the independent variable and when 
y is tlie independent variable. [Colleges, 1882.] 


20. Prove that the area of the loop of 

a{x-y){x-2y) = >/^ is “q. 


[Coll, fi, 1891.] 


21. Find the areas of the two regions of space bounded by the straight 
line ^ —c, and the curves whose equations are 

y^~ c% 

+4x^ = 4c\ [I. C. S., 1891.] 


22. Prove that the area contfiined between the curve 


(x A 3a) (.3?^ +y^) = 4a* 

and its asymptote is Sa'^-Vs, 

E.I.O. 2» 


[OXF. I. P., 1901.] 
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23. Prove that the area of tlie curve 

Jb'* — (2.^2+^2) — 0 

is ^Tra\ [Math. Trip., 1893.] 

24. Find the area of one loop of the curve 

2 /* — [CoLLKGKS a, 1885.] 

25. Through the cusp of the evolute of a parabola, a line is drawn 

perpendicular to the axis. Show that it divides the area between the 
parabola and the evolute in the ratio 17:5. [C. S., 1896.] 

26. Show that the ordinate .v~a divides the area between {2a — x) 
and its asymptote into two parts in the ratio 

37r-8 :37r + 8. [Math. Trip. L, 1912.] 

407. Sectorial Areas. Polar Coordinates. 

When the area to be found is bounded by a curve r^f{0) 
and two radii vectores drawn from tlie origin in given 
directions, we may divide the area into elementary sectors 
with the same small angle 69^ as shown in the figure. Let the 



area to be found be bounded by the arc PQ and the radii 
vectores OP, OQ. Draw radii vectores OPj, OPg, .*.OP„_i at 
equal angular intervals, so that 

P0Pi = Pi0P2-...= P^.OQ^Se, 

Then by drawing with centre 0 the successive circular arcs 
PiY, P^Wp P2-Y2, etc., it may be at once seen that the limit 
of the sum of the circular sectors OPN, OP^N^, OP^N^^f etc. 
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is the area required. For the remaining elements PNP^y 
l\N^p 2 y PJSf^P^i tjtc., may bo made rotate about 0 so as to 
occupy new positions on the greatest sector, say as 

indicated in the figure Their sum is plainly less than this 
sector; and in the limit when the angle of this sector is 
indefinitely diminished its area also diminishes without limit, 
provided the radius vector OQ is finite. 

Now the area of a circular sector is 

\ (radius)^ X circular measure of angle of sector. 

Thus the area required = JLt2 (S^, the summation being 

A 

conducted for such values of 9 as lie between 6 — xOP and 

A A 

0=^xOPn_i i.e.y xOQ in the limit, Ox being the initial line. 

A 

In the notation of the integral calculus, if xOP = a and 

A 

xOQ = ^, this will be expressed as 

or 

.la J tt 

It is assumed that/(^9) is finite and continuous from = a to 
9 — ^ inclusive. 

408. If the curve consist of a closed oval and the origin be 
within it, the limits of integration to find the whole area are 
0 and Stt, viz. the extent to which a radius vector must 
rotate about 0 to sweep out the whole area (Fig. 50). 



Fig. 60. Fig. 61. 


If the origin be on the perimeter of the oval, and if it be 
not a singular point, the limits will be from —a to -j-Tr —a if 
the tangent at the origin makes an angle ~ a with the ir-axis 
as shown in Fig. 51. 
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In this case, if the initial line be an axis of symmetry, it is 
sufficient to integrate from 0 to ^ and double the result 
(Fig. 52) 

o 

Fig. 62. 

If there be a loop and the origin be a singular point on 
the curve at which the tangents make an angle 2a with each 


Fig. 53. 

other, and if tlie initial line be an axis of symmetry, the 
limits for the area of the loop will bo 0 and a and double 
the result (Fig. 53). 

409. Another Expression for an Area. 

Let (x,y) be the Cartesian coordinates of any point P on 
a curve, (x-j-Sx, y + Sy) those of an adjacent point Q. Let 





Fig. 54. 

9+SO) be the corresponding polar coordinates. 
Also, we shall suppose that, in travelling along the curve from 
P to Q on an infinitesimal arc PQ, the direction of rotation of 
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the radius vector OP is counter-clockwise, and that the area 
to be considered is on the left hand to a 'person travelling in this 
direction (Fig. 54). 

Then, to the first order of infinitesimals, 

area OPQ 
y> 1 

= ^ x+Sx, y + Sy, 1 
0 0 1 
= \{xSy~-ySxY 

Hence, another expression for the area of a sectorial portion 
of a curve bounded by a definite portion of an arc is 


\^{xdy-ydx) or 


tlie limits being the initial and final values of s, corresponding 
to the portion of the sectorial area to be found. 

Obviously we might take any other independent variable, 
say t, and supposing tlie curve expressed as 

y = F{t), 

and that the values of t, corresponding to the beginning and 
end of the arc, are t^ and respectively, 


sectorial area = | J* “{/(#) F'{t) —f(t) F{t)} dt. 

If the curve be a closed curve and the origin lies within it, 
the limits for 0 are 0 and 27 r, and 


area 




rHd. 


In the same case, if we take the formula 


\\^{xdy-ydx) or ^j[/(0^’'(0-/'(0r(0]<i«. 

the limits for t must be such that the point (x, y) travels once, 
and once only, completely round the curve. 

410, If the origin lies outside the curve, as tlie current point 
P travels round the curve, we obtain sectorial elements such as 
OPiQi (Fig. 56), including portions of space such as OP^Qi, 



422 


CHAPTER XIL 


shown in the figure, which He outside the curve. These portions 
are, however, ultimately removed from the whole integral 

\^{xdy-ydx), 

when the point P travels over the element P 2 Q 2 > for the 



sectorial element OP 2 Q 2 reckoned negatively as 9 ivS de¬ 
creasing and SO is negative. 

411. Precautions. 

If the curve cross itself as in Fig. 5C, the expression 

l\{xdy~ydx), 

taken round the whole perimeter, no longer represents the sum 
of the areas of the several regions. For draw two contiguous 
radii vectores OPp OQ^, cutting the curve again at P 3 , 
and Pg, Qsy P 4 respectively. Then, in travelling round the 
curve continuously through the complete perimeter, we obtain 
positive elements such as OP^Qj and OP^Q^, and negative 
elements such as OP 2 Q 2 ^^od OP^Q^. 

Now, taking all these elements positively, 

OPiQi --OPgQg+OPgQs -OPJ^, 

— quadrilateral P^Q^P ^^4 —quadrilateral PzQ^^Q^y 

and in integi'ating for the whole curve we therefore obtain 
the difference of the two regions instead of their sum. 

Similarly, if the curve cuts itself more than once, the 

integral ^\{xdy—ydx) gives the difference of the sum of 
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the odd regiona and the sum' of the even regions. Thus, to 
obtain the absolute area bounded by such a curve, we must 
take ojir limits for each area separately and obtain the absolute 
area of each region, and then add together the results. It is 



obvious that in curves consisting of several equal regions, or 
loops, it will be sufficient to ascertain the area of any one, and 
then to multiply that area by the number of the loops. 


412. Another Form. 


If we write ^—v, we have 

X 


X dy ~ydx=dv, 

and accordingly we may transform the formula 
\^^{xdy—ydx) into 


This is equivalent to a choice of new coordinates, of which 
one is the Cartesian abscissa and the other, viz. v, is the 
tangent of the polar angle 9, 

In using the formula, ic is to be expressed in terms of v, and 
the limits of the integration so chosen that the current point 
(r, y) travels from the beginning to the end of the arc, i.e. if 
a, /3 be the limits for 9, tan a and tan jS will be the limits 
for V, 
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In using this formula, however, care must he takm not to 
integrate through an infinite value of v. It must be remembered 

that ^; = tan^ and becomes infinite when 0 —or any odd 
multiple of . 


413. For example, if we apply this method to the area of an ellipse 
putting ;y/.r —?>, we have 



l)(5tween p]-oporly chosen limits. Now, in the first quadrant v varies 

from 0 to CO . ITenco the area of a quadi’ant = “^^ • tlierefore 

the area of the ellipse—7rai. 

It will be noted that the formula 


Area = ^ j {x chj -ydx), ie, j (x £ -- y ds, 

is equivalent to half the sum of jx^£ds and ^^ch 

of which has been shown to represent the area when the 
integration follows the com 2 >lete perimeter. 


414. It may also be worth the student’s notice to remark 
that the problem of finding the area bounded by y = <p{x), the 

cc-axis, and a pair of ordinates x=a, x~b, viz. A = \ <p{x) dx, 

Ja 

is manifestly the same as that of finding the mass of a rod 
of small section but of line density (j>(x), of length 6—a, and of 
any shape if x be measured along the rod. For tlie mass of 
a length dx of the rod is <p(x)&x, the limit of the sum of such 
expressions being required, when Sx is indefinitely diminished, 

between limits x=a and x=6, that is [ 0 {x)dx. 

ia 

415. Illustrative Examples. 

1. Obtain the area of the semicircle bounded by r^aco^S and the 
initial line. 

Here the radius vector sweeps over the angular interval from 
0=0 to 0=". 



ILLUSTRATIVE EXAMPLES* 


425 


Hence the area is 

aio 2 = -a-, 2ir(radiU8)2 

2. Find the area of the leiuniscate 

Here the axis is a lino of symmetry ; the tangents at the origin are 



Fig. 67. 

The area is therefore 

4 X ^ cos 20d$~2a- ~a^. 

3. Find the area of tlio pedal of an ellipse with regard to the centre 
With the usual axes and notation, the ecpiation of the ])edal is 

r- — a- cos^ 0 + h'^ si n^ 0, 

» 

and Area -- 4 x ^ {aP- cos^ Q -f //- sin” 6) dO ~ tt . 

4. Find the area of one loop of the curve r—-asin 30. 

The curve consists of three equal loops, as indicated in the figure 



Fig. 58. 
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The proper limits for the integration extending over the first loop 

are 0^0 and O — -, for these are two successive values of 9 for which 
r vanishes : 


Area of loop — 


^ Jo 


whore 30 = cl>, 


= 3 /0 8m2</>o?</.= 


a^l TT^Tra^ 

”3 ^ 2" 12'* 


The total area of the three loops is therefore 


Tra^ 

~4~- 


6. 


Find the area of the curve 


y—Z>sin^ 


t. 



Fig. 59. 


Upon elimination of we have shape is shown 

in the figure. There is symmetry about both axes, and the area 
— ydx — ^j hs,m^t{ — ^aco^^tmnt)dt 


= 12a6 f 

Jo 


sin*^ tdt 


= nab (r(a) _ I2a6 

2r(4) 2.3.2.1 

=-|7ra6 ; 

or we may use the formula 
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which gives 

1 

4.- / {aQo^^t .2acoH‘^t)dt 

w 

^Qah / (cos^^siii^^ fsiu^^cos^t) 

Jo 

r 

~6al) j sin^ t coa^ t dt 

^Gab —before. 

6. Find the area of the loop of the curve 

4 -//® — haxhf^ — 0 . 

(1) There is symmetry about the lino y=x. 

(2) There is an asymptote x-\-y^tu 

(3) By Newton’s rule, the form at the origin is that of two 
Hemicubi(;al parabolas y® = 5«.r“, a*® ~5«//2, 

The shape is then as shown in Fig. (50. 



The polar equation is 


— r sin“Z?cos^^ 
r —, )a ^. n^ ^ cos® 6' 


As there is symmetry about = we may take limits 0 to “ and 
double. 


/*? lai ] 

A rea of loop =: 2. . 2bd^ j 
or, putting tan ^ 

Area “ 


sin^^cos^^o?^ 


(sin® 6/+cos® 


(!+>? 
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Otherwise ; this curve is unicursal; and we may write (putting 

5^,^3 


and integrate ^ j ^.r 

-f 


dt dt 


^ 1+t^^ 


dv 


^dt^ with limits 0 and oo, which gives 


(5«)2 p tH^ir- - 2t‘) - tH2t - 3^«) 2 

“2~io ~ ■(1 + ^ 


25r^ r 

2 io 


(1 + ^^)' 


,dt = 


2 * 


as before. 


EXAMPLES. 

Find the areas bounded by 

]. O'-— coa^ 0 - b-dui-0^ the central pedal of a hyperbola. 

2. One loop of ;’ = <i.sin 40. Also state the total area. 

3. One loop of r —asin f^O. Also state the total area. 

4. One loop of r = asin7i^^. 

Give the total area in the case.s, (i) oi even ; (ii) a odd. 

6. The portion of = bounded by the radii vcetores 

0-/3) O — fS + y (y<27r). 

6. Any sector of = ($=a to 6-/3). 

7. Any sector of the reciprocal spiral rO — a (0~a to 0 — ft). 

8. The cardioido — cos 0). 

9. The LinuK^on r = a + 6cos 0^ (i) if a>h ; (ii) if a< 6 obtain the two 
areas of outer and inner portions. 

10. Find the area included between the two loops of the curve 

r = a(2cos <? +V3). [Oxf. I. P., 1889.] 

11. Prove that the area in the positive quadrant of the curve 

(.r‘'^-hy‘‘^)" = (aV + ^»2y3yi jg + 1899.] 

12. Find the area of the closed part of the Folium 

_3a sin 0 c oa 0 

^~8in*^-f cos-^^‘ [I. C. S., 1884.] 

13. Show that the area of a loop of the curve 

is , v a and c being positive. 

2(27i-hl)ac [Colleges, 1881.] 

14. Trace the curve whose equation is 

r‘‘ = sec 0 tan 

and find the a»ea between the curve and any pair of radii vectores 
drawn from the pole. [Trinity, 1882.] 
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15. Trace the leniniacate r^~a^ coaW and its first positive pedal, and 
.show tliM-t the area of a loop of the latter is double the area of a loop of 
the former. 

Find the area.s of each of the two small lozenge-shaped ))ortions 
common to the two loops of the pedal. 

IG. Sh(jw th.’it the area contained between the curve 

cos 5^ 

and the circle r~a is three-foiirtlis of the area of the circle. 

[Oxr. 1. P., 1888.] 

17. Find the area between the curve r=«(se(; 6^-f-cos and its 

asymptote. [St. John’s, 1881.] 

18. Prove that the area of the curve 

r‘'^(2c^cos“ 0 ~ ’'lac sin 0 cos 6 + a^sin- 0) — oV 
is equal to irac. [I. C. S., 1879.] 

19. Fiiid the area of the curve 

r z=z Za cos 0-\-a cos 30. [M ath. Trip. , 1882. ] 

20. Find the area of the loop of the curve 

r- — a^O cos 0 

between 0 —Gaud 0 = ^. 

GENERAL PROBLEMS ON QUADRATURE. 
(CARTESIANS AND POLARS.) 

1 . Find the area bounded by 

X- -f X- + y- = %iy and x~a. [H. C. S. ] 

Also the area of tlie loop of the curve 
h/ = x-{a - ir) 

{a and h both positive). [I. C. S., 1882.] 

2. Find the whole area of the curve 

2_ [I. C. S., 1885; 

y Colleges, 1892.] 

3. A parabola ~ ax cuts the hyperbola ^ -y’^ — 2a'^ at the 
points P, Q; and the tangent at F to the hyperbola cuts the 
parabola again at B. Find the area of the curv ilinear triangle FQE, 

4. Find the area included between one of the branches of the 
curve x^y^ = a^(x^ -^-y^) and its asymptotes. 

Find the whole area of the curve 

x’^ + y^r^a^{x^ + y-). 


[COLLBOEB a, 1887.] 
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5. Trace the curve ay = .r®(2a ~ .r), and prove that its area is 

equal to that of the circle whose radius is a. [J. c. 8., 1887.] 

6. Prove that the whole area of 

is (3 - 2\/2):ra-. [Colleges /3, 1891.] 

7. Find the area of the loops of the curve 

- ahj^ + IP-x^ = 0 when ^ ^2 

[Oxford I. P., 1902.] 

8. Find the area bounded by the cycloid 

a:^a(6>-Hsiu Q\ 
y = a (1 - cos ^), 

and the straight line joining two consecutive cusps. 

9. Show that the coordinates of a point P on the Folium of 
Descartes -v if — axy can be expressed as 

at aP- 

Show that as t varies from 0 to oo P traces out a closed loop, and 

t • . a^ 

that its area is [Colleges, 1896.] 

10. Prove that the area of either loop of the curve 

a:® 4- - ba^x^y = 0 

27ra2 

IS -p-= 

V10 4 2v^5 [7,1893.] 

11. Show that in that part of the curve {x + y- 3c)a;y + c3 —0 for 

which X is positive, the area between the curve, the axis of cr, and the 
ordinate which touches the curve is [St. John’s, 1886.] 

12. Trace the curve y^-h oi^y a^x\ 

and show that the area of the segment which lies between the axis 

1 

of y and the straight line whose equation is y = x Is g a^ log 2. 

[Colleges «, 1883.] 

13. Pairs of ordinates of the hyperbola xy==a^ are determined 

by the condition that the area included by any pair, the curve, and 
the x-axis is constant; show that the lengths of any such pair are in 
a constant ratio. [Oxford I. P., 1888.] 
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14. Show that the area between the curve 

X {x^ + 4* ^ 0 

and its asymptote is ira^. [St. John’s, 1892.] 

15. Show that the area between the inner branch of the curve 

and the positive parts of the two axes is ira^j^sf^. [St. John’s, 1888.] 

16. Prove that the whole area of the epicycloid generated by a 
point on a circle of radius ^ rolling on a fixed circle of radius a is to 
the area of the fixed circle in the ratio of 15 to 8. 


17. Find the whole area of the curve whose equation is 
(a;2 + y'^-){x + y + a){x + y - a) -f x-y- = 0. [Colleges, 1886.] 


18. Find the area of a loop of the curve 

a4 + y^ = 2a2xy. [Oxford I. P. , 1888. ] 


19. Find the area cut off from an ellipse by a focal chord. 

[Colleges a, 1883.] 

20. Prove that the areas cut off by the equiangular spiral r = 

from the space bounded by any two fixed lines through the pole are 
in geometrical progression, [Oxford I. P., 1900.] 

21. Find the area of the curve r — adc^^ enclosed between two 
given radii vectores and two successive branches of the curve. 

[Trinity, 1881.] 


22. Find the area of the loop of the curve r — aOdo^O between 


^ = 0 and ^ ^. 


[Oxford II. P., 1890.] 


23. Find the area of the curve 

(r - a cos = or cos 20. [Colleges o, 1887.] 


24. Show that the area of the loop of the folium 5c* + y® = 3a5cy is 

divided by the parabola in the ratio 5 ; 4. 

In what ratio does the line a; + y = 2a cut the loop in the above 
folium. [Oxford I. P., 1889.] 

25. Find the area included between the axis of y and the curve 

+ 2y ~ 2x{y 4-1) ~ - 3a;’ -f 3, 

the eurve being supposed to stop at the node. 


[St. John’s, 1884.] 
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26. Determine by integration the area of the ellipse 

+ £cy 4- == 1. 

27. (i) Find the whole area enclosed by the hypocycloid 

*1 + = ({s. [Oxford I. P., 1888.] 

(ii) Prove that the area of the locus of intersection of pairs of 
tangents at right angles for this curve is lira^. [Math. Tripos, 1888.] 

28. Prove that the locus of the points of bisection of the inter¬ 

cepts on the normals of a cycloid between the cycloid and its base 
divides the area between the cycloid and its base into two parts in 
the ratio 7 : 5. [Oxford II. P., 1886.] 

29. Trace the curve when n is even, 

and when n is odd, n being a positive integer; and prove that the 

area of the loop is (2ri4-I)^. Prove that this is also the area 

between the infinite branches of the curve and the asymptote. 

[St. John’s, 1882.] 

30. Find the whole area contained between the curve 

(x^ + y^) = - x-) 

and its asymptotes. [Oxford I. P., 1887.] 

31. Find the area bounded by the circle x^aeosO, y=asin0 

and the hyperbola x-b cosh w, y^b sinh n; that area being taken 
which lies within the circle and on the convex side of the hyper¬ 
bola, and b being less than a, [Trinity, 1888.] 

32. (a) Show that in the Archimedean Spiral r-aO^ if A^, 
^ 3 , A^, ...be the areas of the inner loop and the successive heart- 
shaped figures formed by the convolutions of the curve 

A-^ — = 2n7r^a^. 

(b) In the Keciprocal Spiral r0 = a, if A^, A^y A^ ...he the areas 
of the successive closed loops, 

^ 4^2 1 . 

^ 4fi2-r 

33. Find the area of the loop of the curve 

{x -f y) (a;2 + y^) = 2axy. [Oxford I. P., 1890. ] 

34. At all points of the first negative pedal of the curve 
r = cosh (mO cot a) lines are drawn making a constant angle a with 
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the tangent. Show that the area bounded by any ixiir of such 
lines, the curve enveloped and the first negative pedal is 

A {I i- {711^ - 1) COS‘^tt }, 

where A is the area of the corresponding portion of the first 
negative pedal bounded by radii vectores from the pole. 

fCoLLEOKS a, 1891.] 

35. Find the area of that portion of the loop of the curve 

r- cos O-^-q sin 0, 
which is not enclosed ])y the curve 

r- = a cos 6. 

If a family of such curves be taken (by varying p and q), such 
that this area is constant, show that the envelope of the system is a 
curve whose equation is 

r- = c + a cos 6 . [Collkors /?, 1889.] 

36. Show that the whole area enclosed by the outer line of the 

curve cos is ^(i^v/3- [Colleges, 1876.] 

37. In a hyperbola, G is the centre, A the end of the transverse 
axis and P any point (.t, y) on the same branch of the curve as A; 
prove that twice the area of the sector CAP is 


38. Show that the area contained ])etwecn a hyperbola, any tangent 
and a line parallel to the asymptote which bisects the part of the 
tangent intercepted between the curve and tlie asjunptote 

= ^('-OS-- S). 

and is constant. [Trinity, 1886.] 

39. Prove that the area of the curve 


is ji\7ra^ 


ap 

'■ (1 ^2> 2' - 2 "(T+PP"" 


[Math. Tripos, 1882.1 


40. Show that the area cut off from the elli])se 
ax^ + ^hxy -f- hTp- 1 

by the line lx + my = 1 is 

a/3(6 ~ sin 9 cos 9)^ 

where a, /5 are the semiaxes of the ellipse and 


cos 9- 


+ hX^ - "‘Iklm 
2£ 


[COLI/EGES, 1892.] 
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41. Trace the curve whose equatioji is 

and pro^e that the area between the curve, the axis of x and a 
tangent parallel to the axis of y is 

~~ {2n - 1 - log 2n). 

^ ^ ' [St. John’s, 1885.] 

42. Show that in the curve 

r- = sec 2^ log (2 cos^ 0) 

the area between the curve and the lines (9= ±j7r is (jTr)^. 

[St. John’s, 1886.] 

43. Find in integral form, and completely, the area enclosed 
between two con focal conics and two given radii from the centre. 

[Tkinity, 1881.] 

44. Prove that the area of each of the two equal and similar 

pieces of the ellipse x^lar 1 which are cut off by the hyper¬ 
bola x^la^ - ^ (a < a) is 

ah sin ^ ' -- ^~~r - aB sum ^ —----r. 

{d-/3-^ + a^-)i {a-fP + aVP) 

[St. John’,s, 1887.] 

45. Prove that the areas of the two loops of the curve 

r- - 2ar cos d - Sar -f = 0 
are (327r + 24v/3)a“ and {16n- - 2iJ'3)al 

[Math. Tripos, 1876,] 

46. The area between two tangents to the same convolution of 
an equiangular spiral at right angles to one another, and the curve, 

pp' ’^ lip^ -p''^) cot 2y, 

where jt?, p' are the perpendiculars from the pole on the tangents and 
y is the angle of the spiral. [Colleges, 1882.] 


47, A circle with centre at the origin cuts the loo[) of the P'oliura 
i-y^ - 3axy — 0. If the angle subtended at the origin by the 
common chord equals 2^-1 


2 tan*"i 


2U1’ 


prove that the area between the loop and the circle is 




[Colleges, 1885.] 
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48. The centre of a circle of constant radius a moves along a fix(id 
straight line AB in its plane, and from A a fixed point in the line 
a tangent A I* is drawn to the circle. Show that the area included 
between the locus of P and its asymptotes is Tra^. 

[Math. Trifos, 1882.] 

49. Show that the curve 


= v/3 + co8™^ 


has three loops, whose areas are 

«20 + 2V3), a2(,\-,r-fv/'3) 

respectively. [Colleges, 1892.] 

50. Show that the area of the Cassinian 

7^ - 2ttV-cos 20 + a'* = 

ir 

is 2 J provided ?/> a, 

but IS 2 I WlieU (1 > 0 . 

Jo 

[Math. Tripos, 1883.] 

51. Prove that the area of the first negative pedal of an ellipse 
with respect to the focus is 

where a and e are the semi major axis and the eccentricity of the 
ellipse. [C()LLE(jEs, 1892.] 

How do you interpret this result if e < J ? 

52. Find the area of the curve whose Cartesian equation is 

(y - cc)2 = (a + ;ry^(a - x). 

[Math. Tripos, 1896.] 

53. Find the value of f v^dx, being the real root of the cubic 


4- ^-==0. 

[Colleges, 1872; R. P.] 

54. Find the area in the first quadrant bounded by the axes of 
coordinates and the curve 

sinh~^ ^ -f sinh~^ f = c, 
a 0 


taking a, b, c all positive. 


[I. C. S., 1897,] 
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55. 'iVacc the whole curve 

d^y^ = c-{ii-x){x-h), 

where 0 <b <a^ and find its whole area. [I. 0. S., 1898.] 


56. It is given that the abscissa ON and ordinate NP of a point 
on any arch of a cycloidal arc are a{$ - sin 6) and a(l - cos 6), NP 
is produced to K so that NK=^2a, and the rectangle ONKA is 
completed. Prove that the area included by ON, NP and the 
arc OP never differs from three-fourths of ONKA by more than 

y v3; and find for what positions of P the difference vanishes. 

[I. C. S., 1912.] 

57. Trace on scpiared centimetre paper the curves 

^4 ^4 ^ 


taking a — 10 cm., and estimate the area of a loop of each curve. 


Prove that 


/2 


ir p 




dt. 


TT 


and hence calculate the area of a loop of the second curve. Find als« 
the area of a loop of the first curve. Give each aim to the 
nearest square centimetre when a is 10 centimetres. 

[C. a, 1913.] 


58. Obtain the area contained between the two curves 


r- cos 20 ==4a^ cos'^ 0 and cos 2 = a-. 

[OxF. I. P., 1912.] 


59. Show that the area of the loop of the curve 

-hy'^ = ax^y^ 

is equal to [Oxf. I. P., 1914.] 

60. Prove by any method that the area of the ellipse 

{a(jr - 2) 4-3y}24(a;+l)(a; - 2) - 0 

is independent of a, and find the area. 

Prove also that the straight line y — x divides the ellipse 
~ ^y into two areas which are in the ratio 

47r - 3\/3 : Stt 4- 3v^3. [Oxf. I. P., 1916.] 

61. Trace the curve 

r cos 0~a sin 36^, 

and show that the area of a loop is 

la^9j3- in). 


[Math. Trip. I., 1919.] 
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62. Show that the curve r —fi(2cos ^ + cos 3^) has three loops, 
the area of the larger loop being a^, and the areas of the 

two smaller loops being al j ^ jglg 3 


63. Show that the coordinates of any point on the curve 

y^{a + x)^ x^{3a - x) 

may be taken as 

a: = a sin SO/sin d, y~a sin 3^/cos d, 
and prove that the area of the loop and the area between the curve 
and its asymptote are both equal to 3\/3a^. [Math. Trip. I., 1915.] 

64. Show that the area of the loop of the curve 

{j? -f == 0 

in the positive quadrant is \7ra^. [Math. Trip. I., 1920.] 

65. Having established Simpson’s Rule, that if 

y -y{x)^a^’\- a^x + 

then f ydx = l{y(0) + y{l) + iy{l)}, 

Jo 

prove that if y(x) also contains a term a^x'^ the error in still using 
Simpson’s Rule is 1 

120 


[Math. Trii*. 1., 1920.] 
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QUADRATURE (II). 

TANGENTIAL POLARS, PEDAL EQUATIONS AND PEDAL 
CURVES, INTRINSIC EQUATIONS, ETC. 

416. Other Expressions for an Area 

Many other expressions may be deduced for the area of a 
plane curve, or proved independently, specially adapted to 
the cases when the curve is defined by systems of coordinates 
other than Cartesians or Polars, or for regions bounded in a 
particular manner. 

To avoid continual redefinition of the symbols used we may 
state that in the subse(iuent work the letters 
X, y, r, 0, s, p, <j>, p 

have the meanings assigned to them throughout the treatment 
of Curvature in the author s Differential Calculus, 

417, The (/>, s) formula. 



Let PQ be an element S$ of a plane curve and OY the per-: 
pendicular from the pole upon the chord PQ, Then 
aOPQ^^OY,PQ, 

438 
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and any sectorial area 

= Lt^ aOPQ =::hLtlOY. PQ, 

the .summation being conducted along the whole bounding 
arc. In the notation of the Integral Calculus this is 
Til is might be deduced from the polar formula at once. 

For ^ = 

where <p is the angle between the tangent and the radius 
vector. 


418. Tangential-Polar Form >//•). 

... ds 

Again, since p ■ 


d\]y 




we have KTQ& — ^^pds — ^ppd'^ — }^\^p(^j)-\ 


a form suitable for use when the Tangential-Polar {ie, p, yfy) 
form of the equation to the curve is given. 

This gives the sectorial area bounded by the curve and the 
initial and final i‘adii vectores. 


419. Caution. 

In using the formula 




care should be taken not to integrate over a point, between 
the proposed limits, at which the integrand changes sign. 
If such points exist the whole integration is to be conducted 
in sections along each of which the sign of the integrand is 
permanent. The results for the several sections arc then to 
be taken positively and added together. When a point of 

* 73 ... 

inflexion is passed through an infinite value 

and changes sign. 


420. The Case of a Closed Curve. 

When the curve is closed the formula admits of some 
simplification. 
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For integrating by parts 

Honoe Are.= l[p|E] + l j{y-- 

In integrating round the wliole perimeter the term between 

s(|uare brackets, viz. ~ disappears, for it resumes the 

same value as it oi*iginally had when we return to the 
starting-point after integrating round the contour of the 
curve. Hence, for a closed curve, 


421. Ex. 1. Let A^CA<t be one foil of the epicycloid p —Asini?\/r and 
OAi the initial line. Then p vanishes if j5\/r=:0, tt, 27r, .... 



Therefore, for the area bounded by Odj, OA 2 and a foil of the epicycloid, 
viz. the kite-shaped figure OAiCA^O in Fig. 62, 

w w 

Area=|j^%^p4-^,) A sin Bxp{ A sin B^P-AmsmBxP}dxP 

= Ai} -JD. . ^ ginS </, dip, if = B^r, 
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Thus, for the whole cardioide, which is a one-cusped epicycloid formed 
as the path of a point attached to the circumference of a circle of radius 
a rolling upon an equal circle whose centre is at the origin O, 


. xb 

—3asin ~ . 
«5 


(See Diff. Calc.^ p. 345.) 


And the area is 


^(3a)2x3(l-J) = 6,ra2 


Ex. 2. Otherwise, the cardioide p = 3osin ^ is a “ closed ” curve. 

O 

Let us apply the second formula 

if 

The whole area = i j taken between limits 

0 and ^ = 37r. 

Putting if/ = 30i fhis becomes 

(9 sin2 0 - coH^ 0) cW 

= 3a2^9^ 2 - ^ ^^==67ra% as before. 


422. Pedal Curves. 

If p = f(y]r) be the tangential-polar equation of a given curve, 
is the angle between the perpendiculars from the pole 



upon two contiguous tangents, and the area of the pedal 
curve may be expressed as 

ul■20Y^S^}^ = l^0Y^d^|A, i.e. 

Pj yfr being the polar coordinates of F. 
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423. Ex. Find the area of the pedal of a circle with regal'd to a point 
on the circumference (i.e. the cardioide). 



Fig. 64. 


Here, if OT is the perpendicular on the tango?it at I\ and OA the 
diameter =2c, it is geometrically obvious that OP bisects the angle AOT. 

A 

Hence calling A OF, ip, we have for the tangential polar equation of the 
circle 


{.e. 


p^OV— OPeoH ^ = OA 008^“, 

p — 2c cos-^^. 

A 


Hence Are8i=:^j4c^cos'^^ dip, where the limits are to be taken as 0 

and TT, and the result is to be doubled so as to include the lower portion 
of the pedal. 

Then » 

A=4c^ f cos*^ dip = 4c2. 2 cos^ 0 cW = 80 ^’? ? . ? ttc^. 

Jo 2 ^ Jo 4 2 2 2 


424. Area bounded by a Curve, its Pedal and a Pair of Tangents. 

Let P, Q be two contiguous points on a given curve; F, Y' the 
corresponding points of the pedal for any origin 0 (Fig, 65). 

Then since, with the usual notation, PY elementary 

triangle bounded by two contiguous tangents PF, QY\ and 
the chord of the pedal YY\ is to the first order of small 
quantities l/dp\\. 
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Hence the area of any portion bounded by the two curves 
and a pair of tangents to the original curve may be expressed as 



Fig. 65. 

and is the same as the corresponding portion of the pedal of the 
evolute, for PY = the perpendicular from 0 upon tlie normal 
at P (Fig. 66). 

425. Pedal of Evolute of a Closed Curve. 

In the case of a closed curve, then, the equation 





Fig. 66. 

Let 0 be the pole, AP an arc of the 4osed oval, BQ an arc 
of the evolute, P, Q corresponding points on the curve and the 
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evolute, or, OZ, perpendiculars from 0 on the tangent and 
normal at P. 

Then the Y locus is the pedal to the curve, the Z locus is 
the pedal to the evolute. Hence the equation 

I j^2rf\/r = area of + 

expresses 

(A) That the area of the pedal of the aval 

— area of the oval -f- the area of the region between the 
oval and its pedal. 

(B) That the area of the pedal of the oval 

= area of the owi+ the area ol’ the pedal of the evolute. 


426. Additional Results. 

Further, since 

area of pedal = area of oval-f- 




dxjr 


and area of pedal = 
we have upon addition 


2 X area of pedal = area of oval + 2 J{p" d' 


or 


= area of oval + 


= area of oval -f 




i.e. the area of the pedal of a closed curve with regard to any 

origin within it exceeds half the area of the curve by ^ \—ds. 

4 J p 

This result may be regarded as giving an interpretation for 
the integral /• ^2 

or y-ds, 

an expression which figures in the discussion of roulettes. 


427. Geometrical Proofs. 

These facts may be established by elementary geometry thus. 
Let Pp Qj, r^, Zj be the contiguous positions to P, Q, Y, Z on 
the respective loci, ^nd let FP, FiPj intersect at T and FP, 
OFj at N. 
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Then 

^OYP-^ OYJ\ - (A OyiV+ A ONP) 

— (a ONP ^NY^T + quadrilateral OPTP^) 
= A OYN-aNY^T- ciuadrilatcral OPTP^ 
= sectorial area OYY^ — sectorial area TYY^ 
— quadrilateral OPTP^ 



Fig. 07. 

And summing for a closed oval, 

2(Aoyp~-Aoy,p^)=o; 

2oyyi=2pyy,+20PPPi, 

and A OZZj = A Py y^ to the first order; 

20yyi = S0ZZi + area of oval 
or ^SPyy' + areaof oval, 

i.e. area of pedal of evolute, or area] =area of pedal of oval 
between pedal and oval J —area of oval. 

428. Ex. 1. As an illustration, consider the central pedal of the 
evolute of an ellipse. 

Area of pedal of evolute=area of pedal of ellipse-area of ellipse 
=~(a=' + i!.“)-jra5 

=|(a-6)» 
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Ex. 2. Tlie pedal of a circle of radius c and centre C with regard to a 
point 0 on the circuinference is r=6‘(l+cos 6^), a cardioide. The evoluto 
of the circle is a point, viz. the centre. As the current point I* travels 
round the circumference of the circle once, the patli of Z, the foot of 



the perpendicular upon PC travels round its path (viz. a circle on OC 
for diameter) twice. The pedal of the evolute is therefore the tivice 

described circle of radius 

And 

area of cardioide = area of circle radius c+2 x area of circle of radius - 

s * 

= ;•! TTc^. 


429. Pedal Eauation (/>, r). 

When the relation between p, r is given, i.e. the pedal 
equation, we have 


Area = Ij;? ^ i sec 




This again gives the sectorial area between the curve and a 
definite pair of radii vectores. 

Again care is required in the use of the formula to avoid 
integration through a value of r for which sec^ changes 
sign, ie. when 0 changes from acute to obtuse, as it will do at 
points where r has a maximum or minimum value. If such 
points occur, the integration must be conducted separately 
for each of the portions into which these points divide the 
perimeter and the results taken positively added together. 
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430. Ex. 1. In the equiangular spiral p-^ rnma^ and any sectorial area 


1 


^ Hsina , 1 . 

- dr = ^ (rJ 

rcosa 4' ^ 


- tan a. 


Ex. 2. Find the area of the lemniscate »= .>. 

*■ n/- 



=H-ivV-,•*]. 

d* 

Taking limits from r=0 to r=«, we get a result ^ . 

This gives the area of half a loop. 

The whole area is four times this result, viz. —a-. 

Note, that if we integrated through the maximum without change of 
sign of the radical from to r —0 again, we should obtain a zero 

result—A.e. the difference of the two halves of the loop instead of the sum 
as desired. 


481. Area included between a Curve, two Eadii of Curvature and 
the Bvolute. 

In this case we take as our element of area the elementary 



triangle contained by two contiguous radii of curvature and 
the infinitesimal arc Ss of the curve. 

To first order infinitesimals this is using the same 

notation as before. 
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And area required 

•ie- or =||pds, 

or other forms adapted to the particular species of coordinates 
in use. 

For instance, for Cartesians 

_ 1 f(i +yi^f k . 




or for Polars 


= ir..r„±Vr. rrl-:^idO 

-If <'”+'■’>■ do. whore,,. 

2Jr'^+2r,®—rro * 


dr _dJh' 

''do’ 



Fig. 70. 


432. Ex. 1. The area between a circle, an involute and a tangent to 
the circle is (Fig. 70) 
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Ex. 2. Tlie area between the tractrix and its asymptote is found in 
similar manner. The tractrix is described in Calc., Art. 444. The 
portion of the tangent between the point of contact and the .r-axis is of 
constant length c. 



Taking two adjacent tangents and the axis of .r as forming an elementary 
triangle (Fig. 71), 

Area = 2. ^ c‘^d\jy 

A 

¥ 

_TTC^ 

433. Area swept by a “ Tail.” 

In exactly the same way as in tlie last example we may find 
the area swept out by a “ tail ” of length varying according 



to any specified law measured along a tangent from the point 
of contact. 

Let the length of the tail be 0(«). Let P^, be at the 
distances ^(s), measured along the tangents at 

B.I.C. 2p 
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contiguous points P and Q respectively from the points of 
contact. Then the area of the triangular element bounded 
by the two contiguous tails and the arc P^Qi is to the first 
order 

and the area swept out by the tail is 

If (jy{s)=^db constant = c, Area swept = -d\/r, and for a 

closed oval of continuous curvature = ttc^, viz. the area of 
a circle of radius c. 

If the tail be of length equal to the corresponding radius of 
curvature, the area swept out = ^ Jp 


434. If lengths be taken along the normal drawn outwards, 

and specified in the same way, viz. the area between 

the original curve and the locus traced is 

I J[{p+ H. = J^(s) +1 



or if the distance be on the inward drawn normal 
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435. Parallel Curves. 

If, in thin case (Art. 434), 0 ( 5 ) be constant —c, a ‘parallel' 
to the original curve is traced, and the area between a curve 
and its parallel will be found from 

ie. ^^{2pc±(?)d^-c^ds±^^d\^r, 

and for a closed oval of one convolution surrounding the pole 
this becomes cs ± tto^, s being the perimeter of the oval, the 
positive sign being taken for exterior parallels, the negative 
sign for interior ones. If the normal makes n revolutions 
before returning to its original position, the area swept over 
by PPi will be numerically 

cs ± niri^, 

436. General Case. 

More generally, let us construct a new curve from a given 
one by measuring a distance a along the tangent from the 
point of contact, in the direction of measurement of the arc, 
and a distance /3 through the extremity of a, parallel to the 
outward drawn normal at P, and let the point at which we 
arrive be called Q \ a, ^ not necessarily being constants. 



Then if a?, y be the coordinates of P and those of Q, and 
if be the inclination of the tangent at P to the initial line, 
a;+acos\/r + 3siii^> i; = y+asm\//‘—^cosx//'. 

Then =<Z5C+ {da cos sin >/r) + (~a sin cos x//-) 

dfi^dy +(rfa sinx/^— coB\jr)+{a &in\]r)d\[f; 
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^dri~ rid^={x+a cos \lr + ^ sin y^r) {dy + {da sin \lr--d^ cos \//^) 

+ (a cos +/3 sin 

— ( 2 / + a sin x/r—/3 cos \j>) {dx-\-{da cos x/r+rf/S sin xj>) 

+ (—a8inx//'4-^co8x/r) rfx/r} 
= X dy—ydx-\-{(a cos x//+/3 sin x//*) sin x/r 

—(a sin x/r—/3 cos x//-) cos x/r} ds 
-\-x{da sinx/r— cos\p‘)—y(da cosx/a+c?/ 3 sin x//-) 

+a; (a cos x//^ + /3 sin x/r) rf\/r 
~y(~a sin x//“+/3 cosxj>) rfx/r 
+ (a cos x/r +sin x/r) (rfa sin x/^— d/3 cos x/r) 

— (a sin x/r — /3 cos \/r) (d(x cos x/r +d/3 sin\/r) 
+ (a2+^2) dx/. 

(for dx = d 5 cos x/r, dy = d5sinx/r) 

= (xdi/-~i/dx)+2^d5+(/3da--ad/3) + (a2+^2) 

+d(x (a sin x/r —/3 cos x/r)} 

-~d{y{a cos x/r+ /3 sin x/r)}, 

a term {—da;(a sin x/r-—/3 cos x/r) -fd^(a cos x/r + ^ sin x/r)}, 

that is B ds having been added and subtracted in the 
arrangement. 

Hence, if A and be the corresponding sectorial areas 
swept out by the radii vectores OP and OQ, 

+h[xiv-y)-y{i-x)l ‘ 

the portion [ ] being between limits corresponding to the 
beginning and ending of the arc traced by P, 

If the curves be closed this term disappears, and 

A, = A+j^ds+l^(pf^-a^)ds+l^^^^ds. 

This formula of course includes the foregoing cases. 

Thus, for parallels a = 0, /S = c, and the oval being closed, 

>4i==-4+C5 + g fc^dx/rrs^-fcs+Trc* as before. 
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437. Polar Subtangent. 

The area bounded by any portion of a given curve, two 
tangents, and the corresponding portion of the locus of the 
extremity of the polar subtangent is given by 


where 


_dr ^ dh" 


For if OT be the polar subtangent corresponding to a point 



P, the point of contact of the tangent, we have with the usual 
notation Pr = rsec0, 

and Area swept by PT = - JpT^dx//^ 

= I sec^(p dxfr 
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the limits being the initial and final values of 0 for the 
arc specified. 

For a closed curve this area therefore exceeds twice the 
area of the original curve by 

438. Intrinsic Equation. 

When the intrinsic equation is gfiven, viz. 

«=/w. 

the area bounded by the curve, an initial tangent, and an 
ordinate from any point of the curve to the same, is given by 

^ = 1 1 /'(x)/' M cos X sin a> dx dw, 

Jo Jo 

it being assumed that tlie integrand is finite and continuous 
and does not change sign within the limits of integration. 



Fig. 76. 


This is merely a transformation of 
A = dx, 

dv P 

For ^^ = sin^/r and ^ = J sin\/^cZ5 = J /'(\/r) sin 

=j* / (oj) sin ftj rfoj. 

Also dx = cos x//- ds =/'(x//^) cos x/r oJx/r. 

Hence /'(^)cosx/r |j* f'{w) sinwd<jD^d\Jr. 

= |V'(x)cos xjl^/'W sin ® ^X- 

This may clearly be written 

^ = r fix) xfM sin “> 

Jo Jo 


Hence 
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439. Ex. Tal<ing as a test the case of the circle 


A ~a^ 


cos sin w d)(^du> 
~ coa X [^ ” 


Jo }0 


fY 

~a^ coa y( 1 — cos )() d)( 

which may readily be verified otlierwise. 



Fig. 77. 


440. Closed Oval. 

If the area be a closed oval and 0 a point on tlie circum¬ 
ference, viz. the starting point for the measurement of s, 
we may obtain tlie area of the whole curve by integrating 

— J 2 /cos \//(/« round the whole contour, and our formula may 

be written /• 2 » ro 

1 f'ixV' («»>) cos X sin a> dx day, 

Jo Jx 

the integrand being supposed finite and continuous through¬ 
out, and the curve s=f(\{r) having no singularities. 

441. Closed Oval. Another Form. 

Another form may be given for the area of a closed curve 
whose intrinsic equation is s=f(\}r). 



Measuring s from the point at which \/r = 0 , we have at any 
point rj, where the inclination of the tangent to the initial 
tangent is x» and the element of arc ds^, 

d^ dn 

- 7 ^ = cos Y, J ■ 
dsi ^ ds^ 


:smx; 
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•. X 


[ cos X cJsi = f cos x/'(x)<^X> 

Jo Jo 

2/ = [ sin X <iSi = r sin x/' (x) ; 

Jo Jo 

/. xdy^ydx 

= [£ (x) ‘^x] sin ylr ds - [£ sin x/' (x) <^x] cos ds 

= [£ f' (x) sin ('Z' - X) ‘^x] ; 

/. area of curve 

— ^^{xdy--ydx), taken round tlie perimeter, 

== ||^ /' W [£/'(x) sin (x/r - x)cZx] dx}r, 

or, as we may write it. 

^ “ ||o sin ('A “ x) ^X> 

it being understood that the first integration is with regard 
to x> considering \/r a constant, from 0 to >/r, and then the result 
from 0 to 2TT with regard to xjr. 

C'l' 

Also /' (x) sin (- x) dx 

Jo 

may be integrated by parts, and becomes 

= [/(x) sin (’/'-x)J+|V(x) cos (V-'-x)<^X 

= r fix) cos (V-^ -x)dx, for /(O) = 0 . 

Jo 

Hence the result may be exhibited as 

^ = ^ /'('/'){jV(x)cos('/^-x)c^x} 


or 


= 5 f r/('Z')/(x)cos(^/^-x)tf^/^ dx, 

^Jq Jo 


it being understood as before that the first integration is with 
regard to x from 0 to xjr, 

442 . If the curve be not closed, and the limits for xfr are 
from y^ — a to \/r = /3, we find by these formulae, a sectorial 
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area bounded by the arc and two specified radii vectores, viz. 
from the origin to the points where \/r = a and = and 

■4 = §£ £/'(’/')/(x)cos 


443. Inverse Curve. 

If the points P, Q be contiguous points on a curve, and P\ Q' 
their respective inverses, k being the constant of inversion 



and 0 the pole, we have for any sectorial element OP'Q' of 
the new curve, 

area OP'Q' = WP'. OQ' sin S9 = hk^ Op-ggSO to the first order 

= -o \ <50 to the first order, 

2 

and the area of any sectorial portion of the inverse is 


2 



r being the radius vector of the original curve. 


Ex. Thu.s the area of the inverse of + with regard 

to the origin is ^ w 


It will be noted that this amounts to performing the inver¬ 
sion first, and then finding the area as ^ [r^dO, so that our 

formula -^X-^dO is of but little additional convenience. 

2 Jr^ 


444. Locus of Origins of Pedals of given Area. 

Let 0 be a fixed point. Let p, \/y- be the polar coordinates 
of the foot of the perpendicular OY upon any tangent to a 
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given curve. Let P be any other fixed point, PY^ (= pj), the 
perpendicnlar from P upon the same tangent. Then the areas 
of the pedals, with 0 and P respectively as origins, are 

and 

taken between the same definite limits. Call these A and 
Ai respectively. Let r, 0 be the polar coordinates of P with 
regard to 0, and x, y their Cartesian equivalents. 



Then p^ = p--r cas {^~\lr) — p ~x cos yp' ~y sin \/r, 
and is a known function of 
Hence 


2Ai = ^'Pxdxlr — ^{p—x cos yfr—y sin d\]r 
= d\jr — 2x Jp cos xfr d\}r—2yjp sin \f/^ dyjr 

+0:^ Jcos^>/r 2xyJcos\// sinyp^ d\lr + d\lt 

Now 2 jpcos>//*dV^, 2|p sin ^cos^yf/^dxfr, etc., 


taken between such limits that the whole pedal is described, 
will be definite constants. Call them respectively 
— 2g, ~-2f, a, 2k k 

and we thus obtain 

2Ai — 2A + 2gx+ 2fy+ax^ + 2kxy + 
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If then P move in such a manner that is constant, its 
locus must be a conic section. 

By Article 342, 

r'f' f 

j cos^>/r d\//X j sin^x //'cos yf/'sin \fr dx/r , 

i,e. ab > hK 

Hence this conic section is in general an ellipse. 

Moreover, its centre being given by 
ax+hy+g = 0, 
hx+by+f 

its position is inde'pendent of the magnitude of 

Hence for different values of these several conic-loci 
will all be concentric. We shall call this centre Q. 

445. Closed Oval. 

Next suppose that the original curve is a closed oval curve, 
and that the point P is within it. Then the limits of inte¬ 
gration are 0 and 27 r. 

^2ir ^2ir 

Thus a= I cos^xfrd\}/-— ■TT = I sin*>//• di/r = 6 
Jo Jo 

|.3r 

and h = 1 cos \}e sin yje d^r = 0. 

J 0 

Hence the conic becomes 

Tr(x‘+y^)+2gx+2fy-{-2(A-A^) = 0, 

that is a circle whose centre is at the point 

1 f'*’" 1 

— j p cosyje d\j/^, — I p sm\Jrd\p'. 

Now, if X, y be the point of contact of the tangent, viz. Q, 


and x — p cos 

y~p sin cos 


by projecting p, upon the 
coordinate axes; 


J.T dylr — ^p cos \/r dx/r —[^ sin yfr] + Jp COS y}r d\je = 21*^0 COS \je d\je, 
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and 


Jy = sm\//'d>//+[^»cos\j>]+j*p sin\/r cZ\// = 2j*;3sin\/r 


for the portions in square brackets disappear in integrating 
round the whole curve. 

Hence the coordinates of the centre of the circle may be 
written 




or 


or 


[xdyjj' 
Idxf^ ’ 
hHr 

W'’ 


•si 


ds, 

P 

-ds, 

P 


where- is the curvature 
P 

at the element ds. 


440. Another Determination of the Centre. 

If the original curve be regarded as a material curve of uni¬ 
form section oo and with a density proportional to the curvature 

k k 

at each point, = say, the mass of each element Ss is - co Ss, 
P P 

and the formulae 

« 'Lmx _ 2m?/ 

a;==-—— .Ji 

2m ^ 2m 

of Statics show that the centroid of any arc of this curve is 
given by 



- aiX ds 
'P .. 

{~ds 1 



f^evds 1 
Jp J 

f* ds 

Ip 

I'i* 

pj 

-wyds j 

\-ds 1 

L£_ or 1 



^Kds j 

-ds 

P 

fdv/r 


Hence the point Q, which is the centre of these loci, is 
identical with the centroid of a material wire of tine uniform 
section, bent into the form of the original curve, and having 
a density proportional to the curvature at each point; or, 
which comes to the same thing, having uniform density and 
cross-section infinitesimally small but proportional at each 
point to the curvature. 



PEDAL OF MINIMXm AREA. 


461 


447. Connection of Areas. 

Tlie point (2 having been found, let us transfer our 
origin from 0 to Q. The linear terms of the conic will 
thereby be removed. Thus f2 is a point such that the integrals 


J p cos d\lr and j p sin xjr di//-, 

where p is now measured from O, both vanish, and if II be 
the area of the pedal whose pole is Q, we have for any other, 

2A 1 = 2II + ax^ + 21ixy + hy^ in the general case, 
and 2Ax = 2lLl-\-Tr{x^ + y^) in the particular case, when the 


oval is closed. 

The area of the conic is 


Thus, in the general case, 


Jab—h^ 


(Smith, Cmic Sections, 
Art. 171.) 


Ai — IL ^ X area of conic. 

^TT 


And in the particular case of the closed oval, 

.41 = n + 2 

where r is the radius of the circle on which P lies for constant 
values of ^ 1 , i.e, the distance of P from f2. 


448. Position of the Point f2 for a Centric Closed Oval. 

In any oval which has a centre the point Q is plainly at 
that centre. For when the centre is taken as origin, the 
integrals 

Jjt) cos \//* and Jj^sinx/^^d^r, ie. and 

both vanish when the integration is performed for the com¬ 
plete oval, opposite elements of the integration cancelling ; or, 
which is the same thing, the centroid of a material centric 
oval curve for a law of density, which varies as the curvature 
at each point, is obviously at the centre of the oval. 

449. Origin for Pedal of Minimum Area. 

When Q is taken as origin, it appears that 

2.4i = 2II + J (x cos >//"+y sin yjrf dyp'. 

Hence, as the term J(a?cos^+ 2 ^sinx/r) 2 d^ is necessarily 
positive, it is clear that A^ can never be less than TI. 
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is therefore the origin for ^vhic]l the corresponding pedal 
curve has a minimum area. 

450. A Statical View of the Case. 

Let 0 be the origin, QRS the closed oval, OY the perpen¬ 
dicular from 0 upon a tangent to the curve. Let P be any 
other point, and fi the centre of gravity of the curve, QRS 
having a density at each point proportional to the curvature. 



A theorem by Lagrange (Routh, Statics, vol. i. Art. 436) 
states that if mg, ... be the masses of a system of 
heavy particles at Qi, Q 2 , Q 3 , , and fi their centre of gravity, 

and if P be any other point, then 

k 

Applying this theorem to our curve of density , uniform 
small section w, and total mass \kuoy say, ^ 


fP^ 

I P 


ds= f^-ds+X.PQ*. 

J P 


Now it has been proved in Art. 426 that the area of the pedal 
pedal with regard to P = ^ oval + ^ 


1 1 fr* 

of a closed oval exceeds ^the area of the oval by jJ —d«. 


and pedal with regard to fi = ^ oval -|-j J --- ds; 


(PQ^ 
4J p 
ifW 


-^-ds; 
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pedal with regard to P —pedal with regard to 12+ Pf2^ 


j* - wds~ kw J d\lr = ‘Jiirkw ; 


and Xko) = mass of curve = 

A = 27r. 

pedal with regard to P = pedal with regard to f2+?P12^. 


Hence we are led by statical considerations to the same 
result as already obtained, viz. that the loci of the origins P, 
of which the pedal curves of a closed oval are of constant 
area, are concentric circles, their centre being the origin of 
the pedal of minimum area and the centroid of a tine wire 
bent into the form of the original oval, and having uniform 
cross-section and a density varying as the curvature. 


Illustrative Examples. 

Ex. 1. Find the area of the pedal of a circle with regard to any point 
within the circle at a distance c from the centre t.e. a limayon. 

Here A, = n + -f 

and n = 

H ence Ai=^ -f || rc^. 

Ex. 2. Find the area of the pedal of an ellipse with regard to any point 
at a distance c from the centre. 

In this case, 11 is the area of the pedal with regard to the centre 

w 

Jo Z 

Hence A i == ^ (a^ + + c-). 


Ex. 3. The area of the pedal of the cardioide r=a(l-cos^) taken 
with respect to an internal point on the axis at a distance c from the 
pole is « 

-^(5a^-2ac+2c‘). fMATH. Tripos, 1876.] 

Let 0 be the pole, P the given internal point; p and p^ the two 
perpendiculars OFg a-ud FFj upon any tangent from 0 and P respectively ; 

A 

<fi the angle F^OPand OP—c ; then —cco8<^, and 


2J^—2A jpoos 


C^C 08 ^tf)d<j}, 
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Now, in order that p may sweep out the whole pedal, we must integrate 

between limits = 0 and </> = *“ and double. Now in the cardioide (Fig. 82). 
2 

p = OQ sin OQ sin J xOQ. 



For = 

Hence -(ir-S)} = |, 


or 


So 

Hence 


stt . ze 

•j-/—a 


and 


2"2 “3' 


d 0 

— r sin ^ — 2a sin'^ ~ = 2a cos 


3^ 

3* 


f </» n 

j p COB <j>d<l) —2 2a cos*^cos <f>d(li~4axZ cos* 2 :cos 3zdz 


^I2a j 4 cos* 2 : — 3 cos*^ J dz 

.. r. 5 3 ] TT . 3 ] 

• 6’4’2' 2 ^•4’2’2J” 

Also jc^coB^<j>d<l>— 3 . 2 c^.^ . 

2 A = 2 jr 4a^ cos* ^d<f>~ 24a^ coa*z dz ; 

• J~12a2- ? 1 ^„157ra2 

.. 6* 4 - 2* 2^^ 8 * 


3rra 


Finally, 
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Thus, 


. ISffa''* 3n-ac . 3rc^ 

^■ = “8-4- + -^ 

= ^ (6a^ - 2a<! + 2<^). 
o 


Ex. 4. Let Ay By C be any three points and P a fourth point whose 
areal coordinates are Xy 3 /, z when the triangle ABC is regarded as the 
triangle of reference. To find the relation of the areas of the pedals of 
any closed curve with respect to Ay By C and P. 

Let [A\ [i5], [<7], [7^] represent the areas of the pedals. Let Xy Yy Z be 
the areal coordinates of 12 , the centre for the pedal of minimum area. 

Then [J] = [I2] + 

[5] = [S2] + 4tRS22, 

[U] = [fl] + i7rOT, 

[i’] = [I2] + i7r«22; 

[P]-[A]x-[E]y-[C]z=^^ (Pa^-xAa?-yBQ.^-zCQ?). 



Now (Ferrers’ TrilinearSy p. 6 ) the distance from Xy y, z to X, Yy Z is 
given by 

7^122= -a2(y- 7)(2-X)-62(^_^)(^_X)-c2(.r-X)(y- Y) 
and d 122 = - -Y)(0-Z)- b\0 - Z){\ X )(0 - Y) 

= - a2rx- b'^ZX - c^X Y-h b^ZA r F, 

5122 =- - b'^ZX - c*2X Y- a2 YZ+ c^X + a-Zy 
C122- -c2XF-a2rX-62XX + a2F+ra ; 

P122 — xA 122 —yB^^ - zC^P = — — bhx — c^xy. 

Now, if S^a^yz-\-hhx-^c^xyy S—0 is the equation of the circumcircle, 
and S is equal to minus the square of the tangent from the point (.r, y, z) 
to the circle 5=0 if the point lie without the circle, or to the rectangle of 
the segments of any chord through Xy yy z if within. Therefore with this 
meaning for S, 


E.I.C 


2g 
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PROBLEMS ON QUADRATURE. 


1. Interpret geometrically j 
’■=/(P) 

Prove that the value of fv 


^ dp in the case of the curve 


l^rove that the value of -p^dp, taken all round an ellipse 

whoso semiaxes are a, and whose centre is the pole, is Tr{a~ h)^. 

[Oxford I. P., 1903.] 

2. Use the pedal equation of an ellipse, viz. -^ == to 

show that the area of the portion of an ellipse included between 
the curve, the semi-major axis and a central radius vector ?*, is 

ah ^ 1 

a, h being the semiaxes of the ellipse. [Collkobs, 1882.] 

3. Find the area of the part of the ellipse 2a ~?')==Z>V included 
between two focal radii vectores drawn, one to an extremity of the 
minor axis and the other to the nearer extremity of the major axis. 

[Oxford I. 1 \, 1889.] 

4. Find the area included between an ellipse and its evolute and 
bounding radii of curvature, the one coinciding with the major axis 

and the other inclined at an angle of ^ to it. 

[Colleges, 1884, and 1888.] 

5. Through every point of an ellipse a line is drawn outwards 
normal to the ellipse and equal to the radius of curvature at the 
point. ShoAv that the area of the curve thus obtained is 

2ab ’ [Colleges a, 1891.] 

6. Show that the area of that part of the evolute of an ellipse 
^eccentricity > which lies outside the ellipse is 

0.4/,« f ^ {a^ + b'^-Zpf _rfp_ 

J f {a^ + b‘ - pf ^{p SU) (fli - p) ■ 

[Colleges, 1882.] 

7. Find the area of the pedal of the curve 

(a.c)^ -f (hy)^ == (a® - 

the origin being taken at x=^s/cF^S^, [Oxford T. P., 1888.] 
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8. Show that the area of the space between the epicycloid 
p — A sin IJ\p and its pedal curve taken from cusp to cusp is 

[Colleges, 1878.] 

9. Show that the area between an epicycloid and the arc of the 
fixed circle included between two consecutive cusps is 

where a and h are the radii of the fixed and rolling circles respec¬ 
tively. [Colleges a, 1884.] 

Show also that the area of the corresponding sector of the fixed 
circle is that of an ellipse with semiaxes the radii of the two circles. 

[Oxford I. P., 1913.] 

10. Show that the p~\p equation to a cycloid when one of the 
cusps is taken as origin is 

p = 2a (sin 4' ~ 4' cos 4^)^ 

where a is the radius of the generating circle; and find the area 
between the curve from cusp to cusp and the corresponding arc of 
the pedal with regard to a cusp. [Oxford II. P., 1903.] 

11. Show that the area bounded by that portion of the cardioide 
=a^ sin which lies in the first quadrant, the terminal tangents, 

and the corresponding portion of the locus of the extremity of the 
polar subtangent, is 

3a2(10 - 37r)/16. [Math. Tripos, 1896.] 

12. Show that in the curve in which the area bounded by the 
curve and the radii vectores from a certain fixed point varies as the 
square of the length of the bounding arc, the radius of curvature 
varies as the projection of the radius vector on the tangent. 

[Colleges a, 1891.] 

13. The pedal of a cycloid with regard to any point on its axis 
meets the cycloid at the vertex A and cuts the tangent at the cusp 
in Q; find the area between it and the chord AQ; and prove that 
this area is least when the origin is the middle point of the axis. 

[St. John’s, 1883 ] 

14. An elliptic wire is pushed in one plane through a very short 
straight tube; find the equation to the locus of the centre, and 

prove that the area of each loop is where a and h are the 

semiaxes. [Colt.eges, 1886]. 
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15. A point Q is taken on the normal drawn outward at a point 
P of a catenary, the parameter of which is c. Provo that if PQ is 
equal to the length of the arc of the catenary measured from the 
vertex to P, the area between the locus of Q and the catenary, and 
bounded by the normal at the vertex and by another normal inclined 
at an angle ip to this, is 

“ (tan® p + tan \p - \p). 

2^ ^ r r/ [Colleges 7 , 1882.] 

0 

16. Prove that the pedal of the cardioide r = a cos® ^ with respect 

to the cusp consists of two closed regions of areas A and B, A con¬ 
sisting of the inner loop and B being external to A and bounded 

by the outer line of the curve and such that 2A + B=^ 

[Colleges 7 , 1899.] 

17. Prove that the area of the pedal of the curve with 

respect to the point (a, 0) is five times as great as the area of its 
pedal with respect to the origin. [Oxford II. P., 1899.] 

18. The tangent at a point P of a lemniscate cuts the curve again 
at E. Prove that the middle point of QR is at the same distance 
from the nodal point as P ; and that the equation to its locus is 

aio(^® _ y 2 ^ = {a® 4- 4 - r^) (a^ - 4 r^)} , 

where ?'®=jr®-l-^/®. 

Show that it can be written r® = a®cos 

Trace the curve completely, and prove that the portion corre¬ 
sponding to the upper half of one branch of the lemniscate divides 
the other branch into two parts whose areas are in the ratio of 

6 - 3\/3 : 3J3 - 4 . [St, John’s, 1884.] 

19. Show that the area of a loop of the curve 

(ic® - a®)® 4- (y® - 3ft®)® — a* 

” a*N/2(3-log.--2 )• [Math. Tripos, 1882.] 

20. The tangent at every point P of a closed finite curve is 

produced to Q so that PQ is constant. Find the area between the 
locus of Q and the original curve. How is the result to be explained, 
(i) if the curvature of the first curve is sometimes in one direction, 
sometimes in the opposite direction; (ii) if the curve cuts itself a 
given number of times. [St. John’s Coll., 1881.] 
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21. A straight/ line of constant length c is drawn from each point 

of a closed oval curve making a given angle a with the normal at 
that point. Prove that the area of the curve traced out by the 
end of the line is ^ ± Ic cos a, 

where 6^ is the area of the given oval curve and I is its length. 

[Coll, 7 , 1893.] 

22. Show that the area of the polar reciprocal of a curve whose 
equation is given in rectangular coordinates is 



Xj y being the coordinates of a point on the original curve. 

Apply this to find the area of the ellipse ^ + p == 1 • 

[Colleges, 1886.] 


23. The area of a given closed oval curve is A ; the bisectors of 
the internal and external angles between tangents to it which meet 
at a given constant angle 2 a envelop curves whose areas are 

Ai cos^a + A 2 silica = A, [Colleges 7 , 1888.] 


and A^; show that 


24. Prove that for any closed curve which has a centre, the area 
of the locus of intersection of tangents at right angles, and the 
area of the locus of intersection of normals at right angles differ by 
twice the area of the curve. [Math. Tripos, 1888.] 


25. 0 being a fixed point, OP a radius vector of any curve, OP 
is produced to Q so that OP . PQ == and A is the area between 
the locus of Q and the given curve. If A' he the area of the inverse 
of the curve with respect to 0, the constant of inversion being a, 
show that A' - A is independent of the form of the curve. 

If the given curve be a circle, and 0 a point on its circumference, 
find the area of any part bounded by the locus of Q, the circle and 
two radii vectores from 0. [St. John’s, 1891.] 

26. A circle rolls on the outside of an oval curve, the pedals of 
the curve, of the locus of the centre of the circle and of the 
envelope of the circle are of areas A^, A^, A^, respectively; prove 
that A^-^Ai^A q depends only on the rolling circle. 

Show that if the area of the oval curve, of the locus of the centre 
of the circle and of the envelope of the circle be S^y Si, S^ respectively, 
A2 - 2Ai ^Aq^S^- 2Si + Sq, [Trinity, 1878.] 
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27. One of the curves given by the equation 

cuts the axis of x twice at the angle a. Prove that the area between 
the curve and the axis is 

{tan (x sec a 4* log(sec a 4 - tan a)}. [Qxf. I. P., 1912. ] 

28. A curve concave to the axis of x is such that the product of 
the ordinate and radius of curvature at any point is constant and 
equal to (The Elastica, or Bent Bow). Prove that the maximum 

value of the ordinate is 2c sin where a is the angle at which the 

curve crosses the axis of x. [Ox. I. P., 1903.] 

Show that the area which lies between the bow and the bow¬ 
string is 2c2 sin a. 


29. Show that the area of a closed curve, which is the envelope 
of the line a; cos ;/'4-y sin is the value of the integral 

taken completely round the curve. [Math. Trip., 1898,] 


30. The integral 




\2 


is taken round a closed curve, 


n being taken equal to tan ov to - cot according as the one or 
the other is numerically less than unity. Show that the value 
of the integral differs from the area of the curve by the sum of 
the squares of the perpendiculars from the origin upon the tangents 
at the points where the integral changes form. [Math. Trip., 1898.] 


31. In the cycloid prove that the coinic locus of points with 
regard to which the area of the pedal is constant, is in general 
a circle, and find the point for which the area of the pedal is a 
minimum. [Ox. I. P., 1900.] 


32. In a catenary, A is the vertex, P any point on the curve, 
AO^ PN perpendiculars upon the directrix, PY a tangent and iVF 
perpendicular to it. Show that the area of the figure ONPA is 
double that of the triangle YNP. 


33. Show that the area of the first positive pedal of the curve 
p = f(r) may be obtained by the formula 

If dp. 
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where the letters p and r are the pedal coordinates of a point on the 
original curve. 

Apply this method to find the area of the cardioide, which is the 
first positive pedal of the circle = ap. 

34. Employ the formula 



to find the area of 

r2 4 - = ^*2 -{- 2ap (a > h). 

To what curve does this pedal equation belong? 

35. In the epicycloid ~ ^2 “^ 2 » 

where a and ^ are the radii of the fixed and rolling circles 

respectively, obtain a formula for the area of any sectorial portion 
with centre of the sector at the origin. Hence show that the 
area between one foil of the curve and the fixed circle is 
7 r(c - a)2(<3 + 2a)/4a. 

36. When a<6 the conchoid of Nicomedes, viz. 

= (a + yY{h^ -y^) or r = a cosec 0±h 
has a loop. Find its area. 

37. Let S l>e the focus of a parabola, Sf\, SP^ two focal radii 
vectores of lengths r^, The latus rectum is ia and 

Prove Lambert’s expression for the sectorial area viz. 

T 

where 25==rj + r^-^c. 

Show that the segment cut off* by a focal chord of length c is 


38. In the case of the Cotes’s spirals, whose equations are of 
the form I A ^ 

show that the area of the sectorial portion bounded by the curve 
and the radii vectores r, and is 

^ l)i~iBr.f + A- 1 )^}, 
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Examine in detail the particular cases of 

(i) the equiangular spiral; 

(ii) the reciprocal spiral; 

(iii) , (iv) and (v) the cases which reduce to the polar forms, 
w — asinh 7/-61 , u — acos\xn6, w — asiriTi^, respectively. 


39. Riccati’s Spntractai'y * is generated as follows. The tractory 
is an involute of a common catenary of parameter c, starting from 
the vertex. PT is a tangent at any point P of the tractory, cutting 
the directrix of the catenary at T. ^ is a point on PT or PT 
produced such that QT=c\ The locus of Q is the syntractory. 

Show that the areas between the two branches and the directrix 


are 


; c(2c ± c'). 


40. If J. be the area of the ‘ Helmet,' 

(A; 4 - 1 ) {+ ka^)y^ - 2ay(a^ - } + (a^ ~ == 0, f - 1 ), 

and F the volume formed by its revolution about the y-axis, prove 
that 


_ 25ra* 

"VF+1 


3(^+iyiog 


y/it+ l+l 



[For the first part of the example, and for several others of 
similar character, see Wolstenholrae’s Problems, Nos. 1886 to 1870.] 


♦ Commmt, Torn, iii., 1755. 
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QUADRATURE, ETC. (Ill) 


SURFACE INTEGRALS, AREALS, CORRESPONDING CURVES. 

451. Use of Second Order Infinitesimals as Elements of Area. 
•‘Surface Integrals,'* Centroids, etc. 

For many purposes it is found desirable, and often necessary, 
to use for the element of area a second order infinitesimal. 

Suppose, for instance, we desire to find the mass of the area 
bounded by a given curve, the aj-axis and a pair of ordinates, 
where there is a distribution of surface density over the area, 
not uniform, but represented at any point by (T = ^(a:, y), say, 
where x, y are the coordinates of the point in (piestion. 



Fig. 84. 


Let Ox, Oy be the coordinate axes, AB any arc of the curve 
whose equation is y 

{a,/(a)} and {h,f(b)} the coordinates of the points A, B upon 
it, AJ and BK the ordinates of A and 5. Let PN, QM be any 
contiguous ordinates of the curve, and x, x + Sx the abscissae 
of the points P, Q, Let P, U be contiguous points on the 
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ordinate of P, their ordinates being y, y-^-Sy] and we shall 
suppose 8x, Sy to be small quantities of the first order of 
smallness. 

Draw RS, UT, PV parallel to the aj-axis. Thus the area of 
the rectangle RSTU is SxSy, and its mass may be regarded as 
y)SxSy to the second order of smallness. 

Then the mass of the strip PNMV may be written 

y)6y]Sx, 

and in conformity with the notation of the Integral Calculus 
may be expressed as 

between the limits y = 0 and y~f{x). 

In performing this integration with regard to y, x is to be 
regarded as constant, for we are finding the limit of the sum 
of the masses of all elements in the elementary strip PM, 
parallel to the ty-axis, for which x retains the same value, i.e. 
we are finding the mass of the strip PM. 

If then we search for the mass of the area AJKB, all such 
strips as the above must now be summed which lie between 
the ordinates^ AJ, BK, and the result may be written 

Q 'f(x) n 

^ <l>(x,y)dyjSx, 


which may be further written as 

y)dy'^(ix, 

the limits of the integration with regard to x being from 
x = a to x=^b. 

Thus the mass of the area AJKB for surface density y) 


*f>rCAx) q 


452. Notation. 

This will be written 


Cb Cf(x) 

JaJo 


the elements dx, dy being written in the reverse order to 
that in which they occur in the previous expression, and it 
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will be remembered that the right-hand one refers to the 
first integration, and the left-hand one to the second. It has 
already been stated (Art. 363) that we shall throughout the 
book adopt this order. 

If we put (r = (f>{;x, 3/)= 1, the result of our integration will 
be to lind the area. 


Thus, 


ffc Cfix) 

Area = I I dxdy 
Ja Jo 



I ydx,oj&> before; 


or, in the case of the area being bounded by two curves, 

yz=z(j)(x)y y=:=\l^{x), as in Art. 395, 

dxdy 

xli(x) 


Area = 


= 1 [<jf>(x) — \p^(x)]dx. 


therefore 

and the whole mass will be 


Ex. If the surface density of a circular disc bounded by be 

given to vary as the square of the distance from the //-axis, find the mass 
of the disc. 

Here we have for the den.sity of the element SxSy, and its mass is 
j j ixx^dx dy. 

The limits for y will be //=0 to y—\la^-x^ for the positive quadrant 
and for x from a; = 0 to x — a. The result must then be multiplied by 4, 
for the distribution being symmetrical in the four quadrants, the mass is 
four times the mass of the first quadrant. 

r« /Vi*-** 

Thus, Mass = 4 / j fix^dxdy 

— 4/aj^ x^’Ja^ — x'^dx. 

Putting a; = a sin Q and dx~aco^ Odd, we have 

Mass = 4 /xa^^ sin^^cos ^Odd 
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453. Other Uses of Double Integration. 

The same process may be used for many other purposes, 
of which we give a few illustrative examples, which will 
serve to indicate to the student the field of investigation now 
open to him. 


Ex. Find the statical moment of a quadrant of the ellipse 
j jh^ = 1 

about the ^ axis, the surface density being supposed uniform. 

Here each element of area is to be multiplied by its surface 

density cr (which is by liypothesis constant in the case supposed), and by 
its distance from the y-axis ; the sum of such elementary quantities is 
then to be found over the whole quadrant. The limits of integration will 

be from ?/=0 to for y ; and from = 0 to a;=:a for x. Thus 

^ ^ a 

we have 

M o men t =crxdxdy 
— ^~f -xs^a^-x^dx 

a JO 


where M is the mass of the quadrant, i.e. 

irah 


454. Centroid of a Plane Area. 

The formulae proved in Analytical Statics for the coordi¬ 
nates of the centroid of a number of masses mg, ... at 

points {Xi, ^i), {x^, (^ 3 , 2 / 3 ), etc., are 

We may apply these to find the coordinates of the centroid 
of a given area on which there is any proposed distribution 
of surface density. 

Let <T be the surface density at a given point, which may 
be either a constant, as for a uniform distribution, or a given 
function of x and y. Then the mass of the element SxSy is 
o-to%and ^ W^xdxdy 

Wcrdxdy 
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Similarly, 


I j or dxdy' 


the limits in each case being determined so that the sum¬ 
mation will be effected for the whole area in question. 

Ex. Find the centroid of the elliptic quadrant of the example in the 
last article. 

It was proved there that 

[ , j aha^ ,, 4 a 

(Tx ax ay — 


and 


//” 

j j <7 dx dy = mass of quadrant M] 


1? 

37r 


Also 






(lah^ 


Ah 


3 


_ 46 

Hence the coordinates of the centroid are 


Aa Ah 
3t’ 3r 


455. Moment of Inertia. 

When every element of mass of a given body is multiplied 
by the square of its distance from a given line, the limit of 
the sum of such products is called the Moment of Inertia 
with regard to the line. 


Ex. 1. Find the moment of inertia of the quadrant of an ellipse about 
the y-axis, again taking uniform surface density 

Here we have to multiply each element of mass, viz. o-Sx^y, by 
and then integrate as before. 


Moment of Inertia = J J o-x^ dx dy 

= or ~ [x^\/a^ - J^^dx 
aj 0 


Va*-x* 

dx 


= o“ ^ ^ , this integral having been worked out in the 
example of Art. 452 , 


a^hu 

^le'" 


since 


Trahu 
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Ex. 2. Find the moment of inertia of the portion of the parabola 
bounded by the axis and the latus rectum, about the a;-axis, 
supposing the surface density at each point to vary as the power of 
the abscissa. 

Here the mass-element is fjLx”BxSi/y /x being a constant, and the moment 
of inertia is 

or fij n/^x*'drdj/, 


where the limits for ?/ are from y — 0 to 2\/axr, and b>r .v from 0 to a. 
We thus get 

Mom. of In. ^ ^ = d.^’ 


8a 3 

• =- 3 -“^ 


^n+f 

5 


16 /x 


'3(2n + 5) 


~n-f-4 


Again, the A/ass of this portion of the parabola is given by 

M- [ fjLX**dx dy ~ f V yY^^^x'^dx 

Jo Jo Jo L Jo 




Thus we have 


Moment of Inertia about O.v- ^ ^ 

3 2n + 5 


Examples. 

1 . In the first quadrant of the circle x^+y^ — a^ the surface density 
vai'ies at each j)oint as xy. 

Find (i) the mass of the quadmnt 

(ii) its centroid, 

(iii) its moment of inertia about the y-axis. 

2 . Work out the corresponding results for the portion of the parabola 
y^^Aax bounded by the axis and the latus rectum, the surface density 
varying as afy^. 

3. Find the centroid of a fine rod of uniform sectional area and of 
which the line-density varies as the power of the distance from one end. 
Also its moment of inertia about that end, about the other end, and about 
the middle point. 

4. Find the centroid of the triangle bounded by the lines y=mx^ x—a 
and the x axis when the surface density at each point varies as the square 
of the distance from the origin. Also find the moment of inertia about the 
y-axis. 

5. Find the centroid of 

(i) either of the areas bounded by the circle {x~-a)^A-y^~o^ and the 
parabola y^=^ax \ 
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(ii) the centroid of the aiea bomided by the parabolas 
~ Aiix^ ™ Ahy ; 

(iii) the centroid of the area bounded by 
y^^Aax, y=2.r, 

the surface density being uniform in each case. 

6 . Find the moment of inertia of a triangle of uniform surface density 

(i) about one of its sides ; 

(ii) about an axis perpendicular to its plane thiough an angular 

point. 

456. Polar Coordinates. Second Order Element. 

For polar curves it is desirable to use for our element of area 
a second order infinitesimal of different form. 



Let OPy OQ be two contiguous radii vectores of the curve 
r=f(0); Ox the initial line. Let 6, 6-\-S0 be the vectorial 
angles of the points P, Q on the curve. Draw two circular arcs 
RUy ST cutting the radii OP, OQ, with centre 0 and radii r 
r+(5r respectively, and let dr, SO be small quantities of the first 
order of smallness. 

Then area RSTU ==sector 05P--sector ORU 
^l{r+Svf80-lr^S9 
—r SO Sr to the second order. 

And to this order RSTU may therefore be considered a 
rectangle of sides Sr ( = RS) and rSO (—arc RU). 

Thus, if the surface density at each point P(r, 0) be or =0(r, 0), 
the mass of the element RSTU is (to second order quantities) 
err SO Sr, and the mass of the elementary sector OPQ is 
Lthr=o [Serrdr] SO 
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the summation being effected for all elements from ?•=() 




in which integration 6 is to be regarded as constant; and 
taking the limit of the sum of the elementarj^ sectors for 
infinitesimal values of S9 between any specified radii vectores 
0=a and 9=13, we get the mass of the sectorial area OAB 




or, as we have agreed to write it (Art. 360), 

CP f./t'*) 

I I (rrd9dr. 

JaJo 

Obviously when <r = l this formula gives the area of the sector. 

457. Ex. 1. Find the mass of a circular lamina of radius a in which the 
surface density at each point varies as the power of the distance of that 
point from a point 0 on the circuinference. 

Taking 0 as origin, and the diameter through 0 as the initial line, the 
equation of the curve is 

r==2a cos 



Then we have for the density at a point /i distant r from 0, (r^/ir” 
where /i, is a constant. The mass of the element RS7'U=fir** (rSdSr). 
Hence the mass of the circular lamina is 


f2iA. coa $ 

2 I fir”r dS dr 


= r (2aco8e)"+V0 

n + s jo ^ ' 

^ + 2'^ ' n + 2 n n —2’ 

llL. (Oa\ n+2 !i±l »Li3 

n + 2' ^ 71 + 2 w ?i — 2* 


,n + l n—l', 


according as n is odd or even. 
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Ex. 2, If the moment of inertia were required about a perpendicular to 
the plane of the lamina through 0, each elementary mass fir**(r 86 8r) is to 
be multiplied by before integration. The result merely changes n into 
n+2 in the former work, and writing if for the value found for the mass, 

Moment of Inertia=J/ (2a)K 

458. Centroids, etc. Polars. 

The distance of the centroid of an area wliose boundary is 
defined by a polar equation, from any straight line in 
the plane of the area and passing through the pole, may 
be found, as before (Art. 454). Take the line proposed 
as the ic-axis and a perpendicular through tlte pole as the 
?/-axis. Then the distance of the centroid from the a;-axis is 
obtained by forming the sum of the moments of the masses 
of the polar elements of area about that line and dividing by 

the sum of masses; i.e, by the use of the formula y — • 

Let (T be the surface density. Then or7' SO Sr being the 
element of mass and rcos0, rsin^ being its abscissa and 
ordinate respectively, its moments about the axes of y and x 
through 0 are respectively 


r cos 6 .err SO Sr and rsmO. err SO S7\ 


Thus 


.Jt 


cos 0 .arr do dr 


n 


erv do dr 




j*j* r sin 0. 


err do dr 


n 


err dO dr 


the limits to be assigned so that the summations for all 
elements are thereby efifected. 


459. Ex. 1. Find the centroid of the circular lamina of Art. 457 when 
the surface density is /u.r”. 

Obviously the centroid lies on the diameter through 0. Hence y=0. 


To find X we have to integrate 2 


r cos 0. fir”r dO dr^ and then to 


divide by M, which has been found before (Art. 457, Ex. 1). 


This integral(2a cos 0)”+* cos $d6== 

: —f co8"+^0 dO 
n+3' ' jo 

w + ' w + 4»+2’* 

2 

*3’ 

n odd, j 


or = —^ (2a)”+® —-^— .. 

71 + 3' ' 71 + 471 + 2 

1 TT 
’2 2’ 

n even. J 



K.I.C. 2h 
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™ - 71 + 2 ^ n + 3 71 + 2 ^ 

Hence -H 

and y =0. J 

If the centroid of the upper half only of the lamina had been required, 
we should have had the same value of E' but for y we shall have to 
evaluate the additional integral 

ril >^coa0 

Jo Jo ^ ^ 

and divide by Jif, where if is the mass found for the whole lamina. 

This integral (2a cos ^)**+®sin 




-cos""*-*^-]^ 


L 77+4 


«4-8 

77 + 2 

n 

*77+1 ’ 

77— 1 ’ 

77 + 2 

77 


’’(7.+3)(7^ + 4)^"‘"' • 

„ « 7^ + 2 n + 2 77 3 ,, 'j 

Hence y=/—- jttt—;- 7 r. 2 a .—ti odd, I 

(n + 3)(7i + 4) 71+1 ?i~l 2’ ’ I 

71+2 n + 2 77 2 2 I 

or ,— ■ , 2a .—- 7 .- r...v,-, 77 even. | 

(7l + 3)(7l + 4) 77+1 77-1 1 Tt’ I 

Ex, 2. Find the centroid of a lamina in the form of the cardioide 
r=a(l +COS 0) 

in the case of uniform surface density. 

As the initial line is an axis of symmetry, y is evidently =0 (see Fig. 82), 
To find the abscissa we have 




r COB O.rdddr 


IrljjrdO dvy 


the limits for r being 


and for 6, 


from r=:0 to r=a(l +cos 6), 
from d=0 to 8=7r 

(and double to include the lower half). 


fw ra{\+c<Me) p^3-,a(l+coBe) 

^Jo Jo rcos COS ^ I — J dO 

=I 0+3 008 ^ 6» + 3 cos* (9+cos*0) de 

= ^ CO8*0 + COB*^) dd 

4 , r„ 1 TT 3 1 n-1 

”3“ L^2 2‘'‘42 2J 

4 „ 37r 5 5 ,* 

=——, -=s:-rra . 

3 4 4 4 
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The denominator 


y2-itt(l+coae) 


dS 


Hence 


-fGI 

= (1 + 2 cos ^ + cos^^) dd 

=2a2 £{l + cmW)de 

-“[Ml]-- 


Hrra? 
2 ‘ 


STTrt-i 


2 6 * 

Ex. 3. Calculate the surface integral of taken over one loop of a 
Bernoulli’s Leiuniscate. 

The curve is r^~«^cos2^ Art. 458). 

The surface integral is plainly 


II! 

COB'iff 

.rdBdn^ 



il 

[^(a^cos^d)-*^ de 



= 1 „AL. 

2 7i+i 

. dcl>, 

where </> = 

-2$, 



a* ^ ( 

'■« + 2\ 
) 

” 2 n+1 


7fc “h 1 1 

^7^4-3 \ 

^ 2 ) 


etc. 


■ 0 ) 


If the moment of inertia be required about an axis perpendicular to 
the plane through the pole, 

Mom. U. = zf r^r-.i^r-Vdedr 

JO Jo 


=--1^ i 

2w + 4j 


— P 1 


a‘^n+4.^7j- 

W] 

w + 2 p 1 

(M) 


=:J/a2 


w-f 1 

71 + 2 



['’( 

7 ?+ 3 \ 

“2 y 

L 


'71 + 2 

)'■(’ 

^ + 4\ 
2 / 


(?i4-2)2 


TOl' 


■( 2 ) 


where M is the mass. 

If weputn=0 in (1), we get the mass if of the loop for uniform surface 

density viz. , r-i_ 

i/-=_ aVa- r(§)“^ 2 ’ 
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Putting n — l in (1), we have the moment of inertia for a uniform 
lamina about a perpendicular through the pole to the plane (or the 
mass for a superficial distribution viz. 


Mom. In. — - ~ 
4 2 


/zF (3)_„ 

^’'r(2)~ 16 “ 8 • 


Similarly n = 2 in (1) gives the moment of inertia for a superficial dis¬ 
tribution fir^ or the mass for a superficial distribution fir*, etc. 


Examples. 

1. Find the centroid of a sector of a circle 

(a) when the surface density is uniform ; 

(f3) when the surface density varies as the power of the direct 
distance from the centre. 

2. Find the centroid of a circular lamina whose surface density varies 
as tlie 71^^ power of the distance from a point 0 on the circumference. 

Find also its moment of inertia 

(1) about the tangent at 0; 

(2) about the diameter through 0 ; 

(3) about a perpendicular to the plane through 0. 

3. (rt) Show that the moment of inertia of the triangle of uniform 
surface density, bounded by the y-axis and the lines 

about the y-axis, is 

Mr c^-C2 Y 

6 \mj — 7712 / * 

where M is the mass of the triangle. 

(b) Find the moments of inertia of the triangle of uniform surface 
density, bounded by the lines 

y = + ^-=m2X + C2, 

about the coordinate axes; and show that if M be the mass of the 

triangle, they are the same as those of equal masses placed at the mid¬ 
points of the sides, 

4. Find the centre of gravity and the moments of inertia about the 

coordinate axes of the rectangle a;=ai, x=a 2 , y==&i, surface 

density being <r—fixfy^. 

5. If A, B be the moments of inertia of any plane area about a pair of 
perpendicular axes Ox, Oy in its plane, and C the moment of inertia 
about an axis through 0 at right angles to the plane, prove that 


for any law of surface density. 
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6. Show that the laoruents of inertia of a uniform ellipse bounded by 
x^ja^ about the major and minor axes are respectively 

and and about a line through the centre and perpendicular to its 
4- 6^ 

plane, M —, M being the mass of the ellipse. 


7. Find the area remote from the pole between the circles 

r=«, r = 2acosd; 

and assuming a surface density varying inversely as the distance from 
the pole, find 

(1) the centroid; 

(2) the moment of inertia about a line through the pole perpen¬ 

dicular to the plane. 

8. Find for the area included between the curves 

— 4aXj = 4ay^ 

(i) the moment of inertia about the ir-axis; 

(ii) the moment of inertia about an axis through the origin and 
at right angles to the plane of the area. 

9. Find the coordinates of the centroid of the area bounded by the 
catenary y = c cosh an ordinate, and the coordinate axes. 


10. If the density at any point of a circular disc whose radius is a vary 
directly as the distance from the centre and a circle described on a radius 
as diameter be cut out, prove that the centroid of the remainder will bo 

at a distance from the centre. Trip., 1876.] 

460. Trilinears and Areals. 

These coordinates are not well adapted for metrical purposes. 
Their special role is the discussion of descriptive properties 
of curves. 

With the usual notation of the trilinear system [Smith's 
Conics, Chapter XIII.], we have 

aa4-^/34-cy=2A, 

as an identical relation between the three coordinates a, jS, y 
of a point, and in the areal system this is replaced by 


x + y-j-z-l. 

The transformation formulae from the one system to the 


other are 


aa 
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Variations da, d/3, dy or dx, dy, dz of the coordinates are 
therefore connected by the equations 

ada + bd^-\-cdy = OA 

da,+ dy+ *=oj 

The evaluation of an area for such coordinates is best done 
by throwing back the liomogeneous equation given into a 
Cartesian form, taking two sides of the triangle of reference as 



Fig. 87. 


coordinate axes. Thus taking CB and CA, sides of the 
reference triangle, as axes of ^ and v), if fj be the Cartesian 
coordinates of the point a, y, we obviously have 

a = fj sin C, y8 = ^8inC 

and y = (2A — at] sin sin C)jc 



and then the evaluation of the area will be obtained by 
== — sin G^tj d^ or sin or sin 

or any of the methods customary for Cartesians. 


461. Formulae can, however, be exhibited expressing the 
area directly in terms of areal or trilinear coordinates for use 
if necessary. 

In the Case of Areals, since x, y, z, the areal coordinates of 
' a point, are linear functions of the Cartesian coordinates 
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with reference to any chosen rectangular axes and x + y + z^l, 
we have 

c?i; = XJJdo: c?i/ or fj^^dy dz or 

where X, /x, v are determinate constants depending upon the 
triangle of reference alone. To determine X we shall apply 
the first of these formulae to the triangle of reference itself. 

If A be the area of the triangle of reference, 


||d^di; = A, 


where the integration is conducted over the triangle. 

Now let us evaluate for the triangle. 

The limits of y, keeping x constant, are from y = 0 to 2 ? = 0. 
i.e, to y=l~-ic, and for x from = 0 to a: = L 

Thus JJdx dy for the triangle = J J dxdy 

X = 2A. 

Hence if f{x, y, 0 ) = O be the equation of a closed curve in 

areals, its area is rr 

2AjJda:dy, 

the limits of integration being obtained from 

V. l~a;-y) = 0. 

The corresponding result for trilinears will be 

where the limits are to be found from 

/(a, y) = 0 being the curve to be considered. 


462. Illustrative Oases. 

Ex. 1. As a test let us apply this method to find the area of the 
circum-circle of the triangle of reference, viz. + (in 

areals). 
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The result, from elementary considerations, should be 

j, R being the radius of the circle. 

Substituting \-x—y for we have 

{a^y-\-ly^x){l -x—y)’^c^xy—Oy 
d^y + h^x - d^y^ — — 2 a 6 cos Cxy — 0, 

d^y^ +( 2 a 6 cos Cx - a^)y — h^x — 6 V, 

5/2-f.^2^cosC7j7- + “COS Cx-l^ 

= 7 -COS C X + -r. COS^ Cx^ + — X -r, 

4 a a" a- 

1 • 2/. 2 

=TH5 <^os A47 —5 sm^C' x^ 

4 

1 ,1 c® cos^A 9 1 ^ cosA\2 

=■7 + 7 -5 -T-77^ —r.ain^c/l x - t .7 ) 

4 4«2sin2C' 2 6 sin'^C'/ 

=7 cosec2 A Tl — 4 sin^ B sin^ C/^ 4 ; — ^ — 

4 L V 2 si: 

~p^ - q^{x — 7 ’) 2 , say. 

The limits for y are therefore 

_ 1 ^ 2 i^sC^_ ^ ^Jp‘i-q‘{x-rf, 

and for .r, r ± ^ • 

The area = 2/^^j dx dy—4Aj\/p^ — q^{x — dx 

— 4A. “ j^g^(47 - r)*yp2_ g2(^_ Yf 4- jp2 gin-i?(£—!)J ^ 

= [sin -11 --sin‘-i( — l)] = 27rA^ 

* 1 cosec^A ttA _1 _ 

’4 sin .6 . 2 sin A sin B sin C 

-—7 sin C 
sin A 

ttA fahc"^ 

~ 2 ’ (2A)‘i”’^V4A/’ 

the result to be expected. 

Ex. 2 . More generally consider the areal equation of an ellipse 
ux^ 4- vy’^ 4- + ^u'yz 4- 2v'zx + 2w'xy = 0. 

To obtain the integration limits put z^\-x—y. 


We obtain 

047^ 4-2^^ 4-4-29'a7 + 2^ 4-c = 0, 

where 

a~w+u-2v\ 

g=^ -w4-v\ 


h^w-\-w* — u' — v\ 

/= ~tr4-< 


h==^w+v — 2v,\ 



c os A yi 

\ ~BdinC) J 
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Solving for 

%= -(/«:+/) ±>J-Cx^-\-^lUx-A = -(Acc+Z)± 


■dE „ dE 


20=^-, C 


a. 

h. 

9 

= 

w, 


v' 

A, 

h. 

f 


w\ 


u' 

9, 

/. 

c 




w 


The limits for y are 


and for 

Writing the radical 


6^ . ^0^-AC 

— c — 


as s/p^-q^{x^ 

area=2A jjda:dy= J~ q^(x -r)^ 


]^{x - r)slp^ - q^(y)- r)2 + gjj^. 




= :t |^p2[-gin-.i 1 -.sin“^(--1)]= ±2;rA^- 

Now q=s/C— sjah — h? — •J'^{vw — + 22(«’'w' - ww') = \/ - A'", 

where AT = tr', v\ 1 , the “bordered Hessian,” and - AC = -hH. 

«/, V, u\ 1 

v', u\ w, 1 

1 , 1 , 1 , 0 

„ ®2 (P-AC -H 

Hence f^ =-^ =-,• 

o? hC^ {-Ky 

jj 

Therefore the area sought is ± 27rA-r, the positive value to be 

taken, where ( ~ ^) 

A = area of triangle of reference, 


if = the Hessian, viz. «, 

w\ 

, 




% 

It' 




u\ 

IP 



5“= the bordered Hessian, 

viz. 

u, 

< 

v', 1 



v^, 


1 



v-, 

< 

1 



1, 

1, 

1, 0 
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463. Corresponding Points and Areas. 

Let/(a:, y) be any closed curve. 

Its area is expressed by taking the line - integral 

— dx or the line-integral ^xdy round the complete contour. 

If the coordinates of the current point x, y be connected 
with those of a second point (f, rj) by the relations 

x = y = nf}, 

this second point will trace out the curve 

f(mi, 71i;) = 0, 


whose area {A 2 ) is expressed by the line-integral 
the line-integral taken round the contour. 
And we have 



or 


or A^— jxdy=: mnj^dfj = mnA 2 , 

or, if we use surface integrals, 

A 1 dy == d^d>j = drj = muA^, 

whence it appears that the area of any closed curve/(a;, y) = 0 
is mn times that of the closed curve f{mx, ny) = 0. 


464 . Ex. 1. Thus, in the ellipse 




4. ^ 

^ a 


_£ i-v 

”r' 6“r' 


The corresponding point traces out the circle and area of 

the ellipse = ^ x area of circle = ^Trr® = 7ra6. 


Ex. 2. Find the area of the curve (m^:v^ 4 ‘n^y^y== 

Put mx = ^, ny — 17, Then the corresponding curve is 

or in polars ^ cos^ 6 + sin^d, 

the central pedal of an ellipse, symmetrical about both coordinate axes. 
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Hence the area of the given curve 


== X area of derived curve 
mn 



It will be noted that it is often possible by a selection of such a 
change of the variables to arrange that the derived curve is of a much 
more convenient form, and its area readily obtainable when expressed 
in polars. 


Ex. 3. Find the area of the curve 


r ^ ^ 


6V\6V\ 


where c is less than both a and 6. 
T , ay hx . 

Then the derived curve is 
or in polars, (c^ + r^)^-- 


/'cos'-^ 6 sin^ 6 


J 


aW 


" cos- 0 + b‘‘^ siii^ 6 


There is obviously symmetry about both axes, and though there is a 
conjugate point in the original curve at the origin, the curve does not 
pass through the origin, and the derived curve is one which could be 
obtained from an ellipse by writing + for 

Let + = Then r'^ = -r >— and the area of this 

a^cos^d-\-b^ siir 0’ 

ellipse is rrab. The area of our first derived curve is therefore 

ir ir 

4 . Ifjr^dd = 4. y\r'^ _ <,=) = 4 .1 | o^) = T(ab - o^); 

.*. the area of the original curve is 

which also ~TT{ah-c^). 


465. In connection with the last example, it is worth noting 
that in any curve r^f(6) if the area if any portion from 
t?==a to 0 = ^ be found as 

and =A, 
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then the sectorial area of the curve = between 

the same limits is 

and if both be closed and the origin within both, then the 
area of the new curve differs from the area of the original 
curve by the area of a circle of radius c, supposing c to be such 
that r is real throughout the range, of integration in each case. 


EXAMPLES. 


1. Find the whole area of a loop of each of the curves 

(i) x{x^ + y^)~a{x^ - y'^). 

(ii) {m^x'^ + n^y'^y = a-x^ - h’^y'^. 

[St. John’s, 1887.] 

2. Trace the shape of the following curves, and find their areas: 

(i) (ic2+ y^Y=^axy^. 

(ii) + 23^2)3 = 

[Babnbs Scholarships, 1887.] 


3. Prove that the area of 

- 1 .(^ 1 is 




(tt2 + 62). 


4. Prove that the area in the positive quadrant of the curve 

(a-x‘^-hhV)^^mx^-hnty is + 

^ ^ 3 abW h^J [a, 1890.] 

5. Prove that the area of the curve 


{ofix^ + h^y^y — c^(x^ - /y 2 ) is 


[St. JoHi^’s, 1883.] 


6. Show that the area of the loop of the curve 
^. 5 

0® 


66 a*62 


IS 


:ak 


7. Find the area of the curve 

-p^=l+eco8 0 («<1). 

8. Show that the area bounded by 

(ic* + (j 2 ^ (^2 ^ iahy is (2a^ + c®) tt. 
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9. Find the area included within the curve whose equation is 

1 . 


X\^ AA ^ 

a) 


[Colleges, 1886.] 


10. Trace the curve 




and show that its area is half as great again as that of the ellipse 

[Math. Tripos, 1884.] 




11. Prove that the area of the curve 

(a ;2 + yy = a^y {x^ + y^) is | ira^ -f- f 

[St. John’s, 1889.] 

12. Prove that the area of the curve 

(aV + bYf = ^CL^h^xy (a*x^ + by) is 4* b\ 

[St. John’s, 1889.] 

13. Show that the area in the first quadrant of the curve 

~\d'^ b) 3c* • 


14. Trace the curve 4t(x^-b2y^-'2ay)^==x'^(x^-^2y^)y proving that 
the area of a loop is 47r(2 ~^/3)a2/^/3, and that the area included 
between the loops is 

8a2(27r - 3 n/3)/3\/3. [Trinity, 1896.] 


15. Find the whole area of the curve 

/^2 ^ y2^Z^2xy 

\a^ b^J ab ^ [Oxford I. P., 1890.] 

and of a loop of the curve 

_2xy 

0 * P “ 06 ■ [OxroED II. P., 1900. ] 

16. Show that the area of either oval of 

x^ [x^ja^ + y^jb^ - 1 } 4- — 0 is \Trh {a - 2c). 

[St. John’s, 1890.] 


’ 17. If f{x^ y)-^ be a closed curve, show that its area is mn 
times the area of the closed curve f{mx, ny) = 0. Trace the curve 
{ix^ 4- 9yy == axy^, and find its area. [Oxford II. P., 1890.] 

/jj3 yS ^Xli . 

18. Trace the curve = —and show that the area of its 

ab ’ 

. o 
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19. A curve is defined by the equations 

jc = 6a sin^ 0, y = 6a sin^ 0 tan </>, 

where is a variable parameter. Show that the centroid of the 
portion enclosed between the infinite branches and the asymptote 
is situated on the a:-axis at a distance 5a from the origin. 

[Oxford II. P., 1889.] 

20. (i) In an involute of a circle, show that the area swept out 
by the radius vector drawn from the centre of the circle to a point 
on the curve varies as the cube of the central perpendicular upon 
the tangent, the initial line being the radius to the point where the 
involute meets the circle. 

(ii) In the Conchoid of Nicomedes r^asecO -b in the case when 
a<b, show that the area of the loop is 

a^(a sec‘-a - 2 sec a cosh~^sec a + tan a), 
and that the distance of the centroid of the loop from the node is 

2 3a sec a - 3 cosh'^^sec a - sin a tan^a 

3 a sec a - 2 cosh”^sec a -f sin a ’ 

where a = cos~%/J. 

21. Prove that the area contained by the curve 

-f 2x^y^ -f 4- 2a^ 2ay) -f a^ = 0 is Tra^ (4 - 5/\/2). 

Find also the distance from the axis of y of the centre of gravity 
of that portion of the area which lies in the first quadrant. 

[Colleges 1890.] 

22. Show that the area included between the curve 

s —a tan its tangent at = 0 and its tangent at 

is tan + a^ tan 14> - log (sec </> -f tan </>). 

[Trinity, 1892.] 

23. Show that an expression for the element of area in trilinear 
coordinates is 

cosec C da djS. 

Show that the area of the conic whose trilinear equation is 

is to that of the triangle of reference as 

4w : 3 Vs. fOxiroRD II. P., 1890.] 

24. Show that the coordinates of the centroid of the area bounded 
by half the cycloid ic = a(^-f-sin ^), y = a(l - cos 6>), the line of cusps 
and the y-axis are given by 

9Trx 

(3^^) (3r 4T) ~ T ”■ 2 * 


[Wallis.] 
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25. OB and 00 are any two semi-diameters of an ellipse conjugate 
to each other; find the locus of the intersection of the normals at 
B and 0^ and show that the area of the curve is 

ir{a^ - * 2)2 

4a6 [R. p.] 

26. Tangents to a system of similar and similarly situated con¬ 

centric ellipses are drawn such that the distance of each from the 
centre is the same. Find the area of the curve formed by the points 
of contact. [Trinity, 1885.] 

27. Show that the moment of inertia of the portion of a uniform 
parabolic lamina cut off by the latus rectum about the tangent at an 

l2Ma^ 

extremity of the latus rectum, is equal to ——, 4a being the latus 
rectum and M the mass of the lamina. [Oxf. I. P., 1914.] 

28. Prove by integration that the moment of inertia of a uniform 
triangular lamina A BO of mass M about a perpendicular axis at A is 

3c2 - a2). [Ox. 1. 1915.] 
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QUADRATURE (IV). 


MISCELLANEOUS THEOREMS, CONNEXION OF A LINE- 
INTEGRAL AND A SURFACE-INTEGRAL, MECHANICAL 
INTEGRATION, ETC. 


466, A Theorem due to Stokes. 

Let u and v be two functions of x and y, finite, single-valued and 
cx>ntinu(ms at every point within and along the boundary of a given 
region bounded by any given contour line in the plane of x, y 
having no multiple points, and let the differential coefficients 

^ also functions which are finite, single-valued, and 
continuous at all points of the region; then the line-integral 



ds 


taken round the perimeter of the contour is equal to the surface- 


taken over the region bounded by the contour. We shall first con¬ 
sider u and V to be real functions of x and y. 

Let the region referred to be indicated, as shown in the 
accompanying figure, with an inner boundary and an outer 
boundary, the inner boundary enclosing a region within which 
the integration is not to be performed. 

Divide the whole contour into two systems of strips of 
infinitesimal breadth parallel to the coordinate axes. Two 
typical strips are shown in the figure, the one parallel to 
the Oz-axis being bounded by lines with ordinates y and y -f- Sy, 
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and that parallel to the y-axis bounded by lines with abscissae 
X and X -f- Sx. The first intercepts elementary arcs 
JPiQi = , P 2 Q 2 ~ PzQ‘6 = even number, 

and the second intercepts 

P 2 Q 2 —^^\'> PsQs ~^^sy an even number. 



The direction of integration is indicated in the figure; the 
region to be integrated over being on the left hand as a 
person travels along either boundary, following the direction 
of increase of s. The signs of Sy at the several points P^, P^y 
P 3 , P 4 , ... are respectively —8y, ’-Sy, and 

the signs of Sx at the points P/, Pg', P^', P/, ... are respec¬ 
tively -{'Sx, —Sx, +Sx, — etc. 

Let u,,, Vr be the respective values of n, v at P^, and tt/, Vr 
those at P/. 

And let the abscissae and ordinates of the points P^, Q*, P/. 
Qg' be X, y with the corresponding accents and suffixes. 

If we integrate ^Sy with regard to x along the strip 
PiQJ^zQji^y , we have Sy\ taken between proper limits, viz. 

{V^ Sy^ - Sy^) + (v^ Sy^ ~ ^s) + • • • + [v^n ^y2n *“ '^ 2^-1 ^y2n-l) 

= % -f V^Sy -f ^3 <??/+... -f U2n % 

= Syy say, for the strip. 

2i 


K.I.O, 
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If then we sum the result for the whole set of strips parallel 
to the ^c-axis by integr ation, we have dy^ where the integra¬ 
tion is taken for the whole perimeter of the contour. Similarly 
for the strips parallel to the 2 /-axis, if we integrate 

with regard to y along the strip •••> obtain 

\u Jx], taken between proper limits, viz. 

— u^Sx^) — u^'Sx^') + etc. 

= — {Ui'Sx -f u^'Sx -f u^'Sx ...) 

= ~ 'Etc Sx, say; 

and, summing for the strips, we obtain —^udx, where the 
integration is taken for the whole perimeter of the contour. 
Hence + 

467. A line-integral taken round a closed plane contour 
may therefore be represented by a surface-integral taken over 
the surface hounded by the contour, and vice versa. 

Or, we may say that if u, v be the components parallel to 

the axes of x and y of any vector quantity, then 

be regarded as another vector quantity at right angles to the 
plane of xy, and such that the line-integral of u, v round a 
contour in the plane of x, y is equal to the surface-integral of 

the vector quantity taken over the .surface. This 

theorem is part of a more general three-dimension theorem due 
to Professor Stokes.* 


468. Extension to Complex Functions. 

If the functions u and v be not entirely real, let them be 
separated into their real and imaginary parts, viz. 

U ^2, V ^ V ^ A - iV ^, 

where u^, Ug, are single valued finite and continuous 

functions of x and y for all points within and upon the contour, 
as also their first differential coefficients. 

* Smith’s Prize, 1854; Maxwell, Elect, and Mag., vol. i., p. 25. 
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Then we have 

--\(n,dx^v,dy). 

|j (l5 “ +^2 dy)- 

Therefore, multiplying the second line by l and adding to the 

JKS 

the integrationvS to be taken as before. Hence the theorem is 
true whether the functions u, v be real or complex. 

In any case in which ^ = ^ it will follow that 

dy 

^{u dx+v dy) =0, 

the integration being taken round the perimeter of the contour. 
The theorem has many very important applications. 

4G9. An Interpretation. 

We may interpret the theorem thus: 

T , 'dv 3u dx . dy 

'=5-S’ 


Then 


■dy' 
dx dyds 


that is the mass o£ a plane lamina bounded by any closed con- 
tour for surface density = equal to the mass of the 

perimeter with a line density 

dx , dx 

f -’‘*+”37 

470. Illustrations. 

Ex. 1. Taking u~—y v—x^ 

we have at once J jdx dy (x dy — y dx), which expressions have been 

established (Arts. 409 and 452) as measures of the area. 

Ex. 2. Let u = e^»iiiy~ay, v^ef^co&y — a. 

Tlien "" ^ ^ (e*cos y-a) J ds 

taken round the perimeter of the contour 

=: //[e*cos y - (e*cos y - a)] dx dy ~ j dx dy 
?=« X area of the figure enclosed by the contour. 
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Ex. 3. ('oDsider the effect of integrating 

/ ==1 J[(co3 X cosh y - Ay) dx 4 - (sin x sinh y - Bx) dy] 


round any closed contour. 

Here w — cos a’ cosh y - Ay and v = sin^sinhy-i5jp. 

Therefore ^ —cos.r sinhy-^ and ^ = cos^;sinhy-A. 
Hence 


I=jj(A-B)dxd>j=(A-B) 


X area enclosed by the contour. 


Ex. 4. If (/y V be any single-valued conjugate functions of x and y 
i.e, real functions of x and y, such that 6^+^ V=/C^4-‘yX 


then 

and 


u — V~ Ayy v~U- Bxy 

j[{V — Ay)dxA-{U - Bx) dy'\ round a closed contour 

=1 j(A-B)dxdy=(A-B) xarea bounded by the contour. 


That many different forms of U and V may lead to the same r esult is 
obvious from the consideration that the mass of the area bounded by the 
contour for a given distribution of surface density may be equal to the 
mass of the perimeter for many distributions of line density. 


471. Two Resulting Theorems. 

If P, Qy U be any three functions of x and y, finite and 
continuous throughout and along the boundary of a given 
contour, as also their first diflFerential coefficients, we have 

the double integrals being understood to be taken over the 
whole area bounded by the contour, and the single integral 
being taken round the perimeter in the positive direction, i.e. 
leaving the area bounded to the left in travelling in the 
direction in which s is measured. 
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472. If iZ, S, Ty U he any four functions of z, y which, 
with their first and second differential coefficients, are 
continuous and finite throughout and along the boundary of 
a given contour, we have, supposing suffixes to denote 
partial differential coefficients, 


B J iZ, iZa; 

?)X ( V y Vcc 



Uy Vy 

Ty Ty 



= (7Za;?7a;-|-iZ RxxU - Ry;V y.-\-SxUy-\-SU yy) 

— {UyTy-i-UTyy- UyyT - TJ yT yS xyU-{■ S JJ y) 


= {RVxx Uxy + TUyy) — U (Rxx-\-Sxy + ^ 2 / 2 /)- 

Hence 

^^\.{RVxx~\-SUxy-{-TVyy)- V{Rxx-\~Sxy + Tyy)^dxdy 

'El?: ?:l+«-p}£+{|p. 

the double integral being taken over the area bounded by the 
contour and the single integral round the perimeter. 

Thus 

XXUxy-{~TU y^ dx rfy = JJ ?7 {Rxx-h^xy +^2/2/) dy 
These results will be useful later (Chapter XXXIV.). 


473. Motion of a Rod in a Plane. 

Let 0 be the origin and OXy Oy any fixed rectangular axes 
in the plane. 

Let a rod move in any manner in the plane. 

Let Pj, P^y Po be points attached to it, their coordinates being 

(^i> 2 /i) j (^ 2 » 2^2)’ (^ 3 » 2/3)* 

Let ^ 3 ^ 1 =^ 2 * •Pip 2 ~® 3 > 

so that ai-fU 2 +aa= 0 . 

Let 9 be the angle the rod makes at any instant with 
the aj-axis. 
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; CH4PTER XV, 

Then = rCg— « 3 *cos 6, x^ = X 2 +a^ cos 0, 

Vi == 2/2~^3 sin 6>, 2/3 = 2/2+<^i sin 0 ; 

cia?! = dx^+a^ sin 0 dO, dx^ = dx^ —% sin 6 dO, 
dyi = dy^—a^ cos 0 = dy^+a^ cos 6 dO ; 

/. Xidyi'~y^dxi=^(x 2 ~aQ cos 6 ^) {dy^—d^ cos 6 dO) 

—{y^—d^ sin 9){dx2+d2 sin 6 dO) 

== X2dy2—y2dx2+d2^d9-~d^{R cos 9—S sin 6 >), 
where R=dy2+X2d9 

S~dx2~y2d9, 

and X 2 dy^~y^dx 2 = X2dy2—y2dx2-i-di'd9+dj^(R cos 9—8 sin 9). 



Hence, eliminating R cos 9-~S sin 9, 

di{x^dy^-yidxj) +d2{x2dy^-y2dx^) = (ai+a^) {X2dy2~~y2dx2) 

3 (<^ 1 +a 3 ) 

i.e. d^(xj^dyj^-y^dxi)+d 2 {x 2 dy 2 ~y 2 dx 2 )+d 2 (x 2 dy^-y,^dx 2 ) 

-\-d^d2a2d9^0. 

If, then, 0 be the origin and dA^,dA 2 , dA^ the elementary 
sectorial areas described by OP^, OPg, OP 3 , respectively, 
d^dA^-[-d2dA2+d.^dA.^+ld^d2d2d9 = 0 . 

Hence, if the points P^, Pg, P 3 describe closed curves, and 
A^^ A 2 , A^ be the areas of these curves, and if the rod 
returns to its original position after making one complete 
revolution, then 

474. Various Oases. 

If tlie rod returns to its original position without com¬ 
pleting a revolution, rotating in one direction during part 
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of its motion and in the opposite direction during another 
part, then ^d9 ~ 0 ; and 

a^A^+a2A^-l-a^A.^ = 0. 

475. If then the contours of A^ and be such that the rod 
cannot complete a rotation, but must oscillate as in the case 
of the connecting rod in a steam engine, we have 

^ . 

476. If it makes several complete rotations forwards, say 
m times, and hackwa^rds n times, whilst the several points 

P^, P^i P 3 describe closed curves once, then = (m—n) 27 r; and 

a^A^ +aoA^+a^A^+{m~n)Tra^a^a^ = 0. 

477. If two of the points, say and P 3 , are constrained to 
move on fixed curves and the rod rotates once round, as, for 



instance, if the ends were one on each of a pair of confocal 
ellipses, or on a pair of circles, as in Fig. 90, 

2 "' Ui+Ug 




478. If Pi and P 3 move on the same curve Ai^A^, and the 
theorem reduces to A^^ — Ai—ira^a^. 

This last result is known as Holditch’s Theorem. 


479. It should be noticed that in the above results, if any 
of the contours are described in a sense opposite to others, 
such areas are to be reckoned of opposite sign to the others. 
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480. Leudesdoxfs Tbeorem. 

As an application of this theorem, consider the motion of a 
lamina on which A, 5, C, P are fixed points, the lamina being 
constrained to move so that A, J5, 0 and P describe closed 



curves of areas [A], [JB], [0], [P]. Let x, ?/, z be the areal 
coordinates of P referred to ABC as triangle of reference. 
Let AP cut BG at X and the circumcircle at R, Let X 
describe a curve of area [X\, 

PX[A]-hAP[X] 


Then 


[py- 


AX 


^^nirAP.PX, 




Hence, eliminating the area [X], 

XG 






BX 


.[C] 


—nTT 


AP 

AX 


BG 

BX.XG-nirAP.PX. 


Xow 


PX_ AP JW_ AP BX_ 
AX~‘^’ AX'BG~'^’ AX'BG~^’ 


and ~.BX.XG+AP.PX = AP(^^^+PX) 


= AP.PR 

= rectangle of segments of any chord of the 
circumcircle through P; 

[P] = aj[i4] + 3/[P] + 2;[(7l — n‘rx rectangle of segments of 

chord. 
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If P lies outside the circle, instead of the rectangle of seg¬ 
ments, we may put —(tangent)^, and the theorem may be 
written 

[P]^x[A\ + y[B]^z[G] + niri:\ 

t being the tangent from P to the circumcircle. 

This theorem is due to Leudesdorf.* 

481. Motion of a Plane Lamina sliding in any Manner upon a 
Fixed Plane. Two Theorems. 

When a plane lamina moves in any manner upon a fixed 
plane, so that in the end it again takes up its original position, 
it is dear that every point in the lamina will take up its 
original position, that is tliat the several points in their motion 
have travelled along paths back to the same points from 
which they started, and may therefore be regarded as having 
travelled along closed curves. This will be supposed to in¬ 
clude paths which are retraced, which may be regarded as 
closed curves of infinitesimal distance between the outgoing 
and returning paths. For instance, a finite straight line of 
length 2a might be regarded as a closed oval—say an ellipse 
of semimajor axis a and infinitesimal minor Hxis. 

Suppose two points on the lamina P^ and P^ to trace out 
known closed curves on the fixed plane. This will define the 
motion of the lamina, and P^P^ may be regarded as a straight 
rod whose ends are describing the given closed curves. Let 
P be any other carried point on the lamina and PP^ a per¬ 
pendicular from P to P1P3. 

Let a fixed point O in the plane be taken as origin, and let 

^2 ^3 ~ ^1 > ^ 3^ 1 “ ^^2» ^2 ~ ^3 ^'Rd PP 2= 
so that + a., -f = 0. 

We shall continue to adopt the convenient notation [P] for 
the area swept out by the radius vector OP to any moving 
point P. 

Let E be the point of contact of PjPg with its envelope. 

Through P draw a parallel PE' to P3P1, and let the outward 
normal to the E locus meet PE' at E'. Then EE'=p, and the 

*Soe Williamson, Int. Galc.^ p. 220; Loudesdorf, Messenger of Mathematics^ 
1878. 



606 


CHAPTER XV. 


E' locus is a parallel to the E locus, the area between them 
being in the case of n complete revolutions mrp^-\-pS, where S 
is the perimeter of the envelope of the line (Art. 435 ), 
i.e, [E']“[P] = W 7 rjo^ 4 -;?/S or Trp^-^pS if there be but one 
revolution of the lamina. 



Let E'P^EP,^=^r, Then — PP3 = a^+r, and let 

P^Pg make an angle \p with any fixed line. 

Now = 

[^* 3 ] - [-S] = ||(ai + r)2di/r. 
multiplying by aj, Ug, and adding, 

ai[J“i]+« 2 ['P 2 ]+« 3 [^ 3 ] = (cf- Art. 473 ); 

and if the lamina reoccupies its original position after n positive 
revolutions, or if n be the excess of the number of positive 
revolutions over the number of negative ones, the right-hand 
side is 2 

[PJ 4 “ [Pg] -f- Ug [Pg] + nTra,= 0 .(A) 

Also it has been shown that 

[P] = [Pg] + [P'] - [E] = [Pg] + + pS ; 
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eliminating [P 2 ]> 

[P] = mra^a,^ + nirp^+pS, 

which may be written as 

ai[Pi] + 02 [P]+ 03 [Pij] +nvaja^a3=^a2p{mrp+S). 


(B) 


482. Remarks. 

It is assumed that all the areas are described in the same 
** sense” If in any case one of them be described by its 
tracing point in the clockwise direction, then in this equation 
the corresponding quantity [ ] is he interpreted as the area 
counted negatively ; and if one of the paths cuts itself so as to 
form several loops, the interpretation of [ ] is the same as that 
in Art. 399, viz. the difference of the odd and even poHions. 

The sign of p is positive when in the same sense measured 
from Pg as the outward drawn normal of the envelope of 


483. Deductions. 

Corollary I. When jt? = 0 the tracing point P is at Pg, and 
supposing there to be one complete revolution of the lamina 
we get the case already considered in Art. 477, viz. 




a, “hao 


■ira.a, 




-r '>^3 

which is Woo]house’s Extension of Holditch’s Theorem.* 


484. Cor. II. If in addition P^ and P^ are tracing the same 
curve j then [Pi] = [P 3 ] and [P2]==[Pi]““7r»ia3 (Art 478), 



and therefore a point upon any chord of constant length 
inscribed in an oval curve, and which divides the chord into 
two portions traces out another curve whose area is less 

* See Williamson’s Integral CalcnluSy p. 206. 
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than that of the original oval by the area of an ellipse whose 
semiaxes are (Xp a^. This is Holditch s original theorem.* 

If a^y were interchanged the result would not be affected 
in this case. If the tracing point be on the chord produced, 
one of the letters (Xp is negative and the traced oval is 
greater than the original oval by the same amount. 

485. Cor. III. If the line oscillates back to its original 
position without 2 >erforming a complete revolutioUy or if the 
number of forward revolutions is equal to the number of 
backward revolutionSy tx—O, and 

rjP’l — b] I 

a^ -j- a^ 

This is the case when the contours are two ovals each lying 
entirely outside the other and the line PiP^^ cannot revolve 
completely, but oscillates. It is moreover assumed that the 
line is sufficiently long to allow of the full description 

of both ovals. If not, the particular oval which is not fully 
described contributes nothing. 

For instance, if l\ travel along an arc of a circle ACB from A to B via 
0 and back along the same arc, it has described what we may regard as 
a contour of zero area. 




486. Cor. IV. If P' be the image of P in the line P^P^ 
{i.e. PP, = P,P'), 

r p/-| ^1 [-^ll “f" I o d 

• - niraja^ + nvp^ -pS, 

and [P] — [P'j = 2pSy which is independent of the position of Pg. 

♦See Bertrand, Calc. Mg.y p. 365; Williamson, Integ. Calc., p. 206; 
Lady'a and QmtltmarCa Diaryy 1858. 
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487. Cor. V. If Jind lie upon the same curve, 

[P] = [7^J — n TTCt^a.^ 4- nirp^ + 'pS. 

In case ~ 0 , wc have 

[P,]^[P,] and [P] = [PJ + ti 7 rp 2 +^S. 

488. Cor. VI. Let O, the mid-point of be taken as 

origin, OP^ as jr-axis, and let OP^^x, P,^P ^Let the 
length of the rod be 2 a. 



Then a^ = a—a;, a^ — a~\-x, 

and [ P] = _ n-^ (a? - a^)+ mry^ + Sy, 

i.e. 

'lanir 7t7r 

Hence the locus of point P on the lamina for which the 
contours [P] are all equal is a circle whose centre is at 

4 amr ' triTT 

These coordinates are independent of [P]. Hence, for specific 
values of [P], the loci of the P-points are concentric circles on 
the lamina. 

This theorem is due to Mr. A. B. Kempe.* 

489. We note that if [P^] and [P 3 ] be the same contour, the 
centre of this circle lies on the perpendicular bisector of the 
line PjPg. 

♦ Messenger of Mathematics, 1878, cited by Williamson, Integ. Calc,, p. 210, 
w^ero it is deduced from Holditch’s form of the theorem geometrically. 
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490. If the closed “ contours ” are merely portions of two 
straight lines = = and taking a = l, 

[P] == -f ^^2 

or when = 0 also, [P] = ~ 

which is the case of a rod of given length sliding with its ends 
on the coordinate axes, wliich are drawn in Fig. 97 as long 
closed ovals to indicate the direction of rotation. 



Fig. 97. 


Note that in the case shown in Fig. 97 the elliptic area is 
traced clockwise, the ovals, which are in the limit the axes, 
are traced one counter-clockwise, one clockwise, and that 
the areas of the two ovals traced by P^ and 1\ are both 
ultimately zero. 

It is a well-known theorem that in this case the locus of 
P 2 is an ellipse of which the product of the semiaxes is the 
product of the segments of the moving line, whether the axes 
be rectangular or oblique. 

491. Oor. VII. If P lie anywhere on the circle on P 1 P 3 
as diameter, we have — and the theorem reduces to 

[P] = + pS, 

or if [i\] and [P,] be the same contour, 
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492. A General Theojjem on the Motion of the Centroid of a 
System of Moving Particles, connected or otherwise. 


If 




TOi, 

mg, 

m3, 

.. mny ' 


X^f 



.. Xny 


Vv 

y 2 > 

2 / 3 > ■ 

•• 2/n. 

^ be five groups of n quantities each 

x^, 



... 


Vv 

2 /2> 

y^> 

Vm - 



it may readily be proved by induction that 

Swx 2m2/ = Sm ^mxy — ^m/rris {Xr — Xg) {yr — y«) 
and Em?y Smi; = Sm '2myx — — y^) (iv— Xg), 

and therefore tliat 

S ruy — 'Lniy '2rtix = Sm 2m (iry — yd)) 

-- Ini^mg [{Xr ~ Xg) {yr - ys) - (2/r - 2/«) (^v - x&)]- 

Let there be n particles of masses in the ratios 

... rm^ 

and {x^, 2 /j), {x^, 2 / 2 )^ their coordinates; and let d), y be the 
differentials of x and y, viz. dXy dy. 

The centroid of the system is given by 

2m. X = 'Emx, 2m. y = 27712/; 
whence 2m. dx = 2777 dx, 

2m. dy = 2777 dy. 

Let each particle describe continuously a closed contour in 
the plane, 777 ^ describing a contour of area m^ describing 
a contour of area Ag, and so on, and let x, y in consequence 
describe a dossed contour of area A. Also let the area of the 
contour which describes relatively to m^ be called 
so on for other pairs. Then the above equation may be written 

[27?7]^[ir dy — y dx\ = 2m 2777(a; dy — y dx) 

~^mrmg[{Xr~Xg){dyr~dyg)~{yr— y8){dxr—dxg)\ 
and therefore integrating round the contours 
[2m]2A = 2m 2mA —XmrmgSrs, 
an equation which expresses the area of the contour described 
by the centroid of the system in terms of the areas of the n 
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* 7 ?/ (^ 1 / 1 ^ 

contours described hy the several particles and o£ the 2 ^ 

relative contours. 

It will be noticed that the particles are in no wise rigidly 
connected, but are capable of independent motion ; also that 
the result obtained is necessarily homogeneous as regards 
the masses. 

493. If the revolutions of any particles of the system be 
not complete, the various integrals 

“■ y ^ ~ y 

g *») {<lyr—dy„)—(yr—ys) (dXr —dx,)], 

refer to the sectorial portions of the several contours which have 
been actually described during the several displacements of the 
particles, and represent sectorial areas swept out hy the several 
radii vectored from the omgin to the centroid, or from the 
origin to x, y in the first two cases, or the relative area by a 
radius vector from a*,., y,. to Xg, yg in the third class of integral. 

494. When the several particles are rigidly connected, the 
several relative contours are circles, with radii the distances 
between the several pairs, and traced as many times over as 
the whole system revolves before re-attaining its original 
position; and in case of no rigid connection, if one or more of 
the mutual distances returns to its original position without 
making a complete relative revolution, in such case the 
corresponding relative area S vanishes. 

495. In the case where there are two particles only, we have 

A — c 

a result established by Mr. Elliott, and reproduced in Dr. 
Williamson’s Integral Calculus, p. 209, with Mr. Elliott’s 
Enunciation of this Theorem. 

490. If in this case there be a rigid connection between 
the points and A,;,, say a connecting rod, we may take a^, a^ 

a a 

as the distances oi AA. from the centroid, and - ^ 
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Also the relative contour has area 


Hence 

becomes 


+7712)2 ^2 

r aiAi+ftnAo (i^(H , xo 

A = -i-iip-?-? _ -—Li +aj‘ 

«i+a2 (^i+^a) ' ’ ^ 

Cfi4j4-a^2 


+<^2 


7rOK'jCt2 • 



Holclitch’s theorem is therefore deduced as a particular case 
of the two particle motion, there being a rigid connection. 

497. If there be three particles the theorem takes the form 

^ ^ 1 +^^^ 2 ^ 2 .++^17712^,0 

™ m,^+m,2,+m^ {viy^ * 

498. Let us apply this result to find the area described by any 
point P attached to a triangle ABC which moves in its own 
plane and after one revolution re-occupies its original position. 
If .r, y, c, be the areal coordinates of P with reference to the 
triangle ABC, P is the centroid of masses proportional to 

77ij, 7?i2, 77I3, at A, B, C respectively, where —— , and 

77?/7/i/2 m 

the several “ relative areas ” are ttC'/, 7r?>^ irc^; 

r jn [-^ ] Tvb'^+m^m.j, irc'^ 

• L (7n^+'7^2+7713)“'^ 

whence [P']==^x[A^+y[B'\+z\(J\~~7r{a'^yz+h^zx+c'^xif) 

=X* [ A ]+ 7 /[jB]+ 2 : [0]+rf, 

where t^ is the square of the tangent from x, y, z to the 
circumcircle if the point be without, zero if upon, or —the rect¬ 
angle of the segments of a chord through x, t/, 0 if the 
point be within the circumcircle ; which gives Mr. Leudesdorf’s 
result of Art. 480 already established in a different manner. 

E.I.O. 2 k 
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499. It is worth observing that the locus of points F which 
give equal areas [P] 

is a^yz-\-y^zX'\-c^xy -\Am^eiV terms =0, i.e. a circle, 
or making it homogeneous, 

a?yz-{-b^zx-{-c^xyx-\^~ 2 /+ 

\ TT TT IT J 

—(a:+i/+z)*=0, 

TT 

and the centre of this circle is given by 

h^z+c'^y {x-\-y-\-z)--6^x-^^ 2 /+— 

TT \ TT TT TT / 

—two similar expressions, 

TT 

i.e. c^y — = c^x + = a^y + 6^a? — , 

TT TT TT 

which is independent of [P], and therefore indicates that such 
loci for different values of [P] form a set of concentric circles, 
which is Mr. Kempe’s Theorem of Art. 488 (Cor. VJ). 


500. It is also worth notice that the area described by the 
centroid of the triangle is given for the case of one complete 
revolution by 

[(?]=tAl±L|3±[g,_l ; 

and for the orthocentre 0, 

rm [A]tan A+[P]tanP+[(7]tan C u u> a jj n 

[0] --— J -bTrP-cos A cos B cos C\ 

^ ^ tan A tan B tan G * 


where R is the radius of the circumcircle. 



501. In the case of four particles in rigid connection if 
6, c, d bo the sides and e, f the internal diagonals of 
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the quadrilateral formed, we have, in the one-revolution 
case, 

rp-i= 

*■ ■* 

and similarly if there be a greater number of points. 

502. In a case where there is no rotation, i.e. where the line 
joining each pair of particles remains parallel to its original 
position, or if there be rotation of any of these joins and an 
opposite equal rotation of the same join, it is clear that all the 
“ relative contourswill disappear and 

rpi_ 

^ ^ 2m * 


503. The same result will also hold in the case when the 
** relative contours,'’ though not individually vanishing, are 
such as in the aggregate to destroy each other, some being 
positive and others negative, for in such case 'ZnifmgSrM — O. 


504. If the several particles be in rigid connection and the 
figure describe n revolutions before re-occupying its origi¬ 
nal position, 

^rrirm^gSrs=mrEmrmgArJ = nirMEmGA^, 


by Lagrange’s “Second Theorem.” (Routh, Anal, Statics, 
vol. i.. Art. 437); and in that case 


2mM] 'EmGA- 


2m[A] 

M 




whereM == 2m and k the radius of gyration about the centroid G, 

505. Mechanical Integrators or Planimeters. 

Consider the case of two rods OP, PQ of lengths and a^, 
freely hinged together at P and the first one OP hinged to 
a fixed point 0 in a plane in which both rods can otherwise 
move freely. 

Let X, y be the coordinates of Q relative to a pair of 
rectangular axes through 0, let the rods make angles 
respectively with the a?-axis, and let 9^—9y^\lr, 
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Tlien 

x~a^ cos cos 6^2» ^1+^2 ^2» 

dx~— sin O^dO^—a^ sin OodO^, dy — a^ cos O^dB^+a^ cos 6^2^^2» 

/. xdy—ydx~a^d9-^+a^d9^+aya.2^^^ (^2“~^i)(^^i+^^^2) 

~a^d9^~\-a.^d9^~\-aya^ cos ■v/r dy^r+ 2 a^a .2 cos \//' 



Let R be a point on PQ at distance h from P, and let 
P\ Q\ R be tlie positions taken up by P, Q, R after dis¬ 
placements d9 ^, d92 of the rods. 

Tlien R has advanced perpendicularly to PQ a distance 

a^d9^ cos \j/'-\'bd92~ds, say, to the first ordei*. 

Then Xdy —y dx = d9^+a2^d92+ciia2 cos yjr dxjr+2ao(ds—b d9<^. 

If Q be made to travel round the contour of any closed 
curve whose area is to be found, in the positive direction, on 
completion of the circuit, supposing the point 0 to be outside 
the contour and OP and OQ to have oscillated bach to their 
original positions, 

= Jcos \/r rf\/r=[ sin \//]=0, 

and we have 

Area bounded by the contour—agS, 

where S is the total distance travelled over by a point R 
on the rod PQ, in a direction at right angles to the rod. 
And it is further to be noticed that this result does not 
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depend upon b, the term involving b disappearing upon 
integration round the contour. Hence the particular position 
of the attachment of the point R to the rod is immaterial. 

oOG. But if the point 0 be within the contour considered, 
and both rods make a complete revolution before regaining 
their original position, 

—27r, d\//==[sin \}r]— 0 ; 

and tlierefore A = tt —2aJb) 



-Now a^^-\-a.^ — 2a,]j is the value of OQ^ when the rods are 
clamped at the joint P in such a position that OR is per¬ 
pendicular to PQ. Call this value of OQ^, 

A^7rrQ^-\-a^S. 

A circle with centre O and radius is called the zero 
circle. When the system is clamped in this position the 
motion of R is at right angles to OR, i.e. in the direction 
of PQ, and R has no motion at all at right angles to the 
rod PQ on which it lies. Hence when 0 lies within the 
contour the area of the zero circle, viz. must be added 
to a^S to give the area of the contour. 

Again, if one rod, say OPy, oscillates back to its original 
position whilst the other PQ makes a complete turn, then 

—0, Jcos\//'rf\//“=0; 

and A == TT ) + a^S. 

Similarly, if PQ oscillates but OP revolves, 


j*d0i = 27r, Jcos\/rd>//^=0, 


A^Traj^+a^S, 


and 
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507. The general result is therefore that the area traced 
by the pointer is 

(1) a,S 

or (2) '7r{a^^+a.^^—2aJ))+a^S 

or (3) 7r{a<J^—2ajb) +a^S 

or (4) 

according as (1) neither nor complete a revolution, 

(2) both complete a revolution, 

(3) completes a revolution but does not, 

(4) completes a revolution but does not, 

in each case the arms of the instrument occupying, the same 
position as they did at tiie beginning of the tracing. 

508. This principle is made use of in the construction of 
a Mechanical Integrator known as Amsler’s Planimeter, 
which is used for the practical measurement of an area. The 
rod FQ is provided at R with a small graduated wheel with 
axis parallel to the rod, which is allowed to rest on the paper 
and to turn by friction with the paper. It can then only register 
the amount of travel of R at right angles to the rod, the 
amount of travel in the direction of the rod being necessarily 
unregistered as it is due to slide along the surface of the 
paper and not to the rolling of the wheel. A reading of the 
wheel gives the value of S. Then 

area of contour or a^/S+TTr^^, 

according as the point 0 is outside or within the contour. 

509. Several forms of Mechanical Integrators are in use, 
but for the most part they are modifications of Professor 
Amsler’s form and based upon the general principle described 
above. 

Description of the Instrument. 

The figure shown (Fig. 102) is an illustration of a form of 
the instrument made by Messrs. John J. Griffin & Sons, 
Scientific Instrument Makers, Kingsway, London. The 
lettering corresponds to the preceding general explanation 
of the principle. 0 is the fixed point, ABC the contour of 
the area required, Q the tracing point which is being made 
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to traverse the contour, P is the joint connecting the two 
beams of the instrument, R the graduated wheel or roller 
whose axis is parallel to PQ and which rolls upon the paper 
when there is any motion at right angles to PQ. Its posi¬ 
tion upon the beam PQ being immaterial, it is placed in 
this form of the instrument on QP produced. D is a dial 
whose axis is perpendicular to the axis of the wheel and 
turned by a worm on the axis of the roller. There is a 
pointer attached to the beam PQ, serving to mark the 
amount of rotation of the dial plate. is a vernier assist¬ 
ing to read small amounts of rotation of the wheel. There is 



a pointer at Q by means of which the contour can be carefully 
followed. 

The graduations on the rim of tlie wheel are such that the 
circumference is divided into 10 equal segments indicated by 
1, 2, 3, 4, ...0, and each segment into 10 further subdivisions. 
The dial D is such as to rotate once for 10 revolutions of the 
roller, and is itself divided into 10 segments, which are 
again subdivided, an advance of a segment of the dial 
indicating one complete revolution of the wheel. The read¬ 
ings of the dial therefore indicate the number of complete 
revolutions of the wheel. In the vernier a length equal to 
9 subdivisions of the wheel is divided into 10 equal portions 
on the vernier. 

If the figures on the dial be taken as units, the figured gradua¬ 
tions on the wheel will represent 10‘*’“ and the subdivisions 
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100 ^**", the difference between the distance of two consecutive 
divisions of the vernier and two consecutive subdivisions of 
the wheel, being {r^iF~TV circumference of the 

wheel, is Yihrf circumference of the wheel. Hence, by 

means of the vernier, readings may be made to three places 
of decimals. The area to be found has been shown to be 



proportional to the number registered by the roll of the 
wheel, the component of motion parallel to the axis, i.e. slide, 
being unregistered. Let S be the number registered by the 
wheel, then 

A^GS, 

where C is some constant called the constant of the instrument. 
Apply the instrument first to any figure of known area Aq, 
say a square or a circle, as may be most convenient; let the 
difference of initial and final readings of the instrument be 
Sq^ then Aq = GSq, which determines G. If now we apply 
it to the contour whose quadrature is required and S be the 
difference of the initial and final readings of the instrument, 

. . S 


4b 
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It has been assumed that the fixed point 0 has been taken 
outside the perimeter of the contour. If inside, we have still 
to add the area of the “ zero ” circle, and 

A =7rr^^+A^~. 

The area of the zero circle is usually marked on the 
instrument. 

Mode of Procedure. 

The procedure is then as follows: 

(1) Fix the point 0 to the drav»dng board on which the 

area to be found has been previously pinned. 

(2) Bring the pointer Q to some point of the perimeter 

of the contour and mark the starting point. 

(8) Read the instrument by means of the dial, the wheel 
and the vernier, and note the initial reading. 

(4) Trace carefully the whole perimeter of the contour 

with the pointer Q. 

(5) Read the instrument again. 

(6) Subtract the two readings. The difference is S, 

Then the constant of the instrument being known, 
or having been found previously in like manner, 

Jx — 0 O O "f~ 

Oq ^0 

according as it has been convenient to take 0 outside 
or within the contour. 


EXAMPLES. 

1. Ox^ Oy being perpendicular axes, B fixed points on Oy 
and A MBA any closed region of area S lying in the positive 
quadrant, show that the integral 

|[ + {'P' (y) 8 * - '^y\ 

taken round the curve from A to 7), is equal to 
m {S + a ~h) + ^{h) - </> [a\ 

<l>{y), ^\y) being finite and continuous, m a constant and 0A==a, 
0 B ==^ h , [J. Math. Schol. Oxford, 1904 .] 
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2 . Pj, Pg are points on a closed oval of area such that Pg 
subtends a right angle at a fixed point 0. Show that the area of 
the curve traced out by the middle point of i\p 2 is equal to 



where ^Pi = ^‘ij 

[Colleges 1889.f 

3. A fixed point 0 is taken on a central oval which is such that 
through any point inside it other than the centre one and only one 
chord can be drawn which is bisected at that point; prove that the 
locus of the middle point of the chord PQ for a constant sum 2cr of 
the arcs OP, OQ cuts at right angles the same locus for a constant 
difference 20 -' of these arcs; and deduce that the area of the oval is 

(liT I dir sin 6^ 

where I is the length of the oval, and 0 is the angle between the 
tangents at P and Q. [Math. Tkipos, 1889.; 

4. A bar API carries at a point of its length a small wheel having 

AH for axis and which turns about AB\ the end A is constrained 
to move in a given straight line; show that if the end B is carried 
round any closed curve without singular points and which does not 
cut the straight line on which A moves, the area of the curve is 
measured by the product oi AB into the whole length registered by 
the revolving wheel. [Colleges, 1892.] 

[This is the principle of construction of Coffin’s Planimeter. A full 
description will be found on p. 159, Practical Electrical Engineering, by 
Briggs and others. It is the case when the rod OP of Fig, 102 is of infinite 
length, so that P describes a straight line instead of a circle.] 

5, A straight line of given length moves with its extremities on 
the arcs of two closed curves of given areas, and a point is attached 
to the moving line. 

Prove that when the area traced by this attached point has a 
minimum value for different positions of the point on the line, 
the difference of the areas of the circles whose radii are the segments 
into which the point divides the line is equal to the difference of 
the areas of the given curves. [St. John’s, 1882.] 

6, Show that the path of the mid point of a rod of constant 
length 2c, whose ends lie upon an ellipse, is an oval of area 7r[ah ~ c®). 
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If, instead of both ends being on the ellipse, one end lies on the 
ellipse and the other on the major axis, or if one end lies on the 
ellipse and the other on the auxiliary circle, find the areas of 
the paths described by the centre of the rod in both cases. 

7. A rigid cyclic quadrilateral A BCD moves in its plane so as to 

return to its original position after turning through four right 
angles. Show that if [A)y etc., denote the areas of the curves 
described by A, etc., and if etc., denote the areas of the 

triangles BGD^ CDA^ etc., then 

S,[A)+S^{C) = S.,[B)-¥S,[D). 

Find also the equation connecting the areas described by any 
three vertices with that described by the centre of the circunicirclo 
of the triangle. [I. C. 8., 1909.] 

8. Two bars OP, RPQ, of lengths 6?P = c, RPQ^h-\-a, respectively 
turn round a fixed pin at 0 and a joint at P. dS^, denote the 
polar elements of area about 0 of the curves traced by P and Q 
respectively; prove that 

dS^ - — adC-ha(la + h)dO-la dp, 

where PQ^a, RP-h, p is the perpendicular from 0 on RPQ, d^ is 
the displacement of R perpendicular to RPQ and B is the inclination 
of RPQ to a fixed line OA, [Math. Trip., Pt. I., 1914.] 
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RECTIFICATION (I). ELKMENTARY. 

510. In tlie following five chapters we propose to illustrate 
further the methods and processes of integration by showing 
their application to finding the length of a curved line whose 
equation is given by one of the ordinary modes of description, 
Cartesian, Polar, Pedal Equation, Tangential Polar, etc.; and 
further to discuss some subsidiary matters which arise in 
connection with such problems. 

The process of finding the length of an arc of a curve, i.e. of 
finding a straight line whose length is tlje same as that of a 
specified arc, is called Rectification. Curves, the lengths of 
whose arcs can be found, are said to be Rectifiable. 

Any formula which may have been established in the 
Differential Calculus expressing the differential coefficient of 
the arc “ s " with regard to any independent variable, in terms 
of that variable, gives rise at once by integration to a formula 
in the Integral Calculus for the finding of s. 

In each case the limits of integration to be assigned are the 
values of the independent variable corresponding to the two 
points which terminate the arc whose length is sought. 

511. The working formulae. 

Below are added a list of the most common of these formulae. 
The references are to the articles in the author’s Treatise on the 
Differential Calculus where they are established. 

524 
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Formula in the 
Diffcruntlal Calculus. 

Formulii in the Integral 
Calculus. 

Kcfcrencc. 

Observations. 



Art. 200 

For Cartesian 
Equations of form 

y=f(^) 




For Cartesian 
Equations of form 

1 ^=/(.y) 



Art. 200 

li 

-/vejT-©’"' 

Art. 200 

For the case where 
the curve is defined 
Sis.v=f(t),y = F{i) 



Art. 201 

For Polar 
Equations of form 
r^f{0) 




For Polar 
Equations of form 

e=^f{r) 


«=/'Vi 

Art. 201 

d,<i , r 

- , ■= sec C/) — 

<h- 

f r dr 

J — 

Arts. 202 ! 
and 2i)3 

Foi’ Pedal 
Efjuations of form 
p =/(>•) 

ds d^p 


Art. 221 

For Taijgential- 
Polars of foian 

p=fW 

The formulae 


or «=| 



are applicable to cases where the Cartesian Equation is given, 
or can T*eadily be expressed, in the forms 7/=/(u") or x~-f{y) 
respectively, x being regarded as the independent variable in 
the first case, y in the second, and the axes being supposed to 
be rectangular. 

As explained in the Differential Calculus, Art. 200, these 
formulae arise from the consideration of the infinitesimal 
right-angled triangle formed by the increments of abscissa, 
ordinate, and to the first order, the arc. 

512. The amended form of these results for oblique axes 
would be, with the same description of the figure (Fig. 104) 
as in the article cited, 

(chord PQY=Sx^-{-8y'^-\-2Sx Sy cos a), 
to the second order, and after rejecting infinitesimals of higher 
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order than the second and proceeding to tlie limit 
and accordingly we should write 



M N 
Fig. 104. 


according as we take x ov y for the independent variable. 

513. The formulae may be remembered in a less formal 

manner as r _ 

s—\s/dx^+dy'^ 

or s = J\/ dx^ + 2dx dy cas w + dy^, 

where the dx or the dy may be brought outside the radical as 
circumstances demand. 

614. Further, when the curve is given by expressing x and y 
separately in terms of a single variable t, as 

a: =/(<). y=F{t)> 

we have 

•^■=jx/[TfF)P+^*WN< 

or «=p[{/'(<)}’*+2/'(^) F(t) cos «,+{/’'(<)}* dt. 

according as the coordinate axes are rectangular or oblique. 

The coordinate axes will be always assumed to be rectangular 
unless the contrary is expressly stated, or to be inferred from 
the context. ^ 
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515. The licctitication, therefore, of a curve depends upon 
the possibility of integration of the radical which occurs in 
these formulae. 


Illustrative Examples. 


516. The Earliest Bectihcation. William Neil’s Problem 
(1637-1670)* 


Ex. 1 . Rectification of the Semicubical Parabola^ 
The equation of this curve in 


J 




14 - 3 : -dx — - 
4 a 3 



Taken between ;r=0 (the cusp) and for the branch in the first 

quadrant, i _ » 

8 ~ -T[(4a + 9.t:)^ -(4a)^]. 

27a^ 


This is stated by Gregory and Walton to have been the first curve to 
be rectified. The priority is ascribed to Neil by Wallis, but the rectifica¬ 
tion of the curve was also independently accomplished by Van Huraet.t 


517. The Parabola. 

Ex. 2. Consider the arc of the ordinary parabola 3 /^ = 4tt.r. 

Hftre y = 2VciS', 

To (‘ffoct this integration, let .v~a ta,i\^yjr. 

'J’lien dx=2ati\ny|rkiQ^:^^^|rd\|rf 

s — 2aj*Ji-\- coV^ \fr tan yjr sec*^>/^ d\lr 
~ a [sec yf/ tan yj/ + log (sec ^ 4- tan i/r)] 

If taken between any two limits, x^ and X 2 , corresponding to any two 
points /’, Q on the arc, which lie on the same side of the axis, 

arc PQ =(V X 2 s/ a+4- 4 ?i) 4- a log 

* Wfd.lwii Qpem, T. 1, 651 ; Gregory and Walton, p. 420, 
fCajori’s History of Mathematics, p. 190. 
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For exaijiple, if we require the length from the vertex to the upper 
end of the latus rectum, .rj=0, .n>==«, 

and arc required « + « ]og^^^^?i^ 

sja 

= a[\/2 + log^, (v/Sd-1)] 


= a(r4142...4--88l4...) 


= 2‘2956... X a. 


Thus the length of an arc of a parabola from one end of the latus-rectum 
to tlic other is 1'1478... times the latus rt'ctum. 



It is worth considering the angle whicli has been used as a subsidiurj 
variable to facilitate integration. 

It is tlie angle wluch the tangent at the cun cut point makes with 
the f/ axis, viz. the tangent at the vertex. For if PM be the ptu- 
pendicnlar upon the y-axis, J*V the tangent, S the focus, SY the 
perpendicular upon the tangent, and if we call MYP^ i/^, we have 

X — MP ~ YP si nyjr-S Y ^ = a tan- 
^ cos y ^ 

The intrinsic equation of this curve is therefore 

s — asec t/t tan \j/Ya log (sec tan yfr) 

or s — a&ecyl/‘tSin-\l/' + agd~^yjrf 

the tangent at the vertex being the initial tangent. 

Let n.s call P F, t. Then t~a sec yjr tan 

Hence «-i{=alog(sec'^+tan v^). 
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Hence the logarithmic portion of viz. a]og(8ec^+tanV^) denotes the 
excess of the arcual distance of P from A over the “ tail,” i.e. the portion 
of the tangent measured from P to the foot of the perpendicular upon 
the tangent from the focus. 

It will be seen later that in many cases this excess “ arc — tail ” plays 
an important part. 

In the case under consideration—viz. the parabola—let a length PO — s 
be measured along the tangent. Then 0Y=^8 — L The point 0 is the 
point on the tangent at which the vertex A would arrive if we regard the 
tangent as a fixed line, and the parabola to roll upon it without sliding. 
Consider it in this way. 0 is then a fixed point. Take the tangent OP 
as the ^-axis, and a perpendicular through 0 as the 7 ;-axis. Then, if 
7} be the coordinates of the focus, 

_^=fl^log(seci/r-{-tan yj/)^ 
rf = YjS = a sec yjr. 

To find the path of S as the parabola rolls upon its fixed tagent, we 
have to eliminate 

sec ^4-tan = I e 

^ ^Therefore sec yfr ~ cosh j • 

Hence aec\jr-tan yfr^e J 

Therefore the path of the focus of the rolling parabola is 

7) = a cosh ^, 
a 

i.e. the ordinary catenary or chainette. 

We also have, putting 

tan \lr — sinh u, sin — tanh u, 

SP=a sec^ yjr^a cosh^ Uy 

t = SP sin =a sinh w cosh == g sinh 2w, 

8 —a sinh u cosh u-\-a log (sinh u + cosh u) 

— ^ sinh 2u + au, 

s - t~aUy 

SY—a sec yfr—a cosh w, etc. 

Incidentally, we may note that the equation 

^=alog (sec ^i'+tan \f^)=agd~^\p 

may be used to indicate the “march” of the function, gd"*^ for agd~^\lr 

is the abscissa of a point on a catenary curve, and since 

the slope of the tangent to the catenary. Hence a good idea of the graph 
of y=agd~*j? c«|.n be formed by first plotting the catenary itself and then 
K.i.c. 2 l 
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plotting a new curve, taking as abscissae the circular measures of the 
angles which the tangent to the catenary makes with its directrix, and 
for ordinates the corresponding abscissae of the catenary. 

If FP' be a focal chord of the parabola, the arc AF has been shown 

AP = a sec ^ tan -f a log (sec yp 4- tan \p\ 
and the arc F'A can be obtained from it by writing 90-ip for xp^ 
i. e. F'A — a cosec xp cot \p-{-a log (cosec p + cot p). 

Hence, by addition, the whole arc F'AP cut off by a focal chord 
which makes an angle 2p with the axis is 


The evaluation of the arc might have been conducted by taking y as 
the independent variable. 


Then 


d£_ y 

' 4a’ Wy ~~ 2a’ 


« = ^jN^4ti2 + 5,!!a'y 


= 4 ^ [ 3 ^ + 4a“ log 

which reduces to the same form as already obtained. 


i/2 

» 

y\ 


518. Sir Christopher Wren’s Problem (1632-1723). Rectification 
of the Cycloid. 

Ex. 3. The equations of the curve are 

Patl'-cosel’} 337-339.) 

Here dx—a{l+ cos 6) cf 0, 

dy — asiii 6 dd. 

Hence ds^ =2a‘^ (1 + cos 6) dO^ =4a2 cos*,- dO^j 

2 

Q 

d8 = 2a cos -(id, 

« = 4a sill-, .(1) 

8 being measured from the point at which d = 0, i,e. the vertex. 

Again, with the same description of the figure as in Diff. Calc,, Art. 394, 


a 

chord (7§ = 2asin^‘ 

Therefore arc (7P = 2 chord CQ .(2) 

Substituting for 6 from y = 2a8in^^, 

s=^8ay .( 3 ) 
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If the tangent at F is inclined at an angle 


vertex, sin 6 

tsLnf = , -. ^ 

ax 1+ cos 6 

and s = 4a sin ^ . 

This is the intrinsic equation of the curve. 


tan 


^ to the tangent at the 

e 


.(4) 



The whole length of the curve from cusp to cusp is 



The point at which — ^0 gives s = 2a, and therefore bisects the 
arcual distance from vertex to cusp. 



If a circle be drawn with any radius, and OA, OB be a pair of radii 
at right angles, and OB divided into n equal parts so that M being, say, 
the r*** point of division, and MR be then drawn parallel to OA to meet 
the circle at R, then sin AOR = ~ • 

71 

If then in the cycloid a chord CQ of the circle CQD be drawn (Fig 106) 
80 that the angle XCQ = angle A OR, in Fig. 107, the line QF parallel to CX, 

and cutting the cycloid at P, will cut off an arc OF of the arc CA, for 

71 

arc CF ~ 4a = 4a.arc CJ. 

^ 91 n 
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Hence an arc of any proposed ratio to the whole arc can be cut off. 

Many of the geometers of the seventeenth century devoted consideiable 
attention to the cycloid.* Wren, the architect of St. Paul’s Cathedral, 
discovered the rectification of the curve and determined the centroid; 
Kermat, the area bounded by an arc ; Huygens invented the cycloidal 
pendulum ; Pascal and Wallis also greatly adv^anced a knowledge of the 
curve.f 


Centroid of an Arc of any Line Density. 

If p be the line density, the mass of any element 6s is p 6s, 


and 

y-l{p6s)’ 

give the position of the centroid. Hence, taking the limit 
wlien Sfi is infinitesimally small, 





If p be constant, 


x = 


i X (is 



that is, .sx— sy==^pdyy s being the length of the 


arc 


whose centroid is required, and the integration being taken 
from one extremity of the arc to the other. (See Art. 446.) 
And if a; be the independent variable, 



* 

with corresponding formulae if it be desirable to express the 
integral with other independent variables as shown in the table 
of Art. 511. 


♦Bee Diff. Cak., Art. 390. 
tCajori’s Bist. o/'AIatJu^ pp. 177, etc. 
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Examples. 

1 . Find the length of the arc of the. curve the cissoid 

of Diodes. [Huygens, 1625^1695.] 

2 . Find the curve for which the length of the arc measured from the 
origin varies as the square root of the ordinate. 

3. The major axis of an ellipse is 1 foot in length, and its eccentricity 
is Prove that its circumference is 3*1337 feet nearly. 

[Trinity, 1883.] 

4. Find the length of any arc of the curve 

X 

5. Show that in the “catenary of equal strength,” y = log sec '-, 

« = alogUn^^ + |), 

and that the intrinsic equation of the curve is s = a gd“* xp. 

6 . Show tliat in tlie common catenary, or chainette, 2 ^ = ccosh --, 


s — s~cta.n\pf H^ = c{p-c\ s —csinh^. 

The area bounded by the curve, the directrix, the y-axis and an ordi¬ 
nate is A—cs. 

The centroid of the arc has coordinates 


x—x-ctiin^ = cot v^) 

=^(y+7)- 

The centroid of the area bounded by the curve, the directrix, the ^-axis 
and an ordinate is given by 

, . c _ 1 / , c.v\ 

x==x-(y-c)-, = 

and that both centroids lie on the ordinate through the intersection of 
the terminal tangents. 

„ 7. Show that the length of the curve ?/ = logcoth^ from the point 
(.rj, y,) to the point (xj, is 

8 . Show that in the epi- or hypo-cycloid 

x = (a + h) cos 0 ~ 6 cos ^>1 

y = (a + 6) sin 0 - 5 sin 2^- 0.1 
(i) 4 = ^(a + 6)cos|®, (ii) * = i-(a + 6)cos— 

8 being measured from the point where ^ vertex. 
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9. For the four-euspetl hypocydoid 

show (i) that 5 =^cos2^, s being measured from a vertex; 

(ii) the whole length of the curve is 6a; 

(iii) s being measured from the cusp which lies on the ,y-axis. 


10. In the tractrix 




v^;“-y^ + 5log- 


+ \/c^ — y^^ 


show that 


8—c log 


y 


11. Show that the distance from the vertex of the centroid of a wire 
in the form of portion of a cycloid, of which the vertex is the middle 
point, is J of the greatest ordinate of the arc. 


12. Show that the arc of a parabola of latus rectum 4a measured from 
the vertex, and the radius vector from the focus, are expressible in terms 
of a parameter t in the respective forms 


Prove also that 


s 

a 


t 

1 


+ ^log 


l±^ 

1 - i^ 


r _ Jl_ 

a ~ i 


[Math. Trip. Pt. II., 1915.] 


5 


— s/r {r - a) + a tanh~^ 


— a 
r 


520. Polar Formula. 

In the Differential Calculus (Art 201) it is shown from 
consideration of the small infinitesimal right-angled triangle 
formed by the increments of arc,radius vector and perpendicular 
on the radius vector from one extremity of the infinitesimal arc, 
that to the second order 

This gives rise at once, on proceeding to the limit, to the 
formulae, 

or 

according as we wish to use 0 or r as the independent variable, 
and, as in Art, 513, we may remember it in the less formal 

manner as r _ 

5 = 
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Further, as in the case of Cartesians, if r and 9 be given in 
terms of some third variable t (though this is very unusual) 
by d==F(t), we may say 

=p[mFf[7r<)]*TW)? dt. 


521. Illustrative Examples. 

Ex. 1. In the case of the Archimedean Spiral r —«0, 

s ~ Cl-j-1 dd —1^0 \/0^ + 1 -+• log (0 + \/0^ + 1 )^, 


8 being measured from the vertex, where 0 = 0. 

As this may be written 

r -j- '' 1 '^ 

a 


^i(’ 


\V- H- log ^ 


> 


we see, on comparison with the result of Art. 517, that this is the same 
as the arc of the parabola measured from the vertex of the 

parabola and expressed in terms of the ordinate. 



Fig. 108. 


Hence it will follow that when an Archimedean spiral r = ad rolls 
without sliding on the concave side of a parabola = 2ax so that their 
vertices come into contact, the roulette of the pole of the spiral is the 
axis of the parabola. In this case the r of the spiral is the ^ of the 
parabola, and the motion of the pole O is always at right angles to 
the line FO, and arcs J P, OP are equal. 

For-many examples of this class, see Chapter XIX, 
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522. Ex. 2. The Cardioide r = «(!-cos6). (See Art. 424, Diff, Calc,) 
Tlie curve is sjnnnetrical about the initial line, and 0 varies from 0 to 
TT for the upper half. 

-75 = « sin Q. 
dO 

Hence * = f — cos Oy^ + sin ‘^6 dO 

Jii 

2sin^tfd = j^--4a cos~J = 4a^l — cos^^ = 8asin^?• 



This gives the length of any arc GAP. 

For the upper half the length is 4a^l~cos ^^=4a. 

The whole length of arc= 8a. 

523. The u, 0 Formula. 

The equation of a curve is sometimes given in the form 

where W'=~. 


The appropriate formula for rectification in this case is 


ds^== 

-- — du^+^dO^ (since dr= — \dvi^], 

giving rise to 




or 


according as 0 

or u be taken as the independent variable. 
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524. Centroid of an Arc of any Line Density ; Polars. 
Again, exactly as in the case of the curve whose equation 
is given in Cartesian coordinates, if p be the line density, the 
centroid of the arc of a curve is given by 


x = 


y= 


1 px (is 

\prco^9ylr^+{^] 

,2 

) d9 

^pds 

\pyds J 


prBin 

\‘d9 




525. Centroid of Arc of a Circle. 

Ex. In the case of a uniform circular arc of radius a and terminated 



Fig. 110. 


by the radii vectores 0 = ±a, the line density being uniform, taking the 
medial line as ^-axis, 


r a cos 6.adO Tsin 0"1 

__a __ L J-a __ sin a 


f 

J - a 


add 


[»]:. 


and 


7/ — 0 because the .r axis is an axis of symmetry. 


526. Moment of Inertia of a Fine Wire. 

The moment of inertia of a fine wire of line density p about 
any straight line in the plane of the wire is 2/o Ss xp^y where p 
is the perpendicular from the element Ss upon the straight line. 
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Thus, Moment of inertia about ^e-axis — 

Moment of inertia about ^-axis = j* px^ ds, 
and Moment of inertia about a perpendicular to the plane 
through the pole = ds^ 

and for ds is to be substituted from the table of Art. 511, 
the appropriate expression according to the system of co¬ 
ordinates used in any particular case. 

The Product of Inertia for such a wire witli regard to the 

axes is defined as f 

I pxy dfi. 


Kxami'lks. 


1. Find the length of any arc of the curve from the formula 

j Vr^ + r'2 dd 


for the following cases : 

(i) ?•—« cos 6 (circle). 

0 

(iii) r = a sin^ - (cardioide). 
(v) r=a~| (cissoid). 


(ii) r—ae^^ (equiang. spiral). 

S/7 

(iv) —= 14 .cos 9 (parabola). 

. .V 3a sin2 0 . . , , . 

(vi) r = (semicub. parab.). 


2. Show that the length of the arc of that part of the cardioide 

r=a(l +COS 9)y 

which lies on the side of the line 4r—2a sec 9 remote from the pole, is 
equal to 4a. [Oxford.] 

3. Show that the whole length of the liraayon r = acos 04*^ is equal 

to that of an ellipse whose semiaxes are equal in length to the maximum 
and minimum radii vectores of the limagon. Hence show how to divide 
the arc of the limagon into four equal parts. [Colleges a, 1888.] 

4. Prove that the length of the pedal of a loop of the curve 

r”* = a”»sin m9 

rr 

is a(nin-hl)J^ sin m9,d9y where m(^-?i4-l)==l. 

6. Show that .the length of a loop of the curve 

3 y - (^2 ^ y 2^3 


[St. John’s, 1881.] 
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6. Show that the rectification of the curve r” — a*^sinnO is given by 
the integral 

^ ^Jo [Math. Tbif., 1890.] 

7. Two radii vectores OP, OQ of the curve 

r=2a cos’ll+ 

are drawn equally inclined to the initial line; prove that the length of 
the intercepted arc is aa, where a is the circular measure of the angle 
POQ, [Aspabagus, Educ. Times.'] 

8. Show that the centroid of a wire bent into the form of a cardioide 
r~a{l + cosO), and with a line density /rsec-, k being a constant, is on 

the axis of the cardioide at distance ^ from the cusp. 


527. The Converse Problem. Given s, find the Curve. 

The converHe problem, viz. given s in terms of one of the 
(|uantities x, y, r or 6, to find the equation of the curve, 
leads in the first three cases shown below to an application 
of the same formulae, but in the fourth case there is more 
difficulty (Art. 529). 


(1) 

If 

8“ f{x), wo have 





\dx) ~\dx/ ’ 


-1 dx. 

(2) 

If 

s=f(yl 





\dy) ~~ \dy) ’ 


~ldy. 

(3) 

If 

s=/W. 





.fdey /dsy , 

'■ (d?) ‘■kdr) -*• 


— dr. 

628. 

For example. 




1. Find the curve for which 

2a 

(i)’-s-- 

•^ady — 'Ja^ — a^dx 

± 2ay = xslx^ - —a^cosh-^ -+constant 

dL 
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2. Find the curve in which a*— r sec a. 
Here 


.2 — gec^a - 1 = tan‘‘^a, 

\dr/ 


^^=±.d() cot a, 
r 

logr== ± ^ cot a + const., 

r = (Equiangular spirals.) 

3. Find the curve in which s = \^Sen/. 


Here 

da . /2(Z 

>7’ 




, dx— 


\du) y 


Let 

y ==«(!- 

cos 0\ 


\%a — y 

l-y- 


dy. 


dx= Odd~a(l+coQ 0)dO^ 

> 1 - cos 6^ ^ ’ 


Ha 


cycloid. 


:v 4- con St. = a ( ^ 4- sin 6 %) 
y — a(\-cos 0\ 

529. (4) But the case when s=f(6) leads at once to 
fdr\ 


© +.--(/'(9)C, 


and the variables r and 6 are not now in general “separable” 
as in the former cases (see Integral Calculus for Beginners, 
Art. 175); nor does this differential equation fall under any 
of the standard forms. Nevertheless, in some cases useful 
information may be derived from its consideration. 

For example, 

1. Is the circle r = a the only curve for which s^ad'i 

( dr 

— which is of course satisfied by r=:a. But 

if r is not equal to a, we have 
C dr 

8in~^ - — a±0, where a is a constant. 
a ’ 

Hence r=a sin (a 4 0), 

i.e. a circle of radius ^ and passing through the pole will also give the 

same result, viz. 8—a0, as is geometrically obvious. But no curve other 
than r ~ a or r=a sin (a ± 0) will do so. 
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2. Is the equiangular spiral the only curve for which 


Here 


/drV 

[dOj 




1 


JIB cot a 


Let r — where v is some function of B to bo determined. 

Thus q. cot =r cosec^ a, 

which is of course obviously satisfied if r—1, which leads back to 

But we have in addition to this the general solution of 


dv 

dO 


+ V cot a = ± V(cosec-^ a — 


i,e. of 


/ V cot a - 


dv 


L ^ \/cosec'^ a — 

where /3 is some constant. 

To integrate this, let ^;=cosec a sin 


Then 

i.e, 

or 

where 


J sin (</) T- a) ~ sin a ^ 
j {cosacot(^Ta)^ sin tt}<i</>— 


cos a log sin (<f) a) ^ if)sin a ■ 
sin r 


f^-e 


sin a a<?9cota» 


which upon elimination of </> furnishes a set of curves whose arcs are 
of the same length as the corresponding arcs of the equiangular spiral 


Examples. 


1. Find the curves in which 


(i) « = asin~^-. 

'' a 

m2 

(iii) » = 2-. 

(v) « oc r. 

(vii) « = 2>/2ar. 

2. Show that the equation 


(ii) 5=Vy‘^-c2. 

B 

(iv) y = ce 
(vi) 5 a fjx. 


dH ds 


leads to a cycloid or a four-cusped hypocyloid according as w = 2 or n=:3. 
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530. Tangential Polar Equations. Legendre s Formulae. 


Formulae 


dp 


da 


d^p 

d^7^ 


These results were proved in Article 221 of the Differential 
Calculus, but are now established in a different manner. 

Let PF, P'Y' be the tangents at two contiguous points P, P' 
of the cuT-ve, OF, OF' the perpendiculars upon them from the 
pole 0. 



Let t be the projection of the radius vector upon the tangent 
0 Y= p, 0 Y ==p +Sp, arc PP'= Ss, 
and Sx^r the angle YOY'. 

Then, projecting the broken line OYPP' upon OF' and 
upon F'P', 

(1) p+Sp —pcos Sxf/'+t sin S\fr+8Gcond order quantities, 

(2) t+St = Ss+t cos Sxp'—p sin Syfr, 

i.e. 6p = tS\lr, 


\ 

~~p SxfrJ 


St=Sa —p Sxfr^ 


to the first order. 
da . dt , d^p 


And ultimately 

dp 


'dx{r^' 


531. It is to be noted that since t^-rj^r cos d), i.e. the 

a\p 

projection of the radius vector upon the tangent, t is positive 
or negative according as </> is acute or obtuse. 

The above figure (Fig. Ill) exhibits the standard case. In this 

dxjr 


case t s is +PF, and is in a direction from P opposite to that 
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of the direction of increase of s; p is increasing with i/r and 

is therefore positive. In cases where p increases or decreases 

as i/r decreases or increases, (i.e, t) is negative, and ==—PF. 

The student should examine the formulae carefully in all 
four cases : 

(1) Curve concave to 0, <f> acute. 

(2) Curve convex to 0, <f> acute. 

(3) Curve concave to 0, 0 obtuse. 

(4) Curve convex to 0, 0 obtuse. 

d 

It wull be seen that -ry i ,6 cases and that 

ciy/' 

t = ±iPY according as (/> is acute or obtuse. 

The arc s is measured from a point on the arc on the same 
side of the radius vector as that on which 0 is measured; i/r 
may increase or decrease with the increase of s. 

The value of the radius of curvature is, of course, essentially 

positive; and p=±^- according as s and \}r increase 

together, or the one increases as the other decreases. 

Accordingly we have respectively in these 

cases. The formulae established are due to Legendre. 


532. By integration of 


ds 

dyp' 


=p+ 


d'^p 


we have 


i.e. 



where t is the “ tail'' referred to in Art. 617. 

In the case of a closed oval of continuous curvature, the 
'‘tail” t returns to its original value wlien the integration is 
conducted round the whole contour. 

If the origin be within the curve and is only enclosed once 
by it, the length of the contour is given by 
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If the origin is enclosed n times (Fig. 112), so that the 
tangent makes n complete revolutions as its point of contact 
travels continuously round the curve, the length will be 

f 2 »i» 

pd'^r. 


Further modifications may have to be made, for instance, 
in integrating round a loop of a curve (Fig. 113); it may 

ds 

happen that the initial and final values of ^ are not the 
same, and that the tangent does not make a complete 




Fig. 113. 


revolution, but the student should have no difficulty in such 
cases in assigning the proper limits. 


Hence 


[7,1889.] 


.533. Ex. Show that the perimeter of an ellipse of small eccentricity e 
3e* 

exceeds by ^ of its length that of a circle having the same axis. 

Here cos^ + — ^ si n'^ 

where is the angle p makes with the major axis. 

Therefore — 

^ \2 2 2 2 8 4 2 2 "') 

« ^ 2 3 - 

= 27ra - 5 "irae* - ... . 

22 022 

The radius r of a circle of the same area is given by 

ra=:a6=aMl-e*)t 




and its circumference is 
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circumf. ellipse - circuiuf. eirclo =^7 


64 -'™* 

— {circ. of circle} 
u4 


as far as terms involving 

circ, ell.-circ. circle_3c* 
circ. circle ~ 64 ’ 


bo terms involving e*. 


circ. ell. - circ . circle _ 3c* / / 3c*\ 

circ. ellipse ~ 64 / \ ^64/ 


3c*^ 3^* 
64 


534. Length of the Arc of an Evolute. 

It was shown in the Differential Calculus (Art. 343) that 
the ditFerence between the radii of curvature at two points 
of a curve of continuous curvature is equal to the length of 



Fig. 114. 


the corresponding arc of the evolute; i.e. if ah be the arc 
of the evolute of the portion of the original figure, then 
(Fig. 114) 

arc ah = Aa—Hh, i.e. p (sui A)—p (at H). 

And if the evolute be regarded as a rigid curve, and an inelastic 
string be unwound from it, being kept tight, then the points of 
the unwinding string describe a system of parallel curves, 
each of the parallels being an involute of the curve ha, one 
of these being the original curve HA itself. 

535. Ex. Find the length of the evolute of an ellipse. If a, a, p, p' 
be the centres of curvature corresponding to the extremities of the axes, 
viz. A, A\ B, S' respectively, the arc aP of the evolute corresponds to 
the arc AB of the ellipse, and we have 

arc aP~p (at B)-p (at -d)=-g 




2m 
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aW 

of the ellipse is —3 
Thus the 


r dr \ 
dp)' 


for the ladius of curvature at any point P 

^the pedal equation being + and t* " dp 

length of the entire perimeter of the evolute, which is obviously 
symmetrical about the axes, is 

\b a} 

In the application of this rule care is needed, not to pass a point of 
maximum or minimum curvature on the original curve, for on travelling 



Fig. 116. 


in a continuous direction round the original curve the difference of 
successive radii of curvature changes sign at such points and the evolute 
has a cusp as in the figure for the ellipse (Fig. 115). In that case, as P 
travels from ^ to i? and through ^ to A\ the string PQ is wound off 
the arc a/3 and upon the arc fid. And therefore the arcs a/3 and /3a 
would appear with opposite signs, viz. ) ^ travels 

continuously in one direction. The intervals between the points of 
maximum and of minimum curvature must therefore be treated separately 
and the positive results added together. 


Examples. 

1 . Show that in the parabola the length of the arc of the 

evolute intercepted within the parabola is 

40(3^3-1). 

2 . Find the whole length of the evolute of the cardioide 

r=a(l +C 0 S 6). 
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3. Show that the length of the evoliite of the portion of the Folium of 
Descartes + —which corresponds to the loop, is ^ (4~ \^2). 

536. Intrinsic Equation of a Curve. 

Let 8 be the length of the arc of a curve measured from 
a fixed point 0 to the current tracing point P; 



\[a the angle of contingence at P, i.e. the angle between 
;he tangent at P and any fixed line in the plane, say the 
tangent at O ; 

p the radius of curvature at P, or k its reciprocal, viz. 
the curvature. 

Then any given relation between two of these three quan¬ 
tities 6‘, \jr^ p (or k) will suffice to determine the shape of 
the curve, and may in many cases very conveniently 
replace an extraneous specification of the curve by means 
of coordinates, Cartesian or Polar. These quantities s, -i/r, p 
depend upon no external system of coordinates and leave 
the position of the curve undefined. The nature of the curve 
itself is specified by the relation existing between two of 
the three 8, p, which has been very aptly styled by Dr. 
Whewell the Intrinsic E<juation of the curve. Some notice 
has been already taken of Intrinsic Equations in Arts. 346-349 
of the Differential Calculus. But the subject is more closely 
allied to Integral Calculus, and it is convenient to develop 
the matter more fully here, though at the risk of some 
repetition. 

We shall adopt the notation used in the Differential 
Calculus as to the meanings of the letters involved for the 
.following work. 

When the relation is between s and \/r, 
say s^f{yfr), 
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that between p and \// is 


f'W- 

The sign to be taken + when s is increasing with \/r, 

— when s increases or decreases as \j/^ 
decreases or increases, 

and if k be used ^viz. the curvature, =~)> instead of the 
radius of curvature, 

± 1 


is the relation between k and with, of course, the same 
rule'as to choice of sign. 

Conversely, if the connection given be between p and \jr. 



say 

then 


and 

8=±{fi\}r)d\p-+C, 


0 being a constant which may be chosen to correspond to 
the measurement of s from any arbitrarily chosen point of 
the curve, and the sign selected as before. 

When the relation is given between k and \/r, it is, of course, 
the same thing, except that we have 

K=fW, say, 


i,e. 

+1 

11 

and 


Finally, when the relation is between p and 8, 


say p=f(s). 

we hq,ve 


and 
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Hence, these three systems of description of a curve, by 
means of a specified relation, 

(а) between s and xfr, 

(б) between p (or k) and \J>, 

(c) between p (or k) and s, 

are equivalent, and either forms a mode of specification which 
is intrinsically a property of the curve itself, and in no way 
defining its position upon the plane upon which it may happen 
to be drawn. 

The s-xlr description is the one which is usually under¬ 
stood as the “ Intrinsic Equation,’' and it is the system used 
by Whewell in his memoirs on the subject (Gamb. Phil, 
Trans., viii., p. 659; and ix., p. 150) and discussed in Boole’s 
Differential Equations, pages 264-269. 

The p-y^r specification was used by Euler. 

537. To obtain the Intrinsic Equation from the Cartesian 
Equation. 

When the Cartesian Equation is given as y=if{x), then, 
supposing the initial tangent to be parallel to the ^-axis, 


we have tan V^=/'(x), .(1) 

“d ^ = n/iT[7W, 

s = jVl + [/'(»)]^ .(2) 


And if after integration x be eliminated between equations 
(1) and (2), the required relation between 8 and \/r, 

say s = F(\lr), 

will be obtained. 


Conversely, if the equation s = F{\lr) be given, and the 
Cartesian equation be desired, we have 



dx , dy , , 


whence 

X + A~^COS\lrF'{\J/')d\Jr, . 

. 


y + B={siinyJyF'{\f/)d\p-, . 

.(2) 


A and B being arbitrary constants. 
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And if after integration \[r be eliminated from equations 
(1) and (2), the Cartesian Equation of the curve will result. 

538. Illustrative Examples. 

Ex. 1. Intrinsic Equation of a circle. 



Fig. 117. 


If xp be the anjjle between the initial tangent at A and the tangent at 

A A 

the centre being 0 and the radius a, we have POA = PTx~ \p, and 
therefore s = a^. 


Ex. 2. Intrinsic Equation of a catenary. 

In this case the equation of the curve referred to its axis and th^ 
tangent at the vertex as coordinate axes is 


Hence 

and 


?/ + 6’==C cosh - • 
c 

tan — sinh 
^ dx c’ 

^ 1 + sinh^ ? = cosh -; 
dx “ c c 


the constant of integration being zero if we measure s from the vertex 
where .r=0 ; therefore s~ctiix\\// is the intrinsic eejuation sought, 

539. Case when the Coordinates are expressed in terms of a 


Parameter. 

If the equations of the curve be given as 
x=f{t), y = <p{t), 

weh^ve tanV' = ^ = ^^|.(1) 

__ 

Also 

and s = js/{/'(<F +'{0 W dt .(2) 
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If a be found in terms of t by integration from equation (2), 
then between this result and equation (1) we may eliminate t 
The required relation between s and will result. 


640. Ex. 1. In the cycloid 

.37 —a +sin t)j 
^ — a{\ — cos t). 

TT ^ # sin t ^ t ^ , 

Hence tan^=, -^ = tan-; 

i + cos t 2 ^ 


- * —— - . 

Also ^ ^ ^ ^ t~^a cos 2 ; 

whence 5 = 4a sin s being measured from the vertex, where —0. 
A 


Hence 5 = 4a sin ^ is the equation required. See Diff. Calc.^ Arts. 395, 
397. 


Ex. 2. In the epi- or hypo-cycloid 

^ = (a 4- 6) cos 0 - 6 cos 0, 

?y = (a 4- 6) sin 0 - 6 sin 0? 

— (a4-i^) sin 04- (a4'&) sin ^-^0, 

+ h) cos 0 - (a 4- h) cos 0, 

±2(a + &)sin^0, 


^Ah(a-^h) a ^ ^ 

5 :f ___V-/ cos 0 + 0 . 

a 26 



Fig. 118. 
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Also with the description of figure in Art. 405, Dlff. Calc.^ 
ad = b(l> and rp~-d + ^ = 

a a-\-2b ^ 

If s be measured from the cusp, the tangent at the cusp being the 

initial lino, 46(a + <-)/, a ,\ 

arc AP~s~ —^-- ( 1 - cos —^7 ^ ) • 

a \ a + 26 ^ / 

If we measure the arc from the vertex F, where 0 = ”, 

’ a 

rrn / 4/>(a-f6) a , 

arc VP— 8 ~ —-^cos- ^7 \P. 

OA being retained as the initial line for the measurement of xf/. If we 
measure \p from the tangent at the vertex, we must write 

2 a ^ ^ 2 «. + 26 ^ a + 2b ^ 

and 8* ^ - -- sin-^ xp'. 

a a A- 26 ^ 

Hence the general intrinsic equation of such curves is 
5 = yf sin B\p or s ~ d cos B\p, 

In the case s = A sin B\p^ s is measured from a vertex and \p is 
measured from the tangent at that vertex. 

In the case s — AcosB\p, s is measured from a vertex and xp is 
incasui’ed from the tangent at the next cusp. 

541. To obtain the Intrinsic Equation from the Polar. 

Suppose the initial line parallel to the tangent at the point A 



Fig. 119. 

from which the arc is measured. Then, with the usual 
notation, we have 

^ = /W j equation to the curve,.(1) 

= ^ + ...( 2 ) 

, ^ r do f(0) 

tan =j^^, .(.3) 

m =V'-“+; 
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and therefore 

S = {/W do .(4) 

If s be found by integration from (4), and 0, </> eliminated 
by means of equations (2) and (3), the required relation 
between s and \[r will be found. If the initial line of the 
polar equation be not that from which yp' is measured, 
equation (2) will need modification accordingly. 


542. Ex. 1. Find the intrinsic equation of the cardioide 
r = rt.(l — cos 0). 

Here ip~0+4*, 

(t(l 

.siii 0 


, V 4 - cos 0) 0 

tan 0 — . A -- = ^ ; 

^ oi /V 2 


Also 


•. and ^=-0 + ^=-'^-^; 

'^Q — a'J(\- cos ^/)- + siu''*@ = 2asin 



Fig. 120. 


If we determine C so that « = 0 when 0=0, we have (7= 4a; 

,. «=4a^l — cos 

the intrinsic equation sought. 

If xi be the vertex, the arc .d/^=4acos^. > 

«5 

If we measure \p from the tangent at the vertex (Fig. 121), we must 
write for 37 r 
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Hence the normal TQ to the first negative pedal envelopes a circle with 
centre 0 and radius a. it is therefore an involute of the ciicle. If TQ 
touches this circle at then p—7’<^=arc where A is the cusp of the 

A 

involute, i,e. p—axj/^ for xl/ — {^OA ; 


ds 
*■ dxp 


~a\p 


and 


s — 


axj/^ 

~ 2 ~‘ 


(See Diff, Calc.^ Art. 455.) 

Otherwise ; If r~aB be the locus of 1\ 0 being the polar coordinates 

of the foot of the perpendicular from the pole upon a tangent to the first 
negative pedal, the tangential polar equation of the pedal is p — a\p ; 
dn dhi , 


543. To obtain the Polar Equation from the Intrinsic. 

When the intrinsic equation s — F(\]/') is given, and it is 
desired to get the equivalent polar equation, it is usually 
best to obtain the Cartesian coordinates of a point on the 
curve first, as above, from 

x == I cos ^ = J sin x/r '{\p) d\}^y 

and then, after integration, to form 

and ^=tan“i^ 


as functions of >//, and finally to eliminate \//, when the 
resulting equation will be the relation between r and 9. 

If we attack the problem directly without the intervention 
of Cartesians, we have 




p^F'(y}r)=-F\9+<i>) 


=r'(0+tan-J 


which is a troublesome second order didbrential equation; 
but one which, of course, theoretically furnishes the lequired 
relation between r and 9. 


544. Illustrative Examples. 

Ex. 1. Find the 5, \p relation for the equiangular spiral 

Here <^ = a, ^ = 0 + a, 

« = acosecafe*“‘V6l- “ 

J cos a 
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the constant being determined so that s shall be measured from the point 
at which ^=: - oo, i.e. from the polo ; 

• „ ^ (i//-a) cot a 

cos a 


Ex. 2. Conversely, find the polar equation corresponding to 


Cfc (i//-a)cota 

=- e 

cos a 


TTT 1 r I (‘^-a)cota7, acota 

We have x -=:^/cosine —cos(^-a), 

a J cosec a 

sin a /* . / 

y-^ = j«n.A 


(i//-a) cot a, 


- a COta 


cosec a 

the constants vanishing if we make - a and y ~ 0, when ^=:a; 
r 


• „ ~ g'/' a Cota . 


Ct 


and 


tan 6 = — a) ; ip—O+a ; 

• A, ... 


545. Intrinsic Equation deduced from the Tangential Polar. 
When the tangential polar equation of tlie curve is given, 
p=F{y}^), say, 

we have at once 

and 

the intrinsic equation required. 


546. Tangential Polar form deduced from the Intrinsic Equation. 

To get back to the tangential polar form from the intrinsic 
equation 


we have, of course, .(^) 


To solve tliis differential equation we may either say 

at once 2 

;P=^ sin V/ +B cos yjr +g 2 qrj / 


and perform the operation indicated. (See Integral for 
Beginners, Chap. XVI.), or we may proceed thus : 
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(а) multiply (1) by cos \/y and then by singiving 

respectively, 

4 ^ (§• 

4 - (4 ’ 

(б) integrating we have 

dv . 

y~ cos‘\//'+^sin\J>= 1 /'(^/A)cos\/r + 

Jo 

^ sin \/r — jr) cos \/r = J /'(V^) sin x//^ — -B, j 

where A and B are arbitrary constants; 

(c) eliminating^^, 

r'P 

= sin x// 1 / '(x/r) cos \/r d!x/r — cos x/r I / '{xfr) sill x/r rfx/r 
Jo Jo 

+ ^ sinx/r + Bcosx//; 

and the tangential polar result is obtained. 

The result may obviously be written as 

C'f' 

p--A sin xf/^ — B cos x/r == I f (w) sin (xj^' — w) doi. 

Moreover, if we choose our origin of measurement of p to be 
such that A and B both vanish, and suppose s to have been 
measured from a point where Yr==0, so that/(0) = 0, we may 
integrate by parts and further reduce this equation to 

p = J /(ft)) cos (x/r — cd) cZft). 

547. Intrinsic Equation deduced from the Pedal Equation. 

When the pedal equation (p, r) is given, say p=/(r), 


^ /■ 

_-=C 08 ^=y 


1 - 


r2 


Then s can be found in terms of r by integrating 


Again, 


Vr^-[/(r)]^ 
ds ^ __ T dr T 


.( 1 ) 

( 2 ) 
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If r be eliminated between equations (1) and (2) we get 
a differential equation between s and xfr, whose solution 
furnishes the intrinsic equation sought. 

548. Ex. Consider jo — r sin a (equiangular spiral). 

/ rdr _ r rdr _ r 
J-pi. _J rcosa cos a’ 

ds rd,rr . 

— ^ — —5 cot a, 

d\p d'p sin a 

~ — cot a dxf/, 

log .<? = i/' cot a + constant, 

549. Pedal Equation from the Intrinsic. 

Conversely, if it be required to derive the pedal equation 
from the intrinsic equation s==/(\J>), we have 

. 

and p==sm\lr j f {yfr) cos xjrdxjr— cos f ' {\jr) sin \{r dxjr. ...(2) 

Upon elimination of ^/r we have a differential equation 
dr . 

between r and p, which when solved gives the required 
p-r equation. 

560. Ex. Starting with s=(7e'''™**, 

r ^ =^ = Ccotae'''‘’‘’‘% 
dp dip ’ 

and p = nn4>j Ccotae'<‘'^^’^coa dip-cos }pjc cot a 

= (7 cot a ip c oa{ip-a)~ cos ^ ain (- a ) ^ 


dividing, 


p — Ceos a sill a ; 

r dr _ 1 

p dp~sin^a^ 


if p and r are taken to vanish together, 


p = r Bin a. 


551. Variations on these modes of procedure may of course 
be adopted to suit special cases. 
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552. Well-known Intrinsic Equations. 

The following are the most common intrinsic equations of 
the “ well-known ” curves : 


(1) For the circle, 8 = a\j/^, 

(2) For the catenary, s = c tan \jr, 

(3) For the cycloid, 8* = 4asin>/r, 


Diff. Calc.y p. 273. 
„ p. 273. 
„ p. 340. 


(4) For the epi- or 
hypo-cycloid, 


(5) Involute of a 
circle, 

(()) Parabola 
2/^ = ^ax, 


or, generally, 

s — A sin B\]r 
or 8 —A cos B\]r, ^ 

axjr^ 


p. 275. 


p = 2a8ec^\f/^y \ 

s — a[scc \/r tan x/r -f log(sec xjr tan ) 
Int Calc.y Art. 517. 


(7) Evolute of a / 

par abol a ls = 2a{ sec*^ x/r — 1), 

27ay- = 4 {x — 2a)^, I 

Semicubical c 

parabola -j 9^ = 4a (sec^x/r — 1) 

3a2/‘^ = 2a‘3, [ 

(8) Equiangular 

spiral, I 

(9) Tractory, s = c log cosec x/r, 


(10) Cardioide 

r = a(l 4-cos 0), 
r = a(l — cos 0), 


(11) Catenary of 

equal strength, 

y = alogsec|, 


Is^Ae^'f'. 


8 = c log cosec x/r, 

.s = 4a8in(|-^), 

included as a case of 
the epi-cycloid, 

g = 4a^l — coS“^, 


Diff, Calc., p. 275. 


Int. Calc, for 
Beginners, p. 151. 


Diff. Calc., p. 358. 


Int. Calc., Art. 542. 


5=:agd’^x//“, 


i.e, s = alogtan 


a+t)' 


Int. Calc.y 
Ex. 8, 
Art. 517. 
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553. Intrinsic Equation of the Evolute. 

Let s— f i\jr} be the equation of the given curve. Let s' 
be the length of the arc of the evolute measured from some 
fixed point A to any other point Q on the evolute. Let 0 
and P be the f)oints on the original curve corresponding to 
the points A, Q on the evolute; p the radii of curvature 
at O and P; xp the angle the tangent QP makes with OA 
produced, or, which is the same thing, the angle the tangent 
PT makes with the tangent at 0. 

Then 

s'=fn')-Po- 



554. Intrinsic Equation of an Involute. 

With the same figure, if the curve AQ be the original curve 
given by the equation s'=f (x/r), we have 


P-S+Po, P=^^-> 
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Pq is now an arbitrary constant, and 


= |/ +/00’/"+conat- 


The intrinsic equation of an involute 

s=/)o'/^+f fwd\]r 

Jo 

is the particular involute whose radius of curvature at 0 is pQ, 
For any of the other involutes, the whole set of which form 
a family of parallel curves, replace p^ by a where a is the 
radius of curvature of the parallel, corresponding to p^ for 
the particular involute considered. 

Then s=a\jr + \ f(\}r)d\]/', 

J 0 

The diflference of the arcs OP, OT' of these parallel curves 
is therefore (pq—ci)'^/", and if the involutes form closed ovals, 
the tangent making one completes revolution, the difference 
of their perimeters is 27r(po~^)- 


555. In the case of an involute of a circle, already discussed in 



Art. 542, if a be the radius, 0 the centre, A the cusp of the involute, 
and Q the point of contact of the radius of curvature at P, 

PQ — aO — a\p and s - ^ax// d\f/ ~ • 

2n 


K.I.e. 
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For a parallel traced hy a point at diHlance h from P 

~ J— d\j/ 


„ 


‘hip+G 




if we measure s' so that 


when t/'- --, 
^ a’ 

i.e, another involute of the circle. 


556. In the case of the epi- and hypo-cycloids 
5 ~ A sin Bxj/j 

the evol ute is s' A B cos B\p' — 


or, dropping the accent, and writing po + 8'=-s, i,e. changing the origin 
of measurement of s suitably, 

8 — A B cos 

8 being measured from the point where \p - or s = AB ainBt// if we 

choose a suitable initial tangent, viz. that at the point from which s is 
measured. 

Hence the evolute of an epi- or hypo-cycloid is a similar epi- or hypo- 
cycloid. 

Putting J5 = 1 we have a case which shows that the evolute of a cycloid 
is an equal cycloid. 


Supplying the values of A and B (Art. 540), the equations of the curve 
and of the evolute may be written 


s = — (a 4 - b) cos —TTiT w, 


„/ « + a I, 


with a different origin of measurement for s' and a different initial 
tangent, and we can compare the linear dimensions of the two curves, viz. 
linear dimension s of evolute a 

linear dimensions of original curve ~ a 4- 25’ 

e.g. in the ca.se of a cardioide, for which a = 6, the evolute is another 
cardioide of one third the linear dimensions of the former. 


557. Whewell’s Theorem. 

An interesting theorem is quoted by Boole from WhewelFs 
Memoir (above referred to) with regard to the ultimate form 
to which the successive involutes of a given curve tend, the 
involutes being such as have equal “ tails.” 

Whewell takes as his original curve s=F(\lr), which he 
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supposes capable of expansion in powers of x/y, and .9 
vanishing with x/r, so that 

s=A^yfr-j-A2\//'^+A^\/r^ + 

and he further supposes the successive involutes to be defined 
as having the same rectilinear tail ” at starting. 

Let FqF be the original curve, and QqQ, RqR, the 

successive involutes, and the several '‘tails” QqFq, RJQ^, 



aSqJ? 0 , ... all equal, say = a, and take Sj, . 92 , S 3 , ... the suc¬ 
cessive arcs. The x/r’s are all equal if measured from the 
respective initial tangents. 

Then for the arc QqQ, viz. the first involute, 

^ = «+Si = a+^i^,+^2 Y[+-> 

X ^2 

s^—ayl/'+A^Yi+A^^ +..., 

no constant being required, as each arc vanishes with x/r, 

xl/"^ xI/'^ 

Similarly, s^=a\lr+a^+A^-^+A^^+ 

S4=a>/f+a| j+a^4-4, .... 
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Proceeding thus, 




d-^4- . 
2!^3r 


+; 




(«-l)! 

And when n is very large the terms in the first bracket 
(whicli are unaffected by the form of the original curve) 
approximate to e'f' — l. 

And those in the second bracket have coefficients which 
are ultimately infinitesimally small. 

Hence the involutes tend to the limiting form 5 —1), 

TT 

i.e. an ecpiiangular spiral of angle — . 


In a similar manner we note that if we start off with a 
curve in which where F is an algebraic expression 

of tlie degree, 

\l/'^ \J/^ ~ ^ 

say + - +j^+h 

then, since the radii of curvature of the curve and its 
successive evolutes are 

ds 


_ dp _ 

__ dp^ _ d^s 
d^f d\lr'^ ’ 


etc., 


it follows that p , =a. 

^ w-l 

Hence the (^ — 1 evolute is a circle. 

Therefore 5=a—4-i>7--“Trt+ ••• 

n\ (n—])! 

is one of the (n-—1)^^ involutes of a-circle of radius a, or 
parallels to such involutes, the 'Hails'’ being the successive 
coefficients k, j, etc. 


558. Involute of a Catenary. 

Ex. The intrinsic equation of the catenary is «=ctan^. 
Hence the intrinsic equation of its evolute is 
s —csec*^ — po) 

and po is the radius of curvature at the vertex = c 

j^f01' P = ^^ ^ = c, when xp ~ 0 J. 

Hence the evolute is « = c(sec''^^~ l)~c tan®^. 
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The intrinsic equation of an involute is 
s — j {c tan \}/ + A)dxp 

= c log sec ip + Axp-k- constant, 
and if 8 be so measured that s — 0 when ^=0, we have 
8—c log sec \p-\-A\p. 


559. Tracing of a Curve from the Intrinsic Equation s—/(\{^). 

(1) Generally it is best to obtain the Cartesian or polar 
form of equation if possible by the methods of Arts. 537, 
543, and to trace the curve therefrom by the usual rules 
(Diff. Calc., Chap. XII.). 

(2) If this be not possible by reason of the failure to inte¬ 
grate the expressions occurring in the articles cited, find the 

curvature and examine how the curvature changes with 
yfr. Note also concavity or convexity to the origin according 


ds 

as is + or Note whether s becomes unreal for any 

values of \j/', and whether p changes sign for any values 

ds 

of ylr. Also the inflexions where = oc, and the cusps 
ds 

where -y—= 0. 
dyf/' 

Tabulate corresponding values of xfr, s and p. 

Observe whether a change of sign in \/r would alter the 
value of s. If not there is symmetry about the initial line 
from which is measured. 

Examine whether 


x= rcosx/(x)<^X. 
Jo 

y = x/(x)<^X, 


even though not (as in the case considered) integrable in 
general terms, can be evaluated as definite integrals for any 
particular values of Approximate values of these integrals 
may lead to important information as to the position of some 
points through which the curve passes. For accurate plotting 
the tabulated values of these integrals for various values of 
in general becomes necessary. For a general idea of the 
shape of the curve when close accuracy of plotting is not 



566 


CHAPTER XVI. 


necessary, an examination of the integrals and the behaviour 
of the integrand may furnish suflScient information. 

560. £x. Trace the curve Cornu’s Spiral.* 


Here 


_ 1 

^ dxp ^ks' 


The curvature continuously increases with s. Hence, as s increases, 
the osculating circle at any point will contain the whole of the remainder 
of the curve ; and p diminishes more and more slowly as s increases. 



Negative values of \// would give unreal values of s. Each value of xp 
gives two values of one positive, one negative. It is to be inferred that 
the origin of measurement of « is a point of symmetry. 


We have 


^ = j COB Ip ds = COB ks^dsf 

sin xpd8==J^ Bin ks^ds. 


These integrals are not integrable in general terms. 

But cos ^ known result (Art. 1163, Ch. X^XVIII,), and 

sin ks-ds has the same value. Tliese are known as Fresnel’s integrals. 


*Jour7iat de Physique^ t. iii., 1874, M. A. Cornu. 
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Hence, when s becomes very large the curve dwindles down to a point 
on the line after an infinite number of convolutions about the point. 

And the point is at a distance from the origin value of p 

is infinite and changes sign when «=0. There is therefore a point of 
inflexion there. 

Also ~ = cos ks\ ^—sin 

da ' ds 

which show that the tangent is parallel to the initial line 


when = 0, tt, 27r ..., 


and perpendicular to it 


when ks^- 


TT ZtT StT 

"2’ T’ T‘ 


which, indeed, is obvious from the equation ka^ — ij/. 

Taking k as unity for convenience, 

1, 2, 3, 4, 5, 6, 00, 

give s = 0, ±1, d:l*414, ±1*732, ±2, ±2*236, ± 2*449... ± cx>, 

p = oo, 0*500 0*354, 0*289, 0*250, 0*224, 0*204... 0. 

We are now in a position to form an idea of the curve which is shown 
in the figure. 

This spiral is of considerable importance in the theory of light, the 
length and direction of the radius vector at any point giving a graphical 
representation of the amplitude of the resultant of a system of superposed 
vibrations.* 

The values of Fresnel’s Integrals 

C= / cos —av, S— / sin — av, 

JO Jt Jo ^ 


have been calculated for values of v from 0 to 00 by Gilbert.t The tabu¬ 
lated values are necessary for accurate plotting. 

The general methods of evaluating these integrals are discussed by 
Verdet {(Euvres, vol. v.), Fresnel {CEuvres, tom. i.), Knockenhauer (Die 
UTidul. des Lichts), Cauchy (Comptea liendna^ t. xv.) and others. See 
Preston, Theory of Lights p^-g© 220 on wards. 

Incidentally the spiral exhibits graphically the march of these 
integrals, the abscissa and the ordinate representing the integrals and a 
being the independent variable, showing their oscillatory character. 


Thus 


^=fo 


cos increases from « = 0 to decreases from 


s — >/l to s = s/2y increases from 5=N/2to« = \/3, and so on. And similarly 
for y. 

These integrals will be discussed more fully later. 


* Preston, Theory of JAfjht^ Art. 141, onwanls. 

courojdfn^a de V Acad, de Brtixelha^ t. xxxi., 1863. 
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The limits for the upper half of this curve are — O and ^\= 7 r. 
Hence the whole perimeter of the pedal 



563. Arc of the Pedal Curve. 

Again, tlie tangent to the locus of Y, the foot of the per¬ 
pendicular, makes with OY the same angle that the radius 
vector OF makes with the tangent at the corresponding point 
F of the original curve. 


Thus 


dp 

ds ds’ 


.<^) 

which again expresses the arc of the pedal in terms of 
elements of the original curve. 

The result may be presented in various forms. 


Thus 


s' == I - = j* r d^x/r, . 


.(3) 


which is equivalent to (1) for 


V, = | + x and 




5 '= I-.Cartesians (4) 


Also 


or 


or 


■f 


T+Kto) 


»•=+ 


\de) 


do, .forpolars (5) 


dr 


dr, .for pedal equations (6) 


(from equation 2). 


564. Arc of a First Negative Pedal. 

If the original curve be r = /(0), then r, 0 are the polar co¬ 
ordinates of the foot of the perpendiculai* from the pole upon 
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the tangent to the first negative pedal, whose tangential polar 
equation may therefore be written p = f(x)> X being the angle 
the perpendicular to the tangent makes with the initial line 

(viz. x = 



565. Ex. Find the intrinsic equation of the first negative pedal of an 
ellipse ^ = l + ecos 6^, with regard to the pole. 

Here - ^ [ i~r~-J 

ax fX jl+ecosx ^ 

el sin Y . I 1 e -j- cos y . 

5 = rr—-COS*"^ r---^ -f COHSt. 

(l+ecosx)^ \/i—e^ l-f-ecosx 

If we choose to measure s from the point where x — 

the constant = —cos"*' 1 =0. 


PROBLEMS. 

1. Show that the whole length of the curve 

yS(a2 _y2) = 8aV is irav2. [Oxford I. P.,1890.] 

2. Find the whole length of the loop of the curve 

3ay* = *(!«:- af. [Oxidrd I. P., 188RJ 



PEOBLEMS. 


571 


3. Show that the aa-s of an equiangular spiral, measured from 

the pole to the different points of its intersection with another 
equiangular spiral having the same pole but a different angle, 
will form a series in geometrical progression. [Trinity, 1884.] 

4. Show that the length of an arc of the curve = can be 

found in finite terms in the cases when or + ^ is an integer, 

2m 2m 2 ® 


5. Evaluate the expressions, 

wherein the line-integrals are taken round the perimeter of a closed 
curve. [St. John’s, 1890.] 

6 . If s be the length of the curve 

r = a tanh ~ 


between the origin and 6~2Tr, and A be the area between the same 
points, show that A — a^s — enr), [Oxford I., 1888.] 


7. Show that if the arc of the curve 
0 

r = a tanh^^ ^ (n being integral), 

Tiioasurod from the origin, be called 5, and if A be the correspond¬ 
ing area swept out by the radius vector from the origin. 


1 3 an-1 



if n be odd and > 2 , 


/r\» 1 /: 

r\« 1 /?’ 

\ ” 11 



) M 

\aj 4:\i 

ij 71-2 \a 

/ Ji 


if 71 be even, 


0 . 


the results for r = a tanh^ giving 2A ^a{s-r)~a{2s - ad)- 


8 . Show that the length of an arc of the Cissoid of Diodes 

sin^ 0 

r = a - 2 i 

cos 0 

is tanh"^^;) taken between limits 6^ and 6^2 where 

3z^cob + Z cos 2 0 
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9. Show that the intrinsic equation of the somicubical parabola 

= 2x^ is 9s = 4a (sec® i/' - 1). 

10 . In a certain curve 

a; = e® sin B, y = e® cos B. 

Show that 5 ~ 6®\/2 + 

Also that for the curve 

X —sill hB, y — 6“® cos hB, s = e“® + (7. 

Name these curves. 

11. Show that the length of an arc of the curve 

X sin B-k-y cos B = f{B), 

X cos B - y sin B = f\B), 
is given by s == f{B) + f {B) + C. 

12 . Trace the curve y^ — - xy^, and find the length of,that 

part of the evolute which corresponds to the loop. 

[St. John's, 1881 and 1891.] 

13. Show that the curve whose pedal equation — has 

, . . . . . 

for Its intrinsic equation s = a\y. 

What curve is this ? 

14. The coordinates of a point on a plane curve are given by the 

relations ir; - a [(1 - 6^2) cos 6>-f 26» sin l9 - 1], 

yz=a[(l - B^) sin B - 2^ cos B ]; 
prove that 3m^ = (2a + p){p- a)^, 

p being the radius of curvature at the point and s the arcual distance 
from the origin. [Oxford II. P., 1888.] 

15. The evolute of a parabola whose vertex is A meets the 

axis in G, and the parabola in Q. Find the perimeter of the 
figure bounded by ACy the parabolic arc AQ, and the arc of 
the evolute CQ, [Oxford I. P., 1889.] 

16. Prove that the length of the first negative pedal, taken with 
respect to the origin, of the loop of the folium of Descartes 

~ ^axy — 0 

is equal to 6 a-a{7r-\/2 log('s/2 + 1)}. 

17. Find the length of the arc between two consecutive cusps of 

the curve ^ « ^ 2 ^ [Oxford I. P., 1889.] 
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J8. Show that the length of the arc of the hyperbola xy^a^ 
between the limits x=^h and is equal to the arc of the curve 
(a** + r^) aV2, between the limits r==b,r = c. [Oxfokd I. P., 1888.] 


r T (It 

19. By means of the formula s= ,__.J_, find the length of the 

0 

curve r = a sin^ ~. 

^ [Colleges a, 1887.] 

20. If s be the arc of an ellipse ^2 + ^ 2 "^ ^ measured from the end 
of the major axis to a point whose eccentric angle is (f>, prove that 

s + ae^ cos si n 0 = f \l(i- cos“ 0 + b'^ sin‘^ 6 dd, 

Jo 

^ = tan~^ 

\b ) [Colleges a, 1883.] 


where 


21. Show that the circumference of an ellipse can be expressed 
either as 

rl 1 

y^de 


4a 


j* (1 ~ e^sin^^)''* 


or as 


4 a (1 


- m : 




where a is the semi-major axis, e the eccentricity. [Trinity, 1887.] 


22. Show that the three-cusped hypocycloid has equations of the 
forms (i) p=.h cos Sip, 

(ii) r* + 8fo-3cos 36 + ] = 27b*. 

Show that the length of an arc of the inverse of this curve with 
respect to the centre is proportional to 

tarr’(2\/2 sin 3^). [St. John’s, 1887.] 


23. Prove that the intrinsic equation of the curve 


ij 1..5 5,5.^5 

ri = ai cos ^61 is -=Y6'/' + 4.SH1 3 + 3.; 


3 ' 32®“* 3 ’ 


where s and are measured from the point a, 0, and the tangent at 
that point. ^ [St. John’s, 1889 ] 

24. A circle of perimeter S and area A rolls externally in its 
plane entirely round an oval curve of perimeter S and area B. 
Prove that its centre describes an oval of perimeter 2S and area 
3A + J?. [Oxford I. P., 1918.] 
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25. Find tho centroid of a sector bounded by two radii vectores, 
and an arc of the curve whose polar equation is 

r^ = a^(l - sin 20)(l +sin 2^)“b 
and show that an arc of this curve is expressible as 
5a r cos-x^X 

^ J (1 + \/5 sin x)\/l - 5sin-^X 

[Matz, Ed2ic , Times .] 

26. A rod moves always to pass through a fixed point and have 
one extremity on a straight line distant h from the point. Show 
that the arc of the curve traced out by its centre of instantaneous 
rotation, as the rod moves from tho perpendicular position to one 
inclined at 45^" to the line, is 

|:{log(\/5-f 2)-f 2-v/5}/^. [Math. Tripos, 1883.] 

27. On the tangent at any point P of a curve, PT is taken equal 

to the radius vector of P ; show how to find the length of any arc 
of the locus of T. For example, take the equiangular spiral and 
verify the result geometrically. [St. John’s, 1884.] 

28. Find the arc of the curve enveloped by the line 

X cos 4> + y sin <f> = (a cos2</^ + h sin^t^)^^ 

between the points corresponding to <^ = 0, -i.- joait’s, 1H91.] 

29. Find the whole area of the curve 

x — amu0~ h sin 2^, 
y = acos B - 6 cos 29, 

and show that the whole length of its perimeter is equal to that of 
an ellipse whose semiaxes are a-f 22>, a- 2b. [Colleges a, 1885.] 

30. Prove that if s be the arc of the curve 

r = a sec a, 

9 = tan a - a, / 

where a is a variable parameter, measured from the initial line to a 
point P on the curve, and if A he the area bounded by the curve, 
the initial line, and the radius vector to P, then 

9^2 == 2a^. 

Find the area swept out in any portion of its progress by the 
intercept of the tangent to the curve between the curve and the 
first positive pedal with regard to the origin. [Trinity, 1890.] 
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31. If a curve be given by r-'* — -f where r is the 

radius vector and </> the angle it makes with the tangent, show that 

w tan (</) - nd) ~ tan 

6 being the angle the radius vector makes with the initial line 
(which is to be appropriately chosen). 

Obtain also a formula for the rectification of the curve. (The 
result is not obtainable in finite terms.) [I. c. S., 1898.] 

32. Consider the nature of the curves 

iL s 

(i) s\f^~ay (ii) 2 ^==siii-, (iii) s = lsmm\//, 
when m <l and when m> 1. 

33. Given a closed oval of continuous curvature without any 
singularities: a series of parallel curves is drawn. Prove that if 
A denote the area of any one of them and I its perimeter, then 

4cTrA - P 

is the same for all. [I. C. S., 1895 .] 

34. In the equation of the curve r — a + en, a and c are constants, 

the latter being small: and w is a function of 0 finite for all values 
of 6 and periodic, with a period 27r. Show that if A denote the 
area of the curve, then its length is 2 Jit A accurately as far as 
small quantities of the first order inclusive. [I. C. S., 1896.] 

35. The area of an ellipse differs from that of its auxiliary circle 
by 10 per cent, of the area of the latter. Show that the perimeter 
of the ellipse differs from that of the auxiliary circle by 4*93 per 
cent, approximately of the perimeter of the latter. [i. c. S., 1910.] 

36. Assuming that for the catenary formed by a hanging elastic 

wire r 4/ 

-=w + A:shi^, - =ch w + i/fcch^?^, 

c c 

prove that - = iku -f- sh -a -f sh 2w, 

reducing to the common catenary when k — O and approximating to 
a parabola when k is large. [B.A. Hon. Lond., 1899.] 

^2 

37. In the cycloid Show that the only curve for which 

bot/i X and y are finite integral functions of 5 is a straight line. 

[Oxp. I. P., 1913.] 

38. Find the Cartesian equation (choosing convenient axes of 
coordinates) of the curve in which 


[OxF. I. P., 1917.] 
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39. Find the intrinsic equation of the curve — Prove 
that the involutes of the curve = are given by the equations 

x~a tan‘^ ^ + ccos if/ ~ 2a, 
y== -2a tan ^ + r sin 
c being an arbitrary constant. 

What happens when c = 0? [Oxf. I. P., 1015.] 

40. Show that the length of a quadrant of the curve +y^~c^ 
is equal to and find the length of one quadrant of the curve 



[Math. Trifos, Part L, lOlO.J 

41. Trace the form of the curve 

as t increases from - go to go , and show that its area is tt. 

Find also the length of any arc of the curve in terms of t. 

[Math. Trip., Part I., 1910.] 


42. Show that the length of the arc of the parabola — 4aa; which 
is intercepted between the point of intersection of the parabola and 
3y = 8x is 

a (log 2 -h,] f). [Math. Trip. 1., 1908.] 

43. Prove that the perimeter of an ellipse of small eccentricity c 
and semiaxes a, h is equal to 

-J7r{ 3 (a + If) - 2s/ab}, 

neglecting and higher powers, [Math. Trip. I., 1917.] 


11 ' 


44. Prove that the length of an ellipse may be expressed by 
'dS 

- taken over the area, where dS is an element of the area of the 
P 


ellipse and p the radius of curvature of the similar, similarly 

situated and concentric ellipse passing through the element dS. 

[Colleges, 1892.] 


45. Find the intrinsic equations of a circle, a catenary, and a 
cycloid, and trace the curves s = S(f> = a and .s-^ = 

At any point P of a cycloid the tangent is produced to a length 
PT equal to the arc measured from the vertex, and at T a perpen¬ 
dicular is drawn equal to the radius of curvature at P. Prove that 
the locus of the extremity of this perpendicular is the same cycloid 
moved parallel to its axis through a distance equal to twice the 
diameter of the generating circle. [St. John’s College, 1882.] 
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RECTIFICATION (II). 

CENTRAL Conic, LiMAgoN, Lemnlscate, Trochoids, etc. 

Application of Elliptic Functions. 

566. We have reserved for a separate chapter the consider¬ 
ation of those curves whose rectification needs the einployinent 
of Elliptic Integrals. 

567. Rectification of the Ellipse. Arc measured from the End 
of the Minou Axis. 

If 9 be the eccentric angle of a point x, y on the ellipse 


we have 


x^a cos 0, y — b sin 0, 

dx— —amiOdd , d?/= 5 cos 0 



Fig. 130. 


Hence 


d^ = (a^ si n^ 0+6“ eos^ 0) d0^, 

5 = a| (1 — e-cos”0)^d0 


gives the arc BP from the end B of the minor axis to any 
point P on the curve. 


577 


2o 
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Putting 0 = 5 — X > 

5 —a| \/l — ^)* 

(See Chapter XI.) 

5 G 8 . This integral is Legendre’s elliptic integral of the 
second kind, and is not expressible in terms of the ordinary 
circular or inverse circular functions. But its value can be 
found for specific values of e and x from the tables 
calculated for the function E, Thus, for instance, the 
tables for E corresponding to 6 = | give 

*17431^ 

E(20^)= *34733 
£;(30")= -51788 

£!(40°)= *68506 Values extracted from 
iS'(.') 0 '')= -84832 -tables given in Bertrand, 
£•(60°) = 1*00756 Calc. Integ., p. 717. 

£(70°) = 1*16318 
£(S0°) = 1*31606 
£(90°) = 1*46746, 

Hence, taking an ellipse with a 20 -inch major axis and 
eccentricity the arcs for eccentric angles 80°, 70°, 60°,... 0 °, 
measured from B, the end of the minor axis, are: 1*74, 3*47, 
518, 6*85, 8*48, 10*08, 11*63, 13*16, 14*67 inches to two 
places of decimals. 

The student should construct a quadrant of such an ellipse 
on squared paper, and by careful stepping with dividers round 
the perimeter verify this calculation approximately. 

The total perimeter of the ellipse in any case is 4a£i, 
where £i is the complete elliptic integral. And in the present 
case 4x 14*6746 = 58*7 inches very approximately. 

The circumference of the auxiliary circle = 207r = 62*8318, 
i.e. 41 inches longer than that of the ellipse. 

569. Approximation, 

If an approximate value be required, we may expand the 
radical \/l—e^sin^X^ cases where the eccentricity is 

small the series is rapidly convergent. 
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We then have 


* “lo 5 ^ " -1 ■ 4 X--)dx. 

For a quadrant the limits are 0 and and the arc of the 
quadrant 


/X 

1 2 1 

X 1 1 

S 1 ^ 1 

1 

^A2 

2 ■ 2 

2 2*4 

4’2'2 2' 

4 

iraf 

1 ^ .>2 


12.32.5 „ 


TV^ 

- 

2^ 42 ® 

1 

b 

:d 

9i 

<N 

1 



The first three terms give for the above ellipse a perimeter 
of 587 approximately. 

570. Other modes of procedure may be adopted. 

Cartesians. 

Keeping x for the independent variable, we have 
dy_ X 


dx' 




■ -Tin c^-) ^ 

• \dxJ ~ > a^-x^~ a^-x'^ ' 


Hence 


JoV 


dx. 


If we now put cc = asin;)(, where x before, the com¬ 

plement of the eccentric angle, this reduces at once to 


as before. 


= afVr 

Jo 


-e^sin^X^X > 


571. Taking the central pedal equation 
^^ = a 2 + 62 -r*, 




we get 
Putting 


= f^ f 

]y/r^ —J*^ 




dr. 


T^ = o^ sin^ X > 

r dr = {dr —6^) sin x cos x dx , 

a 2 -f 62 _ y 2 ^-I- 62 q 1^2 x = (1 - x)* 

(a^ — r^) ( 7-2 __ 62) = (^2 _ 62)2 gijj 2 ^ (.Qg 2 ^ . 


.*. s = aj \/l —c^sin* X ^X* 


and 
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572. Taking the focal p-r equation 

p2- ^ > 

f r dr _ r rjta—rdr 
/„ h'h' \ J2ar^~b^r-—1^ 


f— 


'2ar- 
ir~h^ — r^ 


Putting r = a(l 4-esinx) this reduces at once to 

rx ___ 

5 = a I J\ — e^ siii^ X » 

J 0 


before. 


573. It appears then that ^)> 

sin^X > 

represents the length of the arc of an ellipse measured from 
the end of the minor axis to a point, on the curve, whose 

eccentric angle is x» semi-major axis being a and the 

eccentricity e. (See Art. 567.) 

This may be written as 

f \la^ cos^ X d"X ^X> 

Jo 

or as j 0 +2im cos 2x + dx, 

where ?-f m = a and l—m=b. And it is useful to be able to 
recognise these forms at once, when they appear, as repre¬ 
senting an arc of an ellipse. They occur in many other 
rectifications. 


574. March of the Second Elliptic Function. 

The form s = 

for an ellipse gives a very clear idea of the “march” of 
the “second elliptic function” corresponding to any given 
modulus e, and it is easy to construct a graph of the relation 
between x ^ by measuring off ordinates equal to the 
arc of the ellipse and abscissae proportional to the com¬ 
plement of the eccentric angle. 

Taking a=l, the figure (Fig. 181) shows the march of the 
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function for the values e = 0, which gives a straight line, viz. 

e = J, which gives s = I \/\ — \ sin^ x ~ '®'(x> i)> 
and c = 1, which gives 5 = sin x, the curve of sines. 



It will be seen that for the first 15" the difference of the 
ordinates is so small that there is no appreciable difference 
between ordinates in the drawings, in fact for e==0, 
5 = *26180; for e —.9= 26106; and for e=l, 5= 25882, for 
X==15", which only gives a difference of ordinate of 0030 
between the greatest and least, and the curve 8~E(x) lies 
between these extremes. There is much more rapid deviation 

of s = ®i^ from the curve 5 = sin x after X ~ J • 

575. Arc measured from the End of the Major Axis. 
Fagnano’s Theorem. 

Another method of proceeding gives the length of the arc 
AQ measured from the end of the major axis, and incidentally 
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a comparison of the two methods establishes a remarkable 
result with regard to the difference of two arcs, one 
measured from A, the other from B. This theorem is 
known as Fagnanos theorem, being discovered by Giulio, 
Count de Fagnano (1682-1760).* Jt shows that two arcs 
of an ellipse can be found in an infinite number of ways, 
whose difference can be expressed by a certain straight line, 
and really establishes in a particular case the addition formula 
for elliptic integrals of the second kind. 



Take the central tangential polar equation 

COS^ + 62 ^ 

\fr being tlie angle between tlie perpendicular upon the 
tangent and the major axis; we have 

ds . 

ie. ^ = + 

Let Q be the point of contact, whose coordinates are 
obviously by comparison of the equation, x coh y sin yJ/^—p, 

with the equation + 




_ cos yjr 


P 


2/2 = 


6^ 8jn_^ 


Also iy 

a\fr 


— QY, the negative sign occurring, because in 


this case Y is on the “ forward drawn tangent from Q, 
and p is diminishing as \}r is increasing. 


*Cajori, History of Mathematics^ p. 241. 
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Jp d\jr = j*^cos^ y^r -f sin* ^ dyp- = J >/l — e* sin* yjr 

which is the same integral as obtained in Art. 567 for the 
arc BP, \{r being in that case a different angle, viz. the 
complement of the eccentric angle of P. 

Hence, if these angles be taken the same in magnitude, 

N' __ 

arc AQ-h tangent QY-=a\ ^/l -e* sin*^ , 

‘'0 


arc BP 


Thus, arc BP —arc AQ = tangent QY. 


This is Fagnano’s result. 

576. Algebraic Relation between the Abscissae of P and Q. 

dp (a* —6*)sin\/r coH\/r a*c* . , , 

Now QY = — j -r == - - - - - - - - 

^ dyjr p p ^ ^ 

Also the coordinates of Q being 

a* , 6* . , 

a;2=^co8V/, = 


and those of P being 


= a sin \/r, — b cos \/r 


QY = c% 


fii ydh 


^2 / \ 

Hence arc .BP—arc 

This result is symmetrical as regards , and therefore 

g2 

arc BQ—arc AP — ~ 

as is, of course, immediately obvious otherwise. 

Also ^a:ia;a=tangent PY', if OY' be the perpendicular on 

the tangent at P from 0. Hence QY — PY', 

Again, (o® — (a®— x/) = (a® — a^sin® \Jy) [a^ -j 

a^cos^d/-,, . „ , ,, 

= —- ^ 0* .sin^ \// = (I -- e^jx^^x^’^, 
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577. The corresponding relation between and is 

that is - ^\y\ + Vi) + = 0> 

where = 

e being the ‘‘ imaginary ” eccentricity. 

578. The Fag nano Points. 

It will be noticed also that 

a® 

Hence, at the point F on the arc AB at which P and Q 
coincide when <j) is suitably chosen, 

^2 ,y2, 

• _ip 6^ _ 1 

(F }y^ ~ a +6 ~ a +6 ’ 

and the coordinates of the point are therefore 

and this is called the “ Fagnano Point,’’ * for the first ejuadrant. 


579. Properties. 

At this point F, 

arc BF~ Sire AF= 


a^ — h^ 

— ~ ^a—b 
a a-j-o 

= the difference of the semiaxes. 


And the length of the projection of the radius vector OF on 
the tangent at F is also =a~h. 

f DA nnK ' r SlU \J/' COS \I/' 

580. ihe expression lor QY, viz. 

\fa^ cos'*^ xjr+b^ sin^ -v/r 

be written as 




l.e. 


a2~62 


\/cosec^ xjr +6^ sec^xj/ J (a+5 )^+{a cot xjr — b tan xj/-)^ ’ 

and therefore QY attains its maximum when tan 


a —6. The Fagnano point is therefore the point for which 
QY has a maximum value. QY varies continuously from 
zero to a— 6 in travelling from .S or z4 to F. 


♦Grcciibiirs Elliptic FvneiionSt p. 178 onward. 
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581. If we seek for a point Q upon the quadrantal arc AB 
of an ellipse such that QY, the projection of OQ upon the 
tangent at Q, is of ^iven length Z, where 0<il<.a — b, there 
will be two solutions, viz. the points P and Q, whose positions 
are given by the equations 

^2 ^ i2 — r^, 

r being the radius vector to either of the rc(]uircd points, viz. 
OP or OQ. 



Eliminating jo we liave 

(^2 __ ( i 2 _ J 2 ) (^.2 __ -\~ a ^ b ^ = 0 , 

r^-~(a^-{-b^-\-l^)r^-{-l^(a^-\-b^)-\-a^b^ — 0 .(1) 

with roots , such that 

V+r22 = a2+6M-^^ .(2) 

and equal roots when l = a — b and r^ = a^~ab-\-b^. 

If we differentiate equation (2), 

If we call BP, and BQ, and remember that 
dv 

r = projection of radius vector on the tangent, 
viz, I in both cases, 

ds^+ds^=^dl, 

^ 1 + 52 = ^...( 3 ) 

where C is a constant. 

Taking the case when r^ — b, that is P at B, we have 
and therefore must —a and Z = 0, for rg > a, 
80 that Q is at .4 ; then 5^ = 0, 52 = arc AB, Z = 0 simultaneously; 

C = arc45; 

/, arc j5P+arc BQ ~ I -f are BA, i.e. arc BP — arc AQ = I, 

* See Bertrand, Gale. InUg. , p. 380. 
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which is Fagnano 8 result, and the points P, Q, in which 
the arc AP must be divided to give a definite value L for QY, 
are determined by equation (1). 


Examples. 


1. Show that if coaxial ellipses be drawn with a given centre such that 
the areas enclosed between them and their respective director circles is 
constant, the locus of the Fagnano points is a circle of the same area. 

2. Show that the locus of the Fagnano points for similar and similarly 
situated concentric ellipses is a pair of straight lines. 


3. Show that the locus of the Fagnano points which lie on confocal 


ellipses is 

2c being the distance between the foci. 




4. Show that if F bo the Fagnano point on an ellipse of seiniaxes 
OA =a,. OB^h^ 

2 arc BF— a + a - 6, q 
2 arc A F— aE^ 


where Ei is the complete elliptic integral of the second kind 

IT 

iVr - c^sin^ cf <jf). 


5. Show that the central perpendicular upon the tangent at a Fagnano 
point is a geometric mean between the semiaxes, and equal to the semi¬ 
diameter conjugate to the radius to the Fagnano point. Further, that 
the radius of curvature at this point is also equal to the perpendicular, and 
that the normals at the corresponding point on the evolute pass through 
the centre. Finally, that the arc of the evolute is at such a point 
divided in the ratio 

6. Show that if a straight rod LM of length a-\-h slides with its ends 
on two axes 0.r, 0}/ at right angles and carries a point F whose distance 
from L and M are respectively a and which thus describes an ellipse, 
then at the instant when LM is tangential to the path of F, F is a 
Fagnano point on the described ellipse, and the circle on LM for 
diameter passes through the point on the normal at F where that normal 
touches the evolute. 

7. Show that the tangents at the points on an 

ellipse “ 2 +'£ 2 = 1 , which are related to each other so that 

« o or fr 

intersect on a confocal hyperbola which passes through the Fagnano 
points. 

[Many properties of these points will be found in Greenhill’s Elliptic 
Functions^ pages 182, 183.] 
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582. Properties of the Locus traced by a Pointer which pulls 
taut an Inextensible String passing round a given Oval. 

Taking the case of any oval curve, let A be the point from 
which s is measured; PQ, P'Q\ the tangents at contiguous 



Fig. 134. 


points ( 5 , x/r) (5+^5, of the oval; and let a lengtli 

PQ = t be measured upon the forward drawn tangent at P, 
P'Q' = upon the tangent at P'. Let the tangent to the 
locus of Q make an angle (j> with the tangent at P to the oval. 
Draw QN perpendicular to P'Q\ and let the arc QQ' = Scr* 

Then, to the first order, 

QN = 1 8\lr , Q'N = Scr cos (p, 
and t+St +& = t cos +NQ' 

= t -f-^cr cos 0; 

St8s'=^ cos €j> SfT .(1) 

If QR, Q'R' of lengths t'y t'-\-8t' be the other tangents from 
Q, Q' which can be drawn to the oval, and s', be the 

arcs APR, APR' respectively, and if be the angle which QR 
makes with the tangent QQ' to the Q-locns and Sy{r' the 
difference of the angles of contingence at R, R\ w^e have in 
the same way, Q'N' being the perpendicular upon QR, 

Q'N''Sxjr ', QN'= Scr cos 0', 

Sar cos -\-8t', 

to the first order; 


Si' — Ss '=— cos cp' Scr. 


(2) 
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If the Q-locus be such that the tangent at Q always 
bisects the exterior angle between the tangents from Q to 
the oval, 

^= 0 ' and QN^Q'N' = 8(t sin 0 to the first order. 
I'herefore <5<-f 

and t 6\j/j 

Tliese equations give 

1 dl 1 dt' _ p p 

t t ’ 

,> dlofrt d log t' p p 

. 

and also —s'—constant.(4) 

Equation (4) expresses that in such case 

QP + QR —arc PR — constant, 
i,e. QP-f-Q]2+ arc P^i2= constant. 

In this case the Q-locus is an oval traced by a pencil at Q 
which draws taut a loop of string placed round the original 
oval. 


583. Dr. Graves’s Theorem. 

The case when the original oval is an ellipse and the 
Q'locus is a confocal, when the necessary property holds, 
viz. that the tangent to the Q-locus bisects the exterior angle 
between QP, QP, gives the well-known theorem due to Dr. 
Graves, viz. 

If two tangents be drawn to an ellipse from any point of 
a confocal ellipse, the excess of the sum of these two tangents 
oVer the intercepted arc is constant.*’' 

Incidentally, we have a method of drawing an ellipse 
confocal to a given one. 

584. If the Q-locus be such that its tangent bisects the 
interior angle between the tangents QP, QP, as it would 
do in the case of an ellipse and a confocal hyperbola, and 
if we measure s and s' in opposite directions from the 

Salmon’s Conic Sections, p. 357 ; Graves’s Translation of ChasMs Memoirs, 
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point /I, where the Q-locus meets the oval, we have, in the 
same way, 

QN^ 0(T sin (j>~ t d\Ir , QN'-^ Sa sin d\}r\ 

NQ'— d(T cos (f ), N Q — Scr cos (f> ; 

and t+6s+Sarcos(h=t+St, 1, ^ j 

, „ , „ , , , [to the hrst order; 

t -{-ScT COB (Jj ~^t ~\~St yj 

and when 0=0', we have dt—dl'^ds—ds\ and td\lj^=^t'd\fr\ 

so that - dlogt' _ P 

d^ir d^r t'’ 

and also ^—s=^'—6*'+const.; 

also, as ty t'y Sy s' all vanish at Ay 

i.e. tangent QP—arc 4P= tangent QP—arc AR. 



Fiir. 135, 


MacCullagh's Theohem. 

For the case of the ellipse and the confocal hyperbola, 
where the condition 0=0' is necessarily satisfied, we have 
the following result. 

If tangents QPy QR be drawn from a point Q on a hyperbola 
to a confocal ellipse cutting the hyperbola at .4, the difference 
of the” tangents is equal to the difference of the arcs APy AR. 
This theorem is due to MacCullagh.* 

* Salmon’s Conic Sectionn, p. 358 ; Chaslcs, Comptes BendtiSy Tom. xvii. 
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585. Deductions. 

If we draw tangents to the ellipse at the extremities of 
the axes, the particular confocal to the ellipse which passes 
through the corners of the rectangle formed cuts the ellipse 
in the Fagnano points, and if Q be the intersection of tangents 



Fig. 136. 


at A and J5, and F the point in the first quadrant where the 
confocals cut, MacCullagh s theorem gives 
QB—QA — arc jPjS— arc FAy 
$tnd if the semiaxes be a and 6, we have 

arc FJB—arc FA=^a—hy 
which is Fagnano’s result. 

58G. From the theorem of Dr. Graves it appears that if 
Q^y be any two points on the confocal and QiPi, Qi^i ] 



corresponding pairs of tangents to the 

original ellipse, 

QiPi +QiPi ”“arc =QgPg+@2^2 ^2*2 5 
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and tlierefore that tlic difference of the arcs is 

iQ^P^+Q,Rd~{Q,P,+Q,R2) 

and is therefore rectifiable in f erins of known lines. 

The particular value of the constant to which 

QP+QR—sxrc PR 

is equal may be found by taking Q at a specified point on the 
confocal, e.g. where it cuts the conjugate axis. 

And a similar result follows also from MacCullagh s theorem. 

587. Exactly in the same way, if Q be a point on the ellipse 
and QP, QP' be tangents to the same branch of the hyperbola, 
it will be clear that 

QP- arc^P-gP'- arc^P', 

for the tangent at Q still satisfies the requisite condition, namely 
that the internal bisector of the angle PQP' is a tangent 



to the ellipse. And the difference of the arcs AP, AP' is 
therefore expressible as the difference of two straight lines 
and is rectifiable. Moreover, if Q^^ be another point on the 
ellipse, such that tangents QiPi, QiP/ can be drawn to the 
same branch of the confocal hyperbola, the difference of 
the arcs PP^, P'P/ is rectifiable. In order that the point Q 
should be such that tangents can be drawn to the same 
branch of the hyperbola, such point must obviously lie in 
one of the regions between the asymptotes in which the 
hyperbola lies. In the limiting case in which QP is an 
asymptote, the difference of the infinite portion of the 
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asymptote QP and the infinite arc AP is finite and equal 
to the difference of QP' and the ju'c AP\ Q being now 
at the point of intersection of the asym[)tote with the 
ellipse. 

588. Rectification of the hyperbola = 1. 

Let C be the centre, CA the semimajor axis, s the length of 
an arc AP measured from A in tlie tirst (quadrant, CY the 
perpendicular p upon the tangent at P. 



Then xcos\/r+y sin \/r touches the curve if 
p^—a^ cos^ xjr—b^ sin^ sin^ 

In the case of the hyperbola, when P lies in the first 
quadrant, xjr is the angle xCY and is negative, and as s 
increases from 0 to oo whilst P travels along the arc from A, 
Y travels from A towards C along the first positive pedal 
curve r2==a^cos^S—6'^ 8in^0, which becomes a Lemniscate of 
Bernoulli when b=a, i,e. when the hyperbola is rectangular. 
The angle \lr therefore remains negative, and as its actual 
magnitude is increasing x/r is algebraically decreasing and 
an increment d\jr is negative. When P has travelled to 
00 along this branch of the curve the limiting position 
of YP is an asymptote. The tangents at the node of the 
pedal are therefore the perpendiculars to the asymptotes of 
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the hyperbola, coinciding witli them in the case of the 
rectangular hyperbola and its pedal cos 20. 

Let us find the length of the arc AP from ^ to a point P 
for wliich \/r= — X- 

We have ,_#■ 


and t-^P- 
d^{r~P^ dx[r^ ^ ^~d^’ 


therefore, integrating, 


= 1 p^Z\/r 
Jo 


Now t “ is the projection of the radius vector OP upon 

the tangent =PY, and is positive. 

pY—~~ ^ _ ( 2^2 sin y cos Y 

J\ —e^ sin^x/r J\ —e^ sin*- 

r-x , , rx __ 

p d\jr —a 1 \/1 —e^ sin^ \jr <l\]r = —a 1 v 1 - sin^; 

0 Jo Jo 

arc AP~PY —a\ J\ - 
Jo 


ae^ sin X cos x 
Jl ~e^ sin- X 


v/1—e^sin^xd^x, 


PY—arc./fP—al Jl —e- 


.( 1 ) 


This integral is not of the Legendrian form at present, e being 
essentially greater than unity. 

If P be allowed to travel to oo, x ultimately becomes 


.a /. TT 

'b r-2- 


Hence the excess of the infinite asymptote Coo over the 
infinite arc ^4 go is 


sin^ X ^X* 


It is easy to reduce the integral in equation (1) to two 
integrals of Legendre s standard form. 

Let e sin X“Sina>. 

E.I.C. 2p 
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Then c cos cos a) do), and 


1 r“ coi^^wdot) 




1 • 2 
. sin2 CO 


- ('■-0+0^ 

, V' 


4 ain*<ol 


-„sin2co 




sin^ ft) dw 


= (-cos^.f 


" d^ _ 

o\/l“8iii^ a sin^ to 


“Siri^ a sin^ft) rfft) j. 


where 


2 a^-i-b^ 2 

«.e. —s—=C 08 ec^a, 


and a is the complement of the half angle between the 
asymptotes. 

Hence, 

Arc .tip=Py +ae[co82 a F(o), sin a)—P(ft), sin a)], 

F and E being the Legendrian standard integrals of the first 
and second species, whose values are tabulated for particular 

values of the modulus sin a, w being sin-^ 


upper limit and PY, written in terms of to, being 


. ^ - tan fo /v/l — sin^ a sin^ w^ae tan w A 
sin a 


(Mod. 1 ), 


where 


V'-J' 


Arc=ae{tan ftjA+ cos^a P(ft), sin a)-‘E(o)y sin a)}. 


689. In a rectangular hyperbola «== e—s/2, and we have 

Arc—av/sj^tan to Jl —| sin^co+l F ^co, —P^to, 
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Examples. 

1. In the hyperbola = put a=6tana, A = \/l - sin-^a and 

show that we may take x — h tan a sec A, ^ & cos a tan </>, and that 
ds b cos a ^ \ , 

““ •> j ) t — —tilll G)* 

a<f> Acos-^ cos a ^ 

and s — 6 sec a tan (f>A -t- b cos a F{cf>^ sin a) — h sec a E{<^, sin a). 

2. From the polar equation deduce the rectification of the 

rectangular hyperbola, viz. 

s = a\/2[A tan (D-f 

3. If PQ be a chord of one branch of a hypeibola, touching a confocal 
ellipse at and the confocal cutting that branch of the hyperbola at A 
and /?, and if /V?, QS be the other tangents from P and Q to the ellijise, 
show that the elliptic arcs /!/?, BS exceed the elliptic arc AFB by the 
excess of the tangents PR^ QB over the chord PQ^ i.e. that 

arc AR-\- arc BS - ai c A EB 
is rectifiable in terms of known lines. 

In particular, examine what happens : 

(1) When /’is the vertex of the confocal ellipse. 

(2) When F is at B. 

(3) When PR and QS are at right angles to PQ and the vertex 

of the ellipse. 

590. Another Method of Treatment for the Central Conics. 
Use of Hyperbolic Functions. 

In the case of the central conics it is instructive to consider 
another inode of treatment of the rectification. 

The relation x-\-iy=ofdm 

gives x=c sin u cosh v , y—c cos u sinh v 

Then const, is the equation to the ellipse 

I 

cosh^ v~^c^ sinh^ v ' 

and w=const. is the equation to the hyperbola 

—I 

c® sin^ u cos^ u ’ 

and different constant values of v and u give confocal ellipses 
and hyperbolae. 
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=cos u cosh V du +8iii u sinh v dv^ 


Hence 


-sin u sinh v du-j-cos u cosh v dv. 


(cos^ u cosh^ t;+sin^i^ sinh^ v) {du^-{-dv^) 


= {(] —sin^?/) cosh^ v-f-sin^i^ (cosh^?^ —1 
=(cosh^ V “sin^ u) (du^-{- v^). 

Hence, for any of the family of the ellipses v=const., 

^=,^cosh2 V—-sin^i/d^i^ ( =con8t.); 
c V / ? 

and for any of the family of hyperbolae const., 

_ ^ 

—=\/co8h^ V—sin^ u dv (w=const.). 


591. In the case of the ellipse 

a ~c cosh V y b=c sinh v , c^=a^—b^ =aV, 

where e is the eccentricity, and e—sech^?. 

And ds 1 — sin^w dUy 

5 =(x| sm^udu~aE(u, e). 

In the case of the hsrperhola x^ja^—y^lb'^— ly 
a=^csmUy b—ccosUy and c^=a^+h^~a^e^y e=^cosecw. 
With the notation of Art. 589, in which 

sin = sin u sin o), 

we have 

cosx = yi - sin^7^sm^ft) = A and f = PF=c tan to A. 

The line cos\/r-f^ sin^ = 2> is tangential, provided that 

p2 _ ^2 (jQg2 __ 1^2 gi j^2 

= c^sin^u A^ - c^cos^w sin^^/. sin^w — c^sin^tt cos^o); 
p = c sin cos G). 
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The point of contact P is given by 

. * b'^Hinylr „ 

x = -—^- = csinu Ascco), y— - 


= ccos2u taiifi), 

p p 

and, as these are to be csin u cosh v, ccos u sinh v, we have 
cosh v = A sec w, sinh v = cos u tan o). 

It follows that cosh v dv = cos u sec^o) dw^ 

-j cos u dun 

^.e. dv — -. 

A cos (JO 

Again, 

J cosh‘^ V - sin'^ A^ sec^o) — sin- u = cos u sec w. 

Hence f cosh‘^t> - sin^u dv 
fsec- (JO , 

= cos-ul— ^-d(jo 

== A tan ft)+co8^uP— E (mod. sin u) 
by Legendre s fourth formula, p. S99; 

/. Arc=PY+ae^l—~^P(ft), miu)—aeE{(jOi sint^), 

the same result as before. 

592. The Lemniscate. 

The equation is cos W ; 

dr 


we have at once 
whence 


rdQ 


—tan W ; 


ds a 

do ^/cos 29 

re 

s = a\ 


Put 


Jd 

Jo\/cos 20 

co820 = cos*^; 

^' sin 20 

sin (fi cos (l>d<f> _ ^ df/) 

ocos 0 V1 — COS^0 J o\ 

_ a p d(f> 


\/2--8m^(f> 


or 


^/2 Jon/I— l-sin^^ \/2 ^ \/2' 

= am-i 0. 

J2 ^ 
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Hence 


Hence 


am = (h, 
a 

cn?^ = cos^ = -. 
a ^ a 

s — -^ cn~^ -, mod. . 

a' J2 


Here 5 is measured from the vertex. 

We might have expressed 0 from the beginning in terms 
of r, and then -1 2 

e = ~ cos-1 


-af. 


dr Ja^~~ J ’ 

then putting r = aco8<p the work proceeds as before. 

For the whole length of the arc, we have 

V2 J 0 -yi-i sm"0"" «/2 ■ 

The tables for (Bertrand, (7.7. p. 710) give = 1*86407, 
whence whole arc = 2cij2 x 1*85407 = a X 5*2441. 

Wo might, however, proceed as follows: 

Jq Vcos 2d 


Putting 2d—tt), we have 


5 2a (cos (e)~^ dw=2a 


r(l)T(h) 


It will be shown later (Art. 872) that 

r(w) r(i-«)=--^, 

' ' ' ' sinn-TT 

where n is less than unity. Borrowing this theorem for 
present purposes, ^ . 


r(i)r(i)=* 


: = 7r\/2; 
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The values of the T functions are calculated. Tables of 
these values are given in Bertrand’s Calcul Integral, pages 
285, 286, to seven places of decimals from Log r(l) to 
Logr( 2 ). As the values of r(cc) from r(l) to r( 2 ) are 
all fractional, 10 is added to their ordinary logarithms for 
convenience of tabulation, as is usual in tables of logarithms 
of sines and cosines. (See Chambers’s Mathematical Tables,) 
Now r(iHir(j), 

and Lr(i)^Lra)+log 4 , 

where L denotes the tabular logarithm, 



9-9673211 

from the tables of L T{x). 

+ 

•6020600 

log 2 

--*3010300 


10*5593811 

lOgTT 

-•1971499 

2iogr(i)- 

1*1187622 

log 27r 

-•7981799 

log 

*3990899 

log \/27r 

-•3990899 

logA:= 

*7196723 



log 5*2441 — 

*7196710 




13 



Difference for 1— 8 




50 

50 

Hence ^=5'244116. 

Hence the whole perimeter of r^^a? cos 20 is, as before, 
5*244116 X a. 

593. Incidentally, it may be remarked that the equation 

Ss/2 



Fig. 140. 


for a lemniscate gives a very good idea of the graph of tlie 
functions cn and cn^^ for the case mod. and we can readily 
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draw a graph, taking, for instance, as unit length on 

V I 

the x-axis, and any convenient unit on the ?/-axis, say a, and 
constructing the curve with abscissa s and ordinate r. 



The ordinate shows the march of the function cn^r, the 
abscissa the march of Gir^x, 


Examples. 

1. Find the length of the arc of a leinniscate r^=a-cos26^ from 

0=0 to 6=^1. 

Here 

5 = /* —and I:—co8‘^(/> = cos ~ = 

and from the tables for (Bertrand, Calcal Int&jral^ p. 716.) 

r , =- 82602 ; 

« = a\/2x *41301 
= •5841 a. 


2. Find the area of the curve y^= for the portion in the first 

quadrant. What connection is there between this problem and the 
evaluation of the perimeter of the lemniscate 1 

3. Draw a careful polar graph of the lemniscate r2“25co8 2^, taking 
one inch as unit of length, and deduce a Cartesian graph of 

.y = 5cn?^^ (mod.J=). 

4. Show that the difference between the lengths of the asymptote and 

the infinite arc of the hyperbola in the first quadrant is 

TTari 1 1.12 1 1.12.32 1 ] ,12,32.52 1 -j 

' * 2 12 ■ e'''23.4 ■ ea'^2*.4».6 e*'^2*.4’*.6^8 



PASCAL’S LIMACON. 


601 


594. The Limacon r=a+i» cos 0. 

d/T /(I \ ^ 

Here 6sin0 and =a*+2o6co8 6»+6*; 


=f 

•'O 


sja^^lab 


cos 6+1^ do 


==-| ^J(a-{-by-~4>absin^ ^ dO (Let 0=20.) 

_____ 4<x6 

=2(a +&)J ^n/ 1 Jc^ sin^ 0 d(j), where k^— (a+6)^ * 

-2(a+6)E(^, 

An obvious moditication will be necessary if a and b be of 
opposite sign. 

Idiis curve very well illustrates the march of the second 
elliptic integral E. The arc AP measured from the vertex 



Fig. 142. For the CHse «>'6. 


is proportional to E, whilst 0 is half the angle AQP. See 
also Art. 574. 

The result shows that the arc AP of the lima 9 on is equal 
to the arc of an ellipse of semi-major axis 2{a-^b) and 

eccentricity measured from the end of the semi-minor 
a-fo 

axis to a point on the ellipse for which the complement of 
0 

the eccentric angle is ^ (compare Art. 573). The semiaxes of 
the ellipse in question are then 2(a+6) and 2(a--b), 
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This would also be evident upon writing 
J cos 6^+6^ 

} I yj (a+6)® cos^ ~ +(a--b)^ sin^ ~ (^0 

~ f \/(2a+6)' 

Jo 


»2co82^-f-(2a-6)2sin^0(/^, where 0=20. 


595 . Ex, Consider the case of the lima^oii in which 

portion from 0^0 to 0—^. 

s 

TT u-hb 2 J 4ab 1 . 1 . tt 

Here -1-=='-'} ? and 4:^=7 ri\o~Af —-5? 

a-o v/3’ (a+ 6)2 4 2 6 


5 = 2 (« + 6 


)rvr- 


i sm2 0c/0 


~8a(2~\/3)x *51788, from the tables for ^), 
= l'11012xa. 

The lima 9 on is of course the focal inverse of a conic, and when a~i 
the cardioide is the inverse of a parabola. 

596. Trochoidal Curves. (See Dif. Calc., p. 344.) 

I£ a be the radius of the fixed circle, h that of the rolling 
circle and the carried point P be at a distance mh from the 
centre of the rolling circle, 

x^-=:(a+6) CO8 0—mftcos 0,] 

y^{a+b) sin 6—mb sin 0. 

~= - (a-j-b) sin 6+m(a-+b) sin -™ 0, 

(a+6) cos 0—m(o+6) cos 


Hence 


de 


(®) +w*)—2m(a +bf cos 


aB 


T 


=(o+6f(l+m)*[ 

a0 TT 




:]• 
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eVL fX _ 9 Iffi 

Then s—~ (a+6)(l+m) J where A;—^-q^, 

Oh 

= ™(a+6)(l+w)£’(x, A), 

(I 

■ . • b*7r 

where 5 is measured from the point at which x~^> > 

i.e. from a vertex F, as in the case of the epicycloid (Art. 540). 



Hence again we can find the length of any desired portion 
by means of the tables for Legendre’s elliptic integrals of the 
second form; or, which comes to the same thing, such length 
can be expressed as being equal to the corresponding arc of an 
ellipse, measured from the end oi* the minor axis, the semi¬ 


major axis being — (a+6)(l+m), the eccentricity being 
a=jq^, and x being the complement of the eccentric angle 


at the end of the elliptic arc. 


For a circle, when w=0, 

5=~(a + 6) x = («+5)^0-^^4-const. 
For the epicycloid, when m~\. 


-45, aO 

— (a + 6) cos - r -Hconst. 
a '25 

which agrees with the result of A rt. 540. 


=“(“+6)sinx=-- 


604 


CHAPTER XVII. 


We might use this curve, like the ellipse and the lima 9 on, 
to construct a graph showing the march of 


for any modulus 


I Vl— 


, 2\/m 


597. The Oassinian Oval. 

The bipolar equation of this curve is 
Calc,, Art. 458.) 



If be the foci, jS\fii2=2a, and if the line of foci be 

taken as a;-axis and its centre 0 as origin, the equivalent 
polar equation is 

f^- 2 aVs cos 2e+a^=b\ 

Three cases arise: 

(1) a >6, two separate twin ovals with vertices distant 

— from 0. 

(2) a=6, reducing to Bernoulli's lemniscate. 

(3) a<by one single oval lying outside the lemniscate, 

which may or may not possess inflexions. 

The equation may be written 

cos 20. 

Take an auxiliary angle & such that 

ra+^-:/-= 262 cos 20 '. 
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Then cos 20+6^ cos 20', 

™a‘^ cos 20 —6^ cos 20'; 

a^—6^=a^cos®20--6^cos2 20', 
or sin^ 20=6^ sin^ 20', 

i.G. the auxiliary angle 0' is such that 

sin 20 "6^ sin 20'. 

Differentiating the original equation, wc have 
rd0_ r^—aP' cos 20 
dr ~ aP sin 20 ’ 

(ds\^_¥ 1 1 

•• W ■“a*sin2 20 8in2 2 r’ 

’’ ^ sin 20 J,, sin 20'’ 

•'• VI- ^ T>y JT^’ 


w here u =cos 20, v —cos 2 T. 

We shall adopt the first or the second forms according 
a is > or < tlian b. 

Let —cos 2a, where ~=^sin2a; 

^ , (a>6); —cos2y8, where p=^sin2/3. 


In the case a <t b, n^QOs 20= 


_r^+a^— 6 '* 


so 




* —f-X “-™n/2\/w 4* X, 
a r 

a r 

/7 ® / dw j_^ 


as 




606 


CHAPTER XVII. 


du 

\/(i ~-u^){u-- X 


6 rp du p 

br ./sinG \ . .fninO . \1 

sn“M-, cos a l+«n“M — , sm a ) 

2L NCOS a / \sina /J 


)] 


where sin2a=^2 (Art. 388,4). 


In the case a > 6, v = cos 28 
(*■2 


^_r*+b*-a* 
26^2 ’ 




and the work proceeds precisely as before, interchanging 
a and 6, u and t’, G and G\ X and jx , a and ^, on the right- 

CiS 

hand side of the values of -r • 

b 


a aV ./mnG' , ,/sin 0' . ^\1 

■■ s-’-sL™ las- 


13 ’ 


where d'= sin~^(sin 2^ sin 2G) and sin 2/3=^ 


62* 


The arc is in both cases measured from the vertex, where 

r^s/a^+b^. 


598. In the case of the Lemniscate, 

a=b, T^~2a ^cos 2G=c^ cos20, say; 
then G = G', and either case gives 

s=?.28n-l(^/2sm0, 

=-^ cn~^ (- , as in Art. 592. 

>/2 Vc J 2 J 


599. It is a very instructive process to perform the same rectification 
first expressing 9 in terms of r. We have 


sin2 20=l 


A-« + a»-6<Y 
V 2a2r2 "/ 


=(,Ji +<,2 + 62) ( _ ri+<*2+62)(r2 - o*+62)(r2+a* - b’‘)l4a*r* 
=[(aS+62)2 _ _ (a2 
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Let r ~\la* 4- />- u and ™, 

the positive value to be taken. 

sin 2 6^ = (a- + 6“)\/( 1 - - A^) I2a^u\ 

and dr ~\/+ 6‘-^ du ; 

__ P_ u^du 

* ” -Ja^ + 6'* L ■ 

Again, (1 -m‘)(m‘-A*)=[( l -«*)(«*- +«*)(«’“ +A®)] 

= [(1 + X*) w® - (»* + X®)] [(] + X®)m®+(«• + X®)] 
= (1 + X®)®7<®-(m* + X®)® 

= (]+X®)®«*(l-a®), 


- = (1 + X®)s>. 


This U-ansformation gives 




M+^^v/(r+x®>«+2x, 

M — ^ = V(1 + X®)» - 2X, 


2m = V(1 + X®)» + 2X + V(1 + X®)® - 2X, 


V®’+i+A^ V’^-fh 

_ _ 26® f *_ 1_ 

■ ■ * ~ 7a®"+6^ ' J(1 + X®)Vr^®® 4 


1 Vl+X® 


2X \dv, 


V’’+ 1 +x® V"-riy 


'2\4®'+6WH-X® 


I V(i-.®)(®+j^;^.) I Vo-‘)(-rjyr 


Now an integral of form /== f - 

Jv ^ 


can be converted at 


X \/(I-'r*)(r + c) 

once into the standard Legendrian form as follows (Art. 388, 4) : 
Put ?;+c=(l 4-c) cos®<^. 
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^ — 2( 1 + g) si n (j) cos </) d<j) ^ __ 

” \/{(r+c)-(r+7)C08^}X(1 ~c)+ cos®</>}(! +c)cob“<;) 

;/■* _ 

Jo ^2-(l+c)am*<t> 

J. 

nd as ill our case c = ± , it is numerically less than unity and 

-f- c . 

is positive and less than unity ; 

/. </) = aui(jr/\/2), mod. 
cos </) —cn(//V2) and /=\/2cn”^ 


Hence, finally, we have 




I ^ "2^ 


» '+r+i' 




f 


.“+» 1+A ^ 

If+T’ V2tl+A«)y 


r^’ V2(i+x*)^ 


' \/2 \/(a* + ^>*) + (a^ - 6*) 


•s/a^'^b* 


•sf a*b* 


\s/(a^ + b^)-\-^J(a^-b^)j * \ + 6“) - sl{a^^¥) / j ’ 

the respective moduli being 

Va * + 6* 4- yfa^-^h^ + 

N/T>/pTPy+T«^^^ 

For the twin loop curve a>b^ 




^/a* ~ b* 


"Si ^ .1 ^ r 

2^ \/a* Hh 6“ 4- Va® — 6® >/«* + — -v/? — j 









OVALS OF CASSINI. 


609 


with respective moduli 

•Jsf sJ -J- — \fa^ — b'^ 

2a ’ 2a 

For the siiigle-loop curve a <6, 


s=--n cn 


r+- 


>/ b^ — 


s/b*-a* 


- ^ I QJ'j^ ' I MM—^ 1 ———^ 1 M—~Wi ——1 I 9 

^ I s/b^^a^+y/b^ - a^ *Jb^ -{-a^ - s^b'^-a^j 

with respective moduli 

•Jl>^-{■ a^ \lh^ — sjh^+a^ — sjh^ - a^ 


2b 


2b 


600. The expressions written in this rectification are less simple than 
when wi'itten in terms of 0^ as in Art. 597, but can readily be reduced. 

In the case a >6, let sin2a —; then r'^— 2a^r’^ co^26-\-a.^ co^^2a=0. 


Also 




1 

sJa^ + b" -sja^-b^ 


~ 2a 


n/«2 + 6= + s/«2 


2a 

si a* ~ b^ 

\ a^cos 2a 


r + ~ 


and cn~ 


y<f^^h^ + s/a^~b^!' 


2a. cos a 


'4 


cos 2a + 


r^-\-a* cos®2a\ 
"2a2r2 


\ si2 cos o 

-Vcos 2a-1-cos 20 

— cn*”^- P- 

sj2 cos a 


Similarly, 


Hence a >5, 


s/a*-h* \ 

r _ 

v^+P-Va»“-7?i 


/cos^a- kiii“6 _,/siiiO\ 

— cn -5-=sn M-). 

\ co.s^a Vcos a/ 

\ . 

-1 / sin 0 \ 

\sin a/ 


62 

"2a 


r ,/sin0 \, ,/sin 6 . V] 

.sn""M —, cos a )+sn*"M — , sin a ) L 
L Vcosa’ / \sina’ JS 


as before. 

Also for the case a< 6, since 


B.I.O. 


r* + — 26® cos 20' ( A rt. 597), 

-2 sin'eo; 

7"* 

2q 
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,. ~26*(1 — 2 sin^0')4-26® cos 2/3 

= 4<^®(cos®yS~sin*0') ; 

6“ cos 2/3 

^ r ./, 

2/> cos ^ ^ 


Similarly, 


cn“^ 


r®4-^>®cos 2^ 
2'/-6 cos /3 


cn”^ 


“/>®co8 20 

— n~' —7T^=sn 
2^‘osin /3 


, /sill 0' 

j /sin 0' . 

(sin /3’ 


•" < (c^J- ^)+«"' * (^> /^)]’ 

0'=-|8in~^(sin 20 sin 20), the result of Art. 597, 


where 


60 J. Serret’s Method of Rectification of a Cassinian, 

A different method of rectification of a Cassinian Oval 
is given by Serret* connecting two arcs measured from 
different vertices of the curve, and expressing these arcs 
directly in terms of 6. 

In the twin-oval case a >6, let A and B be the vertices of 
one of the ovals, and let a radius vector OQP be drawn 



cutting that oval in Q and P. Let the vertex A be the one 
furthest from the centre 0. Let arcs AP, BQ be called 
Sg respectively. Let 6® = sin 2a. 

Then cos 20 -f = 6^. 

Solving, cos 20 dt 2 a, 

the upper sign giving OP^, the lower OQ^. 

* Oalcul InUgral^ p. 265. 
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Now, as before, ^\ , 

dr a-^ sin 261 


= -I__= j_ 

rdO r^—a^cos26^ 


?2(9=^2«’ 


chi _ ^/0 + \/cos“ 20— cos^ 2 a 
^^0 a Vcos- 1^—cos'^2a 
the positive sign being taken as .9^ increases witli 0. 


Similarly 


ds .2 _ cos 26 — \/cos‘^ 20— cos" 2a . 
a v^os'*^ 20—cos^ 2a 


dsi dsA^ _ 2(cos 204-cos 2a) __ 


’* \d0 do / or cos^ 20—cos‘'^ 2a a4 cos 20—cos 2a 


, 2 (cos 20 — cos 2a) 

\fZ0 do) 008 ^ 20 —cos^ 2a 


\d0 do / cos^20—cos^2a cos 20 +cos 2a 

Hence 

^ __ f® do _ 6>2 p do 

"^ J 0 \/cos 20 — cos 2a~ a Jo\/sin"a—sin^0 

-^! ^9 f_r__ 

a Jo v/cos2^+cos2a JoVcos^a—sin^O 

In these integrals put sin 0 = sin a sin 6 1 ,. , 


o Jo v/cos20+cos 


6>2 

^ ^ O Jo 


sin 0 = cos a sin x/r j 

dtp 

<«' Jo v/l ~ sin^a sin^^’ 
Yj-'/'_^_ 

« Jo \/l —C08‘^a sin^>/r ’ 


respectively. 


0 = am ~ (.9j + Sg), mod. sin a, 


>//- = am g 2 cos a ; 

sin 0 / . X sin 0 a , , 

— - = sn 7-2 (Sj + a,);-== sn 71 ^ (s^ ; 

sm a 0 ^; ^ ’ cos a 6 -' ^ 

¥ j /sin 0 . \ 

/. 8 . + So = — sn~i (—— , Bin a), 

^ ^ a Vsin a / 

- /sin 0 \ 

5 —= — sn-i (-, cos a ), 

^ ^ a NCOS a / 
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r , 

/sm0 . \ , - 

<sin 9 

\1 

sn-* 

. - , sin a ) + sn“i 
\sina / 

\cosa’ 

cos a ) 

j^sii-' 1 

^sin0 . \ . 

, . sin a ) — sn-i 

Vsina / 

/^siii 9 

cos 

^cos a ’ 


the former of these being- the result previously obtained. 
Reducing in the case of Bernoulli's Lemniscate, we have 

a = r^ — 2a^co8 20, 

4 

8^ = a sn"^\/2 sin 0 
= a cn“^\/co8 26, mod. ^, 

= a cn~^ —^, as in Art. 598. 
as/2 

602. The Single-loop Case. 

In the one-loop case a<b, the same method cannot be 
adopted, and M. Serret considers the arcs traversed by a pair 
of perpendicular radii vectores 01\ OQ, starting from the ends 



Ay B oi the two perpendicular axes. Let the arcs AP, BQ 
be respectively s and < 7 , and let = sin 2^. Then, solving 
as before, 

r^—2a^r^ cos 29 A- cos^ 26=^ a^{cos^ 20 -f cot^ 2/J) 
and ' r^==a^ cos 29 ±:a^ s/cos^ 29^cot^ 2/3, 

and the positive sign must now be taken. 

Also, as before, 

ds _^ ds _ s/cos 2^-f s/cos2 2^-f cot^ 2/ 3 

Vd9 ^cos 29 ’ dO'^ a jeos^ 20 + cot^ 2fi 




OVALS OF CASSINL 


613 


Writing 0 + ^ for 0, 


dcr J —cos20-h J cos^^20 + cot^2 ^ . 
do a N/cos2 204-cot2 2j8 

/ 4 . 20 4- cot^ 2/3 4~ cot 2/3 

‘' \d0 (i0/ co8^ 20 + cot^ 2^8 

, / (Is (la\^ _ 2^^ \/cos^ 20 + cot^2^8 — cot 2/8 

\50 fZ0/ "" a‘^ cos-20 + cot‘^ 2^ 

In each of these change the variable to 0', where 

. sin 20' , ,, ^cos 20' dO' 

sin 20 = “—, and there tore cos 20 a0 = . ^ • 

sin2;8 sin 2/5 


Then 


cos'*^ 20 + cot^ 2^ = 1 + cot^ 2/S - 


sin2 20' 008^20' 


Then 


sin- 2/8 sin-^ 2/3 * 

28 C082 20 ' 1 


Similarly 



COS- 20' 


sin 

2/3 

1 

sin- 

25^ 







sin^ 

2/3 

2b^ 

COS 20'+cos 2/3 
sin*^ 2/3 —sin‘^ 20' 

sin 

2/3 




2¥ 

sin 28 




sin 




cos 20'—cos 

2 ^- 


sin' 

Hi- 

-sin''* 


2¥ 

sin 28 


_¥ 


sin 

2/3 


a- 

cos 20' +cos 

LO 

1 

a- 

cos 


-8in^0'^ 


^.e. 


? + o*= - Vsin281-7-- 
Jv/si 


—(r = ^ Vsin 2 ^|- 


‘^/3—sin^0' 
dO' 


\/cos‘^^—sin‘^0' 

In these integrals put respectively 

sin 0' = sin /3 sin ^ and sin 0' = cos /3 sin \!r, 
^2 

and remembering that sin 2/8= ^ 2 ’ 

_ 

Jo \/l —sin^/3 
_ dyjr 

**" J 0 \/l —C08*/8sin^'\/^ ’ 
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. s + cr , S—cr. 

0 = am , y = am —, 

sin .s + fT sin ^9' s—cr 

• ^ ^ = 811 —^= sn —j— , 

sinp o cos/5 0 

, /sin . ,A 2 , /sin 6' . 

+a = 6 sn-> sin fi) ; s-a^b sn-' (—g, cos /3j, 


whence 


= 2[‘^“"KSn|’ 


where 6^' = | sin~^(sin 2/3 sin 2i9). 

The first of these was established in Art. 597. 


603. The Elastica or Lintearia. 

This curve is of considerable importance in various branches 
of Physics. It is (1) the form assumed by a uniform originally 
straight elastic rod bent into a bow by a bow-string, or by equal 
thrusts at its extremities, i.e. it may take the form ABC oi 


B F 



Fig. 147. 


ABODE, etc., according as the string is tied at A and C, A and 
Ey etc. This is called an undulating elastica. When the bend¬ 
ing is slight, the form is approximately the curve of cosines 
(E. J. Routh, Anal. Statics, vol. ii. p. 281, “Bending of Rods”). 

(2) It is the form assumed by a flexible thin rectangular 
sheet, two of whose opposite edges are fixed horizontally at 



the same height, the flexible rectangular sheet forming the 
base of a rectangular box with vertical sides into which water 
is poured, the material being supposed impermeable for water 
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and the base fitting the sides so closely as to prevent appi^eci- 
able escape of water. From this property the second name 
arises (lintea/rius = made of linen). 

(3) The curve also occurs in the case of water drawn up 
by capillary action against a partially immersed vertical plate. 



Fig. 149. 


The curve may assume various shapes according to the 
physical circumstances (Xicurring. It may undulate, or there 
may be any number of complete convolutions forming loops and 
nodes. Such cases are exhibited in the accompanying figures. 



Fig. 150. 



Fig. 151. 







Fig. 156. 





616 


CHAPTER XVII. 


604 The determination of the nature of this curve is due 
to James Bernoulli (1G54 j-1705). 

For much detailed information as to the cui’ve and its 
physical properties, the student may consult W. H. Besant, 
Hydromechanics, pages 168-171, p. 194, p. 201, etc.; G. M. 
Minchin, Statics, vol ii. p. 204; E. J. Bouth, Analytical Statics^ 
vol. ii. p. 283, etc., “ Bending of Rods ”; Sir A. G. Greenliill, 
Elliptic Functions, p. 87 ; and the article on Capillarity in the 
Encyclopaedia Britannica, by the late Sir J. Clerk-Maxwell. 

605. The stress couple at any point being - , where p is the 

radius of curvature and K a certain constant called the flexural 
rigidity, we have as the geometrical property of the curve, 



where y is the ordinate from any point to tlie line of thrust 
and T tlie thrust, or string tension if tlie bow is bent as in the 
ordinary case by a bow-string. 

Hence the ecpiation to be considered is py — c^, c being a 
constant, and two cases arise accordingly as the curve is 

(1) undulating, (2) nodal. 

606. Rectification of the Bow. 

Taking the bow-string as x axis, its mid-point 0 as origin, 
and a perpendicular through 0 as the 2 /-axis, let y be the 



ordinate of any point P, and let yj/ be the acute angle the 
tangent makes with the tangent at the vertex F of the arc, 
and let arc VP = s. Let \lr=^a when P is at A, and let OV = 2a 

Then py^c^\ 
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Differentiating, \ ■ 


dy ^ 

dy}r 


+p sin i/r 


P- + 


ds N 

d^J' 


-^dp=^ sin \jr d\j/', 


and integrating, 


: 2 (cos cos a), 


for \/r = a when y = 0 and p = oo , i.e. at A. 

1± 

\/2Jo VCGsV/ 


Hence 


Vcos cos a 

2V^. 




Let 


. V' . a . 

sm ~ = sin 2 Bin ^; 

cos ^ dx//' = 2 sin ^ cos x dx j 


■•■•[vr 


‘X 


= cJP(x. siu^) 


and 


X = am^ 


. \fr . a S j • a 

sm = Sin sn -; mod. sin . 
And the intrinsic equation of tlie curve is therefore 


sin 




s = c sn'"^| 


sm ~ 


i sm: 


.( 1 ) 


The student should note the analogous result in Kinetics 
in Art. 389, viz. the case of the oscillating motion of a simple 
circular pendulum. For a comparison of the two results, see 
Greenhill, Elliptic Functions, p, 87. 
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The ordinate y is given by 


Ci I ' ^7 GL . „ \/r 
=—=2c Vsin- siir ~ 

n ^ Z Z 


. a a .s. 

= 2c sm TT cos y 2c sin -r. cri , 
2 ^ 2 c 


i/=2c8m^cn^? sin^).(2) 


To find the abscissa x, we have 
dx , 

dx - ds 

■■ 

dx . d, 

yi-sm-^sm-x 


and adding 


dx 

d{x-\-fC) 

dx 


■-2c'Jl — sin^ ^ sin^ X > 


£C+s=2c£ -y/l -sin^ ~ sin^x dx- 

05= 2c£' ^X> l) ~ ».('^) 


We thus have for the bow, or undulatory elastica, py=^c^, 

M . x] 1 

8 =csn ^1 ■■ , sin ^ I> 

\sin| 7 

( 2" a\ 

x^2cE\ sin-i—sin-r —s, 

\ »»5 / 


a • CL fS , o\ 
y=2csmr^cn[^, ain^). 
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607. Rectification of the Elastica in the case when there are 
several Convolutions, viz. the Nodal Elastica. 

Taking the y-axis to pass through a vertex F as before and 
the line of terminal thrusts as the aj-axis and \Ja the angle 



which the tangent at P has turned through in passing from 
V to P, we have again — 


dp _ dy 

p^ d\]/' dxfr 


=p8in xjr, 


-3 dp=sm\jrdyp', 
c2 

and integrating -g—2 cosx/r+a constant—2 cossay. We 

have not, however, in this case, as we had before, any point 
at which p is infinite. Let 2a be the ordinate of the vertex. 

Then at F, p=^ 


2a ’ 

/. putting 


2a^ 


when A=^^—2\ 

C“ 


c® 4a®* n. . 

-,=-^-2(1-cos^.) 

=4g-8m*|), 

being >1, as p cannot be 00 by supposition, and 
ds e 1 
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,, or putting = 2x, 


1 _ ^ qin 2 r_ 
1 „.8in 2 


h V*“a2 8in“x 


e<‘) 


=-jp 

a 


and 

c 

Hence the intrinsic equation is 

C2 . yjjr 

s~ am“^ 
a 2 


y=^--=2ayj} -^jSin2^=2aA(^^)=2aA(x); 


/. y=2a dn 


Again, 


dx , ds 

dx (l--2sin2x) 


d\ a 




= ~a-. .- -=J» 

aj=a(2-yr _±_ - 2aj^^i_£-^sin^X<^x; 

J^Vl-a2«in^X 

•■• »’-(25-1>-2o-E(x. f).(3) 
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Hence, in the nodal case of py=c^, 

ain~^ , 
a 2 

5 ). . 

2/=2adiw. 


Compare with this case the result and process of Art. 390 
for a revolving pendulum. 


608. In the case of an infinitely long rod, imagining the 
elastica to touch the line of thrust at oo , we have 
p=zQo when 


and 


-2 = 2 (1H- cos xjr) = 4 cos^ 


2 ’ 


ds_ 

dyfr 


t. 


= 2“"'2 


and .s' = clog tan 


s being still measured from the vertex. 




Fig. 159. 


This species of elastica is called the Capillary curve (see 
Besant, Hydromechanics, p. 201), the shaded portion in 
Fig. 159 representing the water raised above the normal level 
by capillary action due to the presence of a partially immersed 

vertical plate PQRS. In this case p = ^ at the vertex, and 

c = a, the modulus of the elliptic functions occurring in the 
second case becoming unity. 
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609. Cotes’ Spirals. 

These Spirals are dehned by the pedal ecjuation 


^2 = ^2 + C'ttic., Art. 454) 

There are five varieties: 


(1) i? = 0, an Equiangular Spiral. 

(2) .d = 1, in which case B is essentially positive (as r >■ p); 

the curve is the Reciprocal Spiral (Diff. Calc., 
’ Art. 452); and the other three are reducible to the 
polar forms 

u=‘asmn0, u = a 8mh7id and u=^acos\\n6. 

(1) The rectification of an eauiangular spiral has been effected 
in Art. 449, Diff. Calc. 

(2) In the reciprocal spiral ^ > we have f = — ^2 > 


giving 


(p cos (p 


ds I 1 

(= a|—ip— dd. (Let 0 = tan <f>) 

= aj cot® (/>. see* ^ = aJ 

_„f_ d si n^ _ 

J sin‘^ (1 — sin^^) 

= rt f [ —^ + i (:j—ir— + -j—-i.— )1 d sin ^ 

J Lsin"^ 2\1—sin0 1+sin^/J ^ 

a, 1+sin^ 

= -acosec./>+2logj3^ 

= - +- log + + ^. 

'0 ^2 + 


The remaining three are rectifiable by the aid of elliptic 
functions. For instance, take the first, viz. u=: a sin-710 for 
the case > 1. 


s = 


aa = 


(Art. 611 ); 

f® \/sin2'n^4''?i^cos%^ 

J.— 
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measuring s from the vertex at 6^ = - • (See figure of curve in 
Art. 387, Diff. Calc.) 

Let 


as- 


1 Jn^ - — I )sin‘'^0 


n\ 


siir0 




Jtt siir0 ^ 


where A = \/l —/c'^sin^^ and 


—1 

71^ ■ 


r A i. . T . i. . - Bin <p COB (p 
\ as= —Acot^^J +1 coi<f> - 


■A cot04- 


(I — /c^) — (Ij— A:“sin^ 0) 


d(p 


=—Acot 04“(1—^“1 


= — ^cot 77d\/sin^?id4-'J^‘^cos‘^n04- 
where /c^ = 1 — . 

71- 

I 

610. Bi-Polar Curves ; Plane Elliptic Coordinates. 

Let aS, H be fixed points, and let the distances of a moving 
point P from S and H bo and Tg respectively. Let SH=-~2c ; 
0 the mid-point of SH, PN a perpendicular from P upon SH ; 
ON = x, NP^y; also let r^~r^=2fj. 

Then rj may be called the elliptic coordinates of P; for 
^—const. and f]=comt., give families of confocal ellipses and 
hyperbolae. 

Let A be the area of the triangle SPH. 

Then 


16A*= (2c+ri +r^) (- 2c4-ri +r^) (2c-ri +r-J(2c +r^-r^), 
i.e. A^={e-c^)(e^~n^). 
where ^ is necessarily <t c and .;>c. 

Hence cy~J{^—c^)(c^—ti^X 
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Also, if m be the length of the median OP, 



S ON H 


Fig. 160. 

Thus the Cartesian coordinates of P are given by 

cx=ir,, .( 1 ) 

c dx—9] 


And therefore, if ds be an element of the arc of t/he Bi-Polar 
curve traced by P for any relation between and r,). 





=< 

'■(f 


and s ~ 



J 

^ V^2_^2 . 


If we put 

^ =r= c cosh V, tf=^c sin u, 


we have s 

—c Jv cosh^ sin® u s/ dn^ -f cZ-? ’®. 

....(3) 

Moreover, 

ir—c cosh t? sin u, 
y==c8inh^^cos u, 


and 

sr + ti/—csiii (u+it;), 



the transformation used in Art. 590 for the rectification of the 
central conics. 
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The (?/, v) system and Uie (^, i/) system are therefore 
connected, and eitlier may be regarded as “ elliptic ” coordinates. 
Moreover, we have a definite interpretation of a, v as used in 
Art. 590, viz. , _ 

t?—cosh ^ , u—sin ^ ^ ^ 


2 c 


2 c 


and they are tliiis expressed in terms of the bi-polar 
determination of a point. 


Ex. Employ Formula (3) in the case 

sin u—m cosh v. 

To what curve does this equation refer? 


(II1. If we wish to express the result of Art. 010 in terms of 
the original radii vectores r^, rg. we have 

_,2- _ 4a* ■^4c-2 - (r^ -9';)* 

- +(<^'^ 1 —dr „)-\ (r^+r,,)*—4c*] 

{2a +9’j + 9’ij)(—2a +9j +9’2)(2a t j'-j- r^) (2a-|- 

^ r^T2((lr■^^ch\(b\(<(^~-r2^) 

16cr((T-"n)((7 —rj{(r—n^) 
where 2ca and 2cr—a-f rj-f-n i 




*)+(«.* 


ih\ 


\/cr{a- — (i){G- -r^) {(T—r^) 


. (4) 


List of Well-known Bi-Polar Equations. 

612. The principal bi-polar cases of well-known curves are : 


Name. 


Bi-polar Equation. Form of Equation in Elliptic 
Coordinates. 


1. Ellipse 

2 . Hyperbola 

.*b Cartesian oval 

4. Circle 

5. Circle 

6 . Straight line 

7. Cassini an oval 

E.I.O. 


r^-^r^z=z2a 
ri — n = 2a 

^1 + ^*2='^ 




/y*^2_ 


^=a 
r) = a 

^4-? = ! 

a b 

ij = 

^" = -4 


2r 
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613. Ex. 1. Rectify the ellipse r, -f r.j 
Here 

«=i' Vincreasing) (r)<c<a) 
~aE(o^ where t; = csin ^ (cf. Art. 567). 


Ex. 2. Rectify the hyperbola rj - rj,=2a. 

Here dr] = 0. 

S~j^ 

-——— c^~d' a\ rif 

= tan CO s,'c--~ a^sin^(i)-\ -^ ^ I -) ~cEiw, ~l 

where >.)—^^ = sin^a> (cf. Art. 588). 

— a- 

Ex. 3. Consider the case of the Bernoulli’s Lemniscate r^r^ —c®. 


Here 

Hence 


— and 

^ V ^ 

dif _ 


4 . 1 

c2-r/**~t;2^c2 c 


- , -- 'L - (cf. Art. 388, Case 2), 
s/d^ — yf 


=ccn~^(^—, 4-) (cf. Caic., Art. 458, 
\ c V2/ ^ r,92). 


and InL 


614. Use of Bi’Angular Coordinates. 

It is sometimes desirable to express an element of arc of 
a bi-polar curve in terms of the bi-angular coordinates 6 ^, 0 ^ 
which r^, respectively make with the line joining the poles. 

Let /(^i, ry)=const, be the bi-polar equation of a curve, c 
the distance between the poles S, H, Let the angles of the 
triangle SHP be 02 , d^y O 3 ] so that 7 \y ^2 polar 

coordinates of P with SH for initial line, ?* 2 , 0i the polar 
coordinates witli HS for initial line. Let the normal PG 
cut the line SH at G and the circumcircle of SHP at Q. Let 


and let 


SQ^P 2 . HQ:=P„ pq==n. 

r ^?~C0SY -^2* 

»-irfg-cosx,- 2cp, ’ 

dO^ c^-^pi—px 

-r,-^^=cosx,= —-1^^. 


Then 
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Hence multiplying by respectively, and then addins 

and subtracting, 

ds ds . 


ds “ 

Now PSQH being cyclic, 

Pl^l + 


. ^2 1 ^ _ Pi^ P2 a\\ 

1 d-p2^2 , 7 . - . . 


S 

Q 

Fig. 161. 

Hence these results may be respectively written 

cd8—{Nc—p.2T^d02,--{Nc—p-^T^d9i .(iii) 

== Pi dS^ —p2 ^2 do2—Nc{dO ^— 

2 2 

and ds=p^r^ d0-^-{-p^r^dO^+NcdO^ .(iv) 

for =0. 

The last equation (iv) is due to Mr. Roberts {vide Professor 
Williamson's Integral Calculns, p. 501, for a somewhat 
different proof). 

Again, in travelling along the curve f{r^, r 2 )=^"Const., 
dr^ -fdrg—O ^where stands for etc.^, 

i,e, /,,sinxi-/r,sinx2=-0. 

/.x SG Jr, 

^ HG rgsinxa r^ fr, 

(see (7afc., p. 181, Ex. 32); 

(b) 

Pi sinx2 A’ 



Hence 
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In caaeH in which f(i\, ?%) is homogeneous in and and 
of degree and if for convenience we write the constant as 

y|n-l yyn-1 

c , so that /('r,, r 2 )=c-, 

n If ^ 


we have, by the theorems of Ptolemy and Euler, 
Pi _^2 _r.l&_+l2£2 ^ ^ 


in A n/ri+’aA’ V 


I/, say. 


Then 


P\—fnv, Pi^fr-P, 


The quantities v and N can be obtained in terms of r^, rg 
as follows : r r 4- /> n 

(Hobsons Trigonometryy p. 203); 


. ..Ji^iilZVA+IaA)_ 

a^’^-HrJ,i+rJr,)-frJrirJr, + rJri’ 

and V is therefore found in terms of r^, r^ and the constant a. 

And a.s Pi=«/f,> /» 2 =''A, N-=a’>-^v, 

Pi» P‘ 2 ’ ^ known in terms of r^, 


Also, since 
and 


„ C 

sin 6 ^ sin $2 sin (Pj -f 82 ) 


/(n- 'r'i)=C' 


an-i 

> 

n 


we have theoretically the means of expressing r^, Pi> P 2 
and N either in terms of 6 ^ or in terms of 62 , as required. 

Hence the rectification of the curve depends upon the in¬ 
tegration of either of the formulae 


or 


■S = <^^2-j/»2^2 

c J P-, po Ji 




Pl^ Pi 
Pl'^1 


,d9r 




Nc 


Pi—pi 


d9« 


or 
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615. Rectification of a Cartesian Oval. Genocclii’s Result. 

The last form was used by Mr. Roberts in a proof of Prof. 
Angelo Genocchi’s Theorem, that the arc of a Cartesian oval 
can be expressed in terms of three elliptic arcs. 

Thus, for this oval, viz. + 


we have 




and p^~2N cos 2 ? 2^3 + ?/), 

~ 2Np^ cos 6 ^ cos + 

c2 ^ 2pj p^ cos ^3 —1/2 (Zj2 -|-2i J COS 0^ + I/)- 

Hence 

and (^,^- f p^r.2i,4cos0i + 

+ ^2 COS ^2 + ^ 1 ^ ^^2 


+ 


And these are the integrations required in the rectification 
of ellipses. This is Genocchi's result. 

For a full description of the elements of these ellipses and 
for many other important properties of the Cartesian Ovals, 
the student should consult Professor Williamson’s Differential 
Calculus, pp, 375-382, and Integral Calculus, pp. 239-243. 



616. In a similar manner, if the tangent to the curve cut 
the circumcircle of the triangle 8 PH at a point Q whose 
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bi-polar coordinates are cto, and T be the length of the 
tangent FQ\ which makes angles Xi, Xa with and we have 


and 




~ds 
cs 


dr. 

ds cosxi— 2c(y^ 

d/r\ 4- 

^/=-C08X,= —T2tr"^; 

T c/ro dr. 


dri , _ dr^ — cto 

^2,7o ~ ^ 


jo-irfra-jo-jdrj 


617. A General Theorem. 

Let there be two given curves 

n=/i(^). 'f2=/jW. 

and let OP^Fi be a radius vector from the origin cutting 
these curves at and P^. 



Let a point P be taken on OPJPi so that 
OP = XjOjP j 4" ^K^OP^y 
i,e. = + 

and '^ = Xi'^i4-X2'’^2’ 

\y X 2 being constants and dots denoting differentiation with 
regard to 0. 

Hence 

r*+f* = Xi®(ria+r^*) + + f^r^) .(1) 

Let Sj, Sj, 8p be corresponding arcs of the three curves. 

Now (rirg+rir 2 )*+(rifi-r 2 r 2 )*= {ri^-\-r^){T^+r^) 

Mxd (r^rg+ r^r^f +{rjrg —r^r^f = (rj*+ r^) (r^ + r^). 
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Hence there are two cases of simplicatiun, viz. 

(A) when = 0; (B) when = 0. 

Case (A) arises when the given curves are so related that 
'^1 ~~ '^ 2 ^ = const. = a\ 


Case (B) arises when 


-1 ^ 

r, n ’ 


.V = V[-<V 


i.e, — = constant and the original curves similar and similarly 

situated with regard to 0. 

In case (A) 

= (^2^+-h ^2^) (^i“— 

and 6>2 = 

If we take X^ == X 2 = X, say, 

, i> *v o r . o o 

and 

If another point Q be taken on the same radius vector such 
that Xi = — Xg = X, say, 

then = X [n/.<* 2 ^ + a^]. 

The radicals are placed in this order because 
.s2^-{>a2> a^, 

as may be seen as follows: 

80^ — a^) = (rg^ -f ) ~ (r^2 4. -f 2a^ 


5- 2 4* H- 2 Js ^ 2 _ ^2 ^^.^2 4. 2j 

8 j, — X [s/^*2^ 4“ 4- >/.4 j 2—a^]. 


and is positive. 
If we take 




X = J, i.e, rp = 




and 


2 ' 'V 2 

then the P-curve is the locus of the mid-points of PyP^^ and 
the Q-curve is such that OQ^P^P^^PPi and, 

so that the P and Q loci are inverse to each other. 
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For such derived loci we therefore have 

— Jv.s’i ^—a^dd, 

and when these integrals can be found, and can be found. 



Again, the P and Q loci being inverse to each other, the 


a 


constant of inversion being ^ 


ds*, 




(i\^ dsp 


y% 2 __/»■• 2 

'l_V 2 






ri + r^ 


_ "^1 


. •. (Zs,.+(fey= p =~ i:;r 


' diH u — 


dso, 


d/S/» d^Q — 


2 'y’rt 

—dsp — - 

rj+7-2 r 


1 

2^0 


(fey; 


(l = ij (^; -1) (Z0. 


618 . In Case (B), '^i^2+'^i^2 = V2 5 

whence + X2.^2 

and Sp = Xi('?i + X2«2; 

but as the curves are then similar this is an obvious fact, and 
this part of the investigation does not render any new 
inforination. 
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610. A Useful Case. 

In Case (A), it may happen that the derived curves are 
diiforent branches of the same curve locus, 

6i^(d)r4-™-=0, say, 

cC^ 

whose roots are and 

and therefore r-^—)\?=4irpTQ~a^. 

In this case tlie two branches of the curve are 

_ hF{d) ± s/Pp\^-7/2 

2 

whieli are inverse to each otlier with regal'd to the pole, the 
constant of inversion being 

And the “ given ” curves from wliicli this curve is derived arc 

r,^bF(e\ 

And if and .Sg bo the differential coefficients of the arcs of 
these curves, the arcs of tlie derived P and Q curves are given by 

26>—4- a‘^cZ(9 4* 

G 20 . Ex. 1 . Consider the rectification of the curve 
4(.r^ + !/^)U’ - a) -4- a^x — 0. 

Putting this into Polars, 

- ar sec 7 - = 0 , 

4 

a sec a tan 6 

r_ ^ . 

The original curves from which this is derived are obviously 

rj = a sec 6 

and ~ a tan (?, 

the first being a straight line and incidentally an iisyrnptote of the curve 
we wish to rectify. 

The P and Q curves are branches of the same curve and inverse to 
each other. Tf N be the node on this curve (see Fig. 165) and A the point 
where the asymptote x = 2a cuts the ^-axis, the several arcs are 
= ; OP,^=^8,^, NP=^Sp, NQ = 8^. 
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Now = a sec ^ 0^ «./ = «^( tan^ 0 + sec^ 0), 

a _ ai =a* tan® 6 (sec® 6^ +1), 
s./ + a® — a® sec ® 6? (sec® 6> +1); 

.-. N/^'a2 = a|^";j^Vl + co8“6', 

® 0 \/^l -4- cos® 6. 



Fig. 165. 


Now 


/. 


sin 0 
cos^ 


\/l 4- cos® 6 dO 


sin 0_ 


= sec (9vr+co820+1 

= sec ^ \^H- cos® 0 — sinh”’^ (cos 6) 
— \/sec® ^^4-1 — sinb”'^ (cos 0), 


and J'8ec®^>/l4-co8®6^o?^y=tan 6^Vl-f-co8®6^4- / >7f 

=tan0VH-cos‘^«+/(;^j^^-Vl+co8»0)rf0 

= tan ^\/l 4 -co8®^4-v '^f i^ 

— sin 6#\/sec®d4-l+\/2 ^) ““ \/2 

Hence 

arc JVP4-arciV'Q-a[^ain ^>/8ec®6^4-1 


arc JVP — arc NQ=a[s/ sec® 6# +1 — sinh”^ cos d\ 
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Thus &,vqNP and arc are found by addition and subtraction. It is 
to be noted in this case, that although each separate arc ATP, NQ requires 
for its expression the elliptic integrals of the first and second kinds, their 
difference is free from these functions, and expressible in terms of 
trigonometric and logarithmic functions. 

Ex. 2. As a further example, consider the “ derived ” curves to be the 
branches of the Cartesian oval 

r- - (^ 4- P cos 6^)r 4- ^ = 0. 

The roots being tp and we have 

rj,==r^H-r^ = A4-Pcos 0, 

— — cos Oy^- 

and these are the “ original ” curves from which the Cartesian ovals are 
derived, the first being a Limagon. 

8-^ = 4- = (A 4- P cos dy^ + P^sin'-^ 0 

= A^ + 2APcos(9 + P2, 

8p- 8q— P^- (P4 -2AP cos Odd. (See Art. 573.) 

Hence the difference between corresponding portions of the inner and 
outer loops of the curve 

r2-(A 4-Pcos 

can be expressed as the corresponding arc of a certain ellipse. 

[This polar equation to the Cartesian oval is an ordinary conversion to 
polars, retaining one of the poles as origin, of ^r4-wr'=n, writing 
(j2 _ 2rccos ^ for and performing the rationalization.] 



We may remind the student that any arc of this curve has already 
been expressed in terms of three elliptic arcs (Art. 615). 
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The arcs Sp — AP^ 8^=^AQ to which the iutegration refers are shown 
in the figure. 

We may construct the ovals as follows. Having drawn the limayon 
= A “h i? cos as explained in Art. 424, Dijf, Calc.^ take any radius 
vector OPj, and on OPj for diameter construct a circle. Take centre P^ 
and radius a and draw a second circle cutting the first at R. Then with 
centre 0 and radius OR draw a circle cutting OPi at P 2 - 
Then OP^ =- A + P cos 6^, 

OP2 = >/{A + Bcosef-a^, 

Bisect P 1 P 2 at P and make OQ — PP^ ; then the points P and Q are 
points on the Cartesian oval. 


MISCELLANEOUS PROBLEMS. 


1. Prove that the three equations 

x — c log sec y = c(tan - ^), s — ^(sec yfr - 1), 
represent one and the same curve. [I. c. S., 1893.J 

2. Find the area of the curve 

eonsidering all cases which may arise. 

3. Prove that the value of the integral 

TT 

taken round the ellipse x^ja^ is denoting the central 

perpendicular on the tangent at (j;, y) and ds an element of arc. 

[I. C. S., 1912.] 


4. If the point x, y lies on the curve 

2px 4- q, 

dx ^ dy _ dx + dy 

7~" 


prove that 


* X x + y 4-p’ 
dx 

and hence obtain the integral of 


sjx^ -\- 2pX -ir q 

If, however, the point {x, y) lie on the circle x^-Vy'^^a^^ show 
that the corresponding relation is 

dx _ dy ^ ^ds 
y aj ~ a ’ 

where s is the length of the arc measured to the point (a;, y). 

dx 

Deduce the known formula for the integral of 




[I. 0. S., 1908.J 
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5. Show that if S stands for 


8-(«.)=.6->*«-ng8—% + .... 


r Tf 1 dli fx + g 

^ li dx ax? + 1x^6^ 

and if b- - 4a(: be positive and the i*oots of ax'^ -{-bx + c = 0 
A and /x, prove that li — (x - Xy(ix - fiy, where 

+ 2a.>/-y 

q 2a 2a^(A~^)' 

And if a= - 1, & = 0, g = 1, 


i? = (l -~x?y 


'/I +ic\L 

Al- J 


be 


If 


I? - iac be negative, 


Ii ~ (ax? + hx + 


tan-1 


2a x-i-b 
V 4 ac— 62 


If rs 0, 





a(2ax+i) 


[K. J. Routh, Proc. L.M,S.y vol. xvi., p. 250.] 


7. Show that 

there being 2^+1 integrations, 2h +1 being an integer, though k 
may be a fraction, is equal to 

where M = (k-\rl)(lc + l to 2^* + 1 factors. 

[Cf. Routh, Proc. L.M.S.y vol. xvi., p. 249.] 


8. ABO is a triangle with the corner A fixed and with sides 
ACy OB respectively sjii and Vth- 1, given lengths. 

The side AB ( = r) makes an angle d^nA - (n+\) B with a 
fixed straight line AX. 

Show (1) that the path of B is rectifiable by the formula 


s=^>Jn 



= \ln am~^ A, mod, 


IJ!L 

' Mn+V 


8in^0 


(2) When w = 1 the rectification is the same as that of a 
Bernoulli’s Lemniscate. 
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( 3 ) The inclination of the normal to the radius vector 

is A+B, 

( 4 ) The area of the triangle is equal to the area of a sector 

of the curve starting from the axis AX. 

[M. Sebret’s Problem, Calc . Int .^ p. 269.] 

9. (7 is a point of maximum curvature on the Lima^on 

r = a cos 6 -{-by b> a; 

A and A' are the two vertices Prove that the difference between 
the arcs ACy A'C is 4a. [St. John’s, 1891.] 

10. If y = _ 3 ^ 2 ^^ prove that 

dx __ dy 

\/x^ - 4a^ 3\/y^ — 4a®* 

and by integration express x explicitly in terms of y. 

[Oxford L P., 1916.] 

Apply this method to solve the cubic 

45a;-473 = 0. 

11. Prove that 

[Oxford I. P., 1916.] 

12 . Provo that if n be an odd positive integer greater than 3, 

«[ sin«a(tfa: = (2-V3)’^-^. 

Jo w-4 3 

Var 1 n-^ 1 n-1 m-3 4"| 

8 L2”-»'^n-2 2"-“'^ ■■■■*■«-2’ w-4"'3j' 

[Oxford I. P., 1916.] 

13. The parameters /j, 4 of two points Ay B of the unicursal curve 

xl{\ 

are equal to tan a, tan /?, whore 

- < a < - Jtt, </? < Jtt. 

Prove that the area of the curvilinear triangle AOBy where 0 is 
the double point, is 

a21^2 - ^ ^ - a - sec ^ sec a sin (/?-«) + ^ tan fd tan a sin 2 - a)J. 

[Oxford I. P., 1916.] 

14. If 71 be a positive integer, show that 
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15. By assuming 
c 


Is/TT^ 


- dx to bo of the form 


ahx-v cx^dx^ + ex^ 


obtain the integration by differentiation and equating coefficients, 
also obtain the result directly by putting x^^z. 

16. Given a rational integral relation between x and y of the form 

+ ... 4- = 0 - y), say, 

where A^, A^ are rational functions of prove that when 
^y dx can be expressed algebraically in terms of x, then 

|t/ dx=B^ + B^y + B^f + B^ + ... + 

where /?o, B<^... are rational functions of x. [Abel.] 

17. Assuming X to be a rational function of x, and — 
and that j*y dx is integrable in algebraic form and expressible as 

[y dx = I\ + Pt^ + P^^ + ... + 




[Liouvillb.] 


where ... are rational functions of show that 

7'o^A = A=... = 7Vi = 0, 

that is that the integration must contain one term only, and that 
^ ^y dx is a rational algebraic function of x. 

18. If M and T be two rational polynomials, then, provided 
CM 

integrated in algebraic form at all, the form of 

the integral is where ^ is a function of x, 

V T 

Show also that 

(1) 6^ is a rational function of x, 

(2) That MT^T--- B^r- 

' ^ dx m dx 

(3) That 0 is an integral polynomial expression and not of 

such form as -p., whet'e U and V are complete poly¬ 
nomials, i.e, not such that V contains x. 

(4) That the degree of the jKjlynomial 6 is greater by unity than 

the degree of M. 

x^dx 


Use these facts to show that 


\/l H- 


is not expressible algebraically. 
[Beetkand, C. p. 94,] 
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19. Py Qy 11 being any rational algebraic polynomials, and 

assuming that when is integrable by moans of the ordinary 

elementary functions, the integral must be of the form 

= log («, + A v'5) + B log (a, + /3,v/S) + ... , 

where 7 ;, 6, a^, a^, etc., are rational functions of x, a result 

established by Abel,* show that when the integration can be 
reduced to one term, the general type of the result is either 
algebraic of form or may be written as 




(3^11 


In the latter case show that 

(1) a^-/3"-J{ = Q. 

/o\ on//®' J'' 

(3) 

where accents denote differentiation with regard to x, 

20 . Show that 

f 37 a; 4 - 28 ) dx oi. i l)v/a; +2 

- 

21. Prove that 

f__= l+.n}3-l*±> + 

J7(a:2+2a:-5)(a;‘'* + 4a:-8) 2 ‘ a; + 5 Va;''* + 2* - 5' 

22. Prove that 
J- -2»+'l 


dx . , ,x-Jxf^ + '2x‘ + 2x+\ 

, -- - = tanh”^---- 

Jx^ + + 2 ir + 1 x^ + x-\-\ 


sec6>(^0 = tan“i 


sin $ 

1 +COS‘'^(^* 


m fj 

(3) f- -_ u-i /cos^ir+1 

J \/ cosh^^r + 1 s/cosh'-^ir + 2 VCosh‘'^xH-2 


3 tan^^-H 2 
tan^^ -I- 5 tan’-^^ + 4 

sinh '2xdx 


* (Euvres. See Bertrand, CcUc InUg ., chap. v. 
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23. Show that 

(i) 


2n + 


7 tnat 

1 gf dx 271-11* dx 

^ J v (i^n+i ^ qi^ 2 h +1 q 2 _ 2 J V 4 - 


= tanh~^x 


(ii) 

24. 

(i) 

(iii) 

(iv) 

(V) 

(Vi) 

(viii) 

(^) 

(xii) 


rN\ 

•rWf 


Vs 


i + a2 


2^2ti+l a^n+1 * 


TSn2^ 


see 6 dO 


see Odd — tanh 


Integrate the following: 
j* ( 2x + l)dx _ 

px2 4-15x4-12 dx 

J 5x2 4-15x4-9 V((r+ 1)(X4-”^’ 


(ii) r.... 

' ’ Jv/*‘ + 2x®-3x2 


aX 4- a 
[AliKL.] 


I: 


(1 4-8x)c?x 


VI + 6x 4- 4x2Vi _ 2x 4- 4x2 
j* (2x 4-a)(^x _ 

J sjx^ + 2ax® 4- 3a2x2 4- 2a2x - 
3x^ - 2x3 4-1 dx 



3x 4-1 


dx 


X - 2x2 _ Jx 

x2 - (a + ?>)x - a6 


ri 4- 3x^ 4- 2x^ dx 

] i+2x-x^~ vr+^’ 


^ 1 Vx2 + ^2 Vx2 4- ^2 
, . f 1 4 X^ ^Zx 

(«.) Jr^ 


dx 




25. Show that the whole perimeter and area of a single loop of 

the curve r— 2a cos n6 (n> 1) are respectively equal to the whole 
perimeter and area of the ellipse x2 4-7^2 ^^ ^ j p ^ 1911.] 

26. If an element ds of a curve lie at distance r from the origin, 
and subtends an angle dO there, it is known that unit electric current 
flowing along ds produces a magnetic force at the origin at right 

angles to the plane of the curve proportional to -- . 

Show that if unit current flows through a thin endless wire of 
given length in the form of an ellipse, the magnetic force due to 
the current at the centre of the ellipse is inversely proportional to 
the area of the ellipse. [Oxford II. P., 191.3. 

E.I.C. 


2s 
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27. A current of electricity is flowing round a fine wire 
ABCDKA bent into a plane polygon. 0 is any point within 
the polygon, and perpendiculars OF, OQ, OB, ... are drawn to the 
sides KA, AB, BC, etc., respectively, and again perpendiculars 
whose lengths are a, p, y, ... from 0 upon the sides PQ, QR, RS ,... 
of the inscribed polygon PQRS,,,. Show that the magnetic force 
on unit particle situated at 0 is 

., sin A 

j 

a 

where t is the current strength. 

28. Show that the perimeter of an ellipse of axes 2a, 2b and small 

eccentricity e is approximately equal to the perimeter of a circle of 
diameter a + J, with an error which is only about 0*0025 per cent, 
when e is as great as 0*2. [Math. Trip. Part II., 1913.] 
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KECTIFICATION (III.). MISCELLANEOUS THEOREMS. 


621. Arc of an Inverse Curve. 

Let s and s' be the corresponding arcs of a curve and of its 
inverse with regard to a fixed point 0, tlie constant of inver- 



Calc.,ip, 174.) 


Then if P, Q be points on the curve and P\ Q' the inverse 
points, we have PQ 

1 Qp-(jQ- 

And ultimately, when Q and Q' are made to travel along their 
respective paths to ultimate coincidence with P and P', 


.( 1 ) 

giving the arc of the inverse in terms of elements of the 
original curve. 


622. Modifications for Various Coordinate Systems. 

This formula may be modified as required for different 
systems of coordinates, and with the usual notation, we have 
for polars, the inversion being with regard to the pole, 

s' = 

J 




ui 






de. 


( 2 ) 
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Again, we may write 

. 

i.e. as a formula suitable for tangential polars, 


,.4 


, <pp 


or for pedal equations, 

s' = pf~ = ^ = , .(6) 

]r^dr J7"C0S9!> ]rjr"—p^ 

and for Cartesians, . _ 

.<'» 

the inversion being witli regard to the origin ; 

, ,,f ■Jdx^+dy^ 

* -‘■J(iz;gr+,^..•(») 

if the inversion is with regard to the point (a, h), 

623. Illustrative Examples. 

1. Consider the arc of the inverse of the parabola 

, / 2a . 

^ 2 =ar (or - ^ i + cos 6 j 

with regard to tlie focus ; i.e. a cardioide. 


= i + cos 01 


-“fe “ '-d. 

2k ^— 2k^ . e 

a a 2 

2. Rectification of the inverse with regard to the centre of the first 
negative pedal of an ellipse with regard to the centre. 

The ellipse being x^ja^+y^lhi^^l^ the first negative pedal is the enve¬ 
lope of f t * f V 1 COR'-^T/r sin^^ 

^ cos \p sin ^ where ■ 4- 

Hence the tangential polar equation is 


s/a^ sin®^ 4- cos^^ 
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Differentiating we have 

dp _ ^ - f)^) sin cos \p 

(d^ Slid ij/+ cod^ 

d^p _ _ cos^ \p — shd ip-2 (a^ ~ b‘^) sin^ \p eos^ \p ^ 

^'f'^ (a^aia^ip + b'^coa^iP^ ’ 

whence 




a^(2a^ - b^) s[n^il/ + b^(2h^ — rd) codxp 
(d^ Hiidip + cos^tp)^ 

2; 2 ^\p-\-b* cos*-^ p 

^ ^ (a“sin'^jji' + Pcos‘"^«//)^ 


Hence 


■](* -;^w^oo;,s?)' '''•“•i"-s>+‘=~*'fi# 


— /[^2 v/a-^ sin*'^ 4 /^ +cos'^i/' 




(g^ sin*^ \p + cos* \p + d^ d^) 


d^ + sin^ coa^ \p)sld^ ain'^ p + b'^ coa*- \p. 




Hence if e be the eccentricity of the ellipse, and the integration be 
taken from ^ to - and if x be the complement of \py we have 


= f [2£^(x> n(x, e*-2e^)]. 


This curve therefore requires all three kinds of the Legendrian integrals 
for its rectification. 

Note for the first negative central pedal of an ellipse that wo have 
incidentally 


( 1 ) 


— dJ) cd{2a^~ b^ ) sin^ ip + h'^ {2ld — aP) cos^ \p ^ 
^ {pd sin‘^ \p cos^ \p)^ 


/ci\ 2 2 Z .0 a*^^^d\p-hb*cos^\p 

(2) r® = aW /“7-^ 'TiTII - 2 ^ y 

' {a^sm^\p-}'b^cos^xpy^ 


(3) fp^de=j^P-d4>= 3ab tan->(^| tan -(aS + h^) tan”’tan ; 

(4) dpdib^b f'^- 7 =£L ^=6 r- 7 ==i^^' =bF(x, e). 

^ ^ _ 02 cos 2 ip Jo \/1— ein*-^X 
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3. Central inveision of cpi- or hypo-cycloids. 

Hero p — AsinUif'y where J=a + 26, I 

a r See Dt^. Calc.^ Art. 410 

^”a + 26 ' j 




Jo 


•'P A(l-B^)&inBipdxP 


-‘‘f. 


=jgVl - [tanh-HVi^^cos } 

tan“' {\/B'^ -1 cos B\ 


A{B^-\)^m B\p d\p 

-1) cos'-* iTxf] 

for the inverses of epi¬ 
cycloids, 




'AB 


, for the inverses of hypo- 

) cycloids. 


E.gf. in the case of the inverse of the cardioide with regard to the centre 
of the fixed circle a~b, A=3a, B—^, 


^2^2 

3a 


-t' 


tanh 




\ 3 


I)]; 


In the case of the inverse of the three-cusped hypocycloid 
6=-ia, A=~, B = 3, 

[^tan“* (2 \/2 cos 3i/')J 

Note that these inverses are such that their arcs are expressible 
logarithmically if derived from epicycloids, or by means of circular 
functions if derived from hypocycloids. 

4. Inverse of the parabola — with regard to the point .^=«= -3a, 

y=0. 

The general problem for any point on the axis is discussed by Mr. R. A. 
Roberts, in the Proceedings of the London Mathematical Society^ vol. xviii., 

p. 202. 



JOHN BERNOULLrS THEOREM. 


647 


Taking am®, 2 am as the current coordinates of a point P on the curve 
y^ — 4caXy an elemenf of arc is given by 

d &-f sii + m® dm. 



Fig. 169. 


Also 0P^=^ {arr^ + 3a)® + 4a®m®=:a®m^ + 10a®m® + 9a® 


= a®(m2+l)(m2 4-9), 
and the element ds' of the inverse is 

.. » -K + 9 ) 


ds 


2 ^ /*"*_ dm _ 

^ Jo (m®+ 9) \/m® + i 


(Let m = tan (/>.) 


2/c® f*t> cos <l> d(f) 
a Jq sin®<^ + 9 cos®</> 

2 ^® _ d sin <j> __ C dsm<f> 

a Jq 9 “8 sin®</)'” 4ai I - sin®<#> 


fe® 1 ^ + 2s^ 2 sin</> 

6a ^2 ^3-2 \/2 sin </> 


Example. Mr. Roberts shows in the article above cited that for 
points between — oo and - 3a on the x-axis the arc of the inverse curve 
can be expressed as a pure logarithm. For points from — 3a to a .such 
arcs are partly logarithmic, partly inverse circular. For points from a 
to + CO the arcs are inverse circular expressions. Examine the truth of 
this. 


624. John Bernoulli's Theorem. 

Let a number of points y^> be moving 

in a plane, and let ds^y ds^, etc., be elements of the paths 
described. Let us impose upon their motion the condition 
that they are all moving at every instant in parallel directions 
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ill the same sense. Let \fr be the angle the tangents to their 
respective paths make with the cc-axis, ^ 

Suppose heavy particles of masses mg, etc., to be placed 
at Pg, etc., and let x, y be their centroid. 


Then 


_ ^mx 




^my 


^vidx Xmds - 

dx = — cos xlr, 

2m 2m ^ 


dy^ 


2m dy _ 2m ds 
2m ^7)1 


sin yfr. 





dx d'u 

Hence - = and therefore the motion of 

cos ^ sin yr 


the 


centroid ^is always parallel to the motion of the several 
particles; moreover, if ds be the corresponding element of the 
path of the centroid, ^ 


ds= 


'Em 


and 


- Ems 


G25. This result is ascribed by Mr. E. A. Roberts, in the 
paper before cited, as due to John Bernoulli, the intention 
being to give a method for the generation of new rectifiable 
curves from any system of curves whose rectification has 
already been effected. 
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It is to be remarked that the same theorem obviously holds 
for any system of particles moving in the manner prescribed 
upon twisted or tortuous curves in space. 

Again, several of the points may be moving on different 
branches of the same curve. 

It appears from Bernoulli’s result that as m^, m 3 , ... can 
be arranged at will, we can from any set of rectifiable curves 
generate an infinite number of other curv^es which are rectifiable 
in the same manner and in terms of the same functions. 

Thus, for instance, taking any set of catenaries with parallel 
directrices whose typical equation is a+c?tan\/r; 
or any set of equal equiangular spirals, type 
or any set of circles, type 8=a+b\/r; 

or any set of involutes of circles, type s=a+Z>(\//'+a)^; 

or any set of similar epi- or hypocycloids, type 

s==:a+b sin (n\//-+a ); 

or any set of semi-cubical parabolas with parallel axes, type 

or, in fact, any of the cases in which reduces to an ex¬ 
pression of the same form, the locus of the centroid 

Z771X - 'E^ny 

is another curve of the same kind, and the length of any 
portion of its arc is to be found from the formula 

_ Ems 

And further, when curves of different nature are taken as 
the original curves, though the derived locus be not of the 
same nature as that of any one of the original curves, yet it is 
still rectifiable in terms of the same functions as those in terms 
of which the original curves are rectifiable, 

626. Extension of Bernoulli’s Theorem- 

When the forward-drawn tangents at the several points are 
not all in the same sense, we may still apply the theorem, but 
with the precaution of reckoning all those elementary arcs 
which are traversed in the same sense as positive, and the 
remaining ones as negative. 
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Thus, if Pi(x^, 2/i)> Afe’ yd opposite extremities of a 
diameter of an ellipse, or centric oval, and if cos \{r, sin \fr be 
the direction ratios of the tangent at —cos —sin xfr will 
be the direction ratios of the forward drawn tangent at p., and 
__mi dxi +^2 dx 2 _ mj (ds^ cos \[r) + m 2 (— 


and diy- 


and ds- 


m^+mg 

m^ + m^ 
in^ ds^ ds, 

m -^ + ^^2 
_m^ ds^ dso 

-f mg 


m. 


-m*> 


^ cos yjr, 
- sin x//*. 


giving s 





Moreover, for an ellipse, or centric oval, obviously d9j=cfe2 
and Sj==S 2 , and if we make mj=7/i2, 5=0, as it should be, since 
all diameters are bisected at the centre, and the centroid locus 
degenerates into a point. 

In the case when one of the curves degenerates to a point 
and one other point describes a given curve, Bernoulli’s 
Theorem states that the similar and similarly situated centroid- 
locus is such that corresponding arcs on this locus and on the 
original curve are proportional, which is a priori obvious. 

627. Ovoid with One Axis of Symmetry. 

Let us consider the case of any ovoid with one axis of 
symmetry, and discuss the locus of the mid-points of chords 
which are such that the tangents at their extremities are 
parallel. Let PiPg such a chord and G its mid-point. If 
we take the direction ratios at Pj as co&\fr, Binyfr, then at Pg, 
where the forward-drawn tangent is parallel, but in the 
opposite direction, they must be taken as — cos\/r, —sinx/r. If 
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it be a question of applying the theorem to the locus of the 
mid-point G of the cliord we have 


dcr = 


cU^ —ds^ 
2 


where ds^, d.\, da are the elementary aroe traced by Pg- ^ 
respectively, and as the inclination of all three tangents to the 


cc-axis is the same, 


.Pi_P2 


where P 2 ’ P corresponding radii of curvature. 



Now, in integrating to find a for the whole length of the 
path of G, considerable care is necessary, for when the points 
Pp Pg pass through positions at which the radii of curvature 
become equal, d^^—dso in general changes sign. So that in 

estimating {da for the whole (r-locus, for some parts we must 


take a 


J and for others J ^ ; i.e. we must take 


care that the difference of the elementary arcs at the ends of 
the chord is reckoned positively. 

Hence we sliall write the result 


a — 


1 


ds^ ds,^ 


In such an ovoid there will in general be points A, B, C, D, 
of which the first and third are the extremities of the axis of 
symmetry, where the radii of curvature are respectively 
minimum, maximum, minimum, maximum; 
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and there may be a pair of points, one between D and A and 
one between B and C, at which the tangents are parallel, and 
such that the radii of curvature at those points are equal; and 
the same is true of the portions AB, CD of the ovoid. In such 
case, on the G^-locus tliere is therefore a point at which p = 0, 
with a change of sign of p. Hence there is at such a point a 
singularity on the 6r-locus, in general a cusp at which the 
tangent is parallel to the tangents at the corresponding points 
on the ovoid. 

628. Geometrical Examination. 

Let us examine more closely, in a geometrical manner, what 
is in general happening at such a point. 

Let ^ 1 ^ 2 > -^ 2 ^ 3 ’ ^ 3 ^ 4 > ^ 4 ^ 5 » elemeiits of tlie 

ovoid, with equal increments dy^r in the angle of contingence, 



and drawn in the neighbourhood of a point on the ovoid, 
which has the peculiarity under consideration, viz. that the 
radius of curvature at that point is equal to that at the 
opposite extremity of the chord. 

And let PoPi, PiP 2 > P 2 PS* PsP^^ ••• opposite parallel 

elements, the angles between consecutive pairs of either system 
being therefore and let P^^—p^p^. 
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Let Gq, 6 * 1 , 6 * 2 , 6 * 3 , 6 * 4 , ...be the mid-points of the chords 
PoPoy PiPv P^ 2 }PsPz^ ••• respectively; then it will be obvious 
that G,G,:=^AP,Pi-PoPi), 

GiGi = i {PiPi—p^Pi), 

GzG^ = I (PiP^—PiPi), 

G3G4 = i (-P3-P4—?'.# 4 ) = 0, 

^4^5 ~ I iPiPb ~P 4P5)’ 

GeGe = h iP&Pe - P&Pe)> 
etc. 

The points 6 ^ 3 , 64 coincide, the element 6 ^ 6*5 makes an angle 
2 ri\j> with the element 6 * 26 * 3 , the direction of the tangent to 



the path having turned through an angle 7r+2d\p', Ulti¬ 
mately then we have at 6*3 two coincident tangents to the 
6 *-locus, i,e. there is a cusp on the 6 *-locus at such a point, and 
this cusp lies upon the envelope of the chord, for 6*3 is the 
point of intersection of two consecutive positions of the chord. 

629. Again, at the points E, T' on tlie double ordinate at the 
widest part of the ovoid the radii of curvature are obviously 
equal, and at the mid-point Y of EF there will be a cusp on 
the 6 -locus, whilst at X, the mid-point of the axis of symmetry 
AG, the tangent to the G-locus will be perpendicular to AG. 

Let Zt7 be that chord of the ovoid for which the tangents 
at 1 and J are parallel and for which the radii of curvature at 
the ends are equal, and whose mid-point is situated at the 
cusp L of the 6 -locus, and let TJ' be the corresponding chord 
through the cusp A/, symmetrically situated with regard to 
the axis of symmetry. 
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Then, integrating along corresponding arcs, 

arcrC/-arcjr'4/ 

= -- ---2 ’ 


arc MXL = 


arc Z/F = 


arc J arc IE 
2 ’ 


arc FJf 


^cEBJ'-rtc FI' 
'2 


Thus the whole perimeter of the tricuspidal G-locus 
= J(arc/'(7/—arc lE+arc EJ'—SiVcJ'J+arcJF—arc F/\ 
i,e. in short, half the difference of the two sums of alternate 
arcs of the original ovoid, the points of division being those 



at which, whilst the opposite tangents are parallel, the radii 
of curvature are equal. 

630. Of course, in the case of any closed oval symmetrical 
about two perpendicular axes, such as an ellipse, the diameters 
are all bisected at the intersection of the axes of symmetry, 
and the tricusp is evanescent, the radii of curvature at all 
opposite points being equal and the tangents parallel. 

631. Note (i) that if lines be drawn through the points 0 
parallel to the tangents at the extremities of the chords through 
Gy then the points G are the points of contact of such lines 
with their envelope; 

(ii) that the cuspidal tangents to the (r-locus are parallel 
to those parallel tangents to the ovoid at whose points of 
contact the opposite radii of curvature are equal; 
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(iii) if 11 be a point on such a chord P1P2 as has been 
described, and dividing it in the ratio then the theorem 

is true for the whole perimeter s of the ovoid, 

m,—mo 

%.e. a = —^8 

m^ + m2 

(for in integrating round the curve Sj = 6’2 = s), provided that 
R does not lie intermediate between a certain pair of points 
7 ibp R2 on the chord, for which ?>i2p2 can vanish, 

i.e. if X and X“^ be the greatest and least values of the ratio 
Pi/P2 attained as travels round the perimeter of the ovoid, 

the points P2 the positions of R for which 
and mg = \ 7 n^ respectively. Thus, for all points R on the chord 
or the chotd produced which do not lie between R^ and R^y 
the perimeter of the P-lociis is 

m, — 7 ) 1 ^ 

(T = — - - - 8. 

m^ + mg 

But for points between R^ and Pg defined, precautions 
similar to those described for the mid-point must be taken. 



63*2. An Instructive Problem. 

Let us discuss the locus of the centroid of the triangle PQR when 
these points lie upon a cardioide and are such that the tangents at 
Py Q, R are always parallel. 
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The equation of a normal to the curve r~a(l+co8^) at the point 
^ — 2a is a 

where /-=stana {Diff, Calc.^ p. 158). 

The three normals will be parallel at points such that 

say, i.e. tan3a==^. 

Let tan 3^=tan 3a. 

Then 3x = W7r + 3a, 

TT 27r 

X = a, a + ^, a + -y. 

Hence 2a, 2a4-“™, 2a+ are points at which the normals, and 

o o 

therefore also the tangents, are parallel. 

Let these be called 2a, 2ft 2y. 

If (.^ 1 , yj, (.^ 2 , ^ 2 )? '^z) the coordinates of P, Qy ft 

= 2a cos^ ^ cos 6^ = 2a cos^a cos 2a = - (1 + 2 cos 2a + cos 4a), etc., 

0 a 

= 2a cos2 ^ sin ^ — 2a cos‘^a sin 2a = x (2 sin 2a + sin 4a), etc. ; 

3 ^ = 2*^1 = *2 > = 2^1 = 0 , 



Fig. 177. 

(i) .r=“, y“0, and the centroid is therefore at a fixed point Q 

A 

on the axis. 
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(ii) Let PG, QQ^ -RG cut the sides of the triangle at L, M, N. Tlien, 

since GP=^20L, etc., the points L, Le, the mid points of the sides 

lie on another cardioide of half the linear dimensions of the former. 

(iii) The tangents at L, J/, N to this cardioide are parallel to the 
tangents to the original cardioide at P, Q, R, 

(iv) The triangle PQR might have been described as one in which each 
of the sides subtend.s an angle 120'* at the pole O. 

(v) All other points which divide the sides, or the medians, in a 

constant ratio, or any points connected with the triangle PQR by the 
formulae ^ix '^ly 

where I, m, n are either numerical or not dependent upon the magnitude, 
shape and position of the triangle, also trace cardioides ; and lines through 
such points parallel to the tangents at P, P? envelope cardioides. 

633. Axeals and Trilinears. 

It has already been explained that such systems are not 
well adapted for metrical purposes (Art. 460). 

We can, however, readily obtain suitable formulae for such 
cases if necessary. 

Denoting the trilinear coordinates of any two points by 
(«i» /3i> Vi), (oL 2 > triangle of reference being some 

given triangle ABC of sides a, 6, c, and area A, the distance 
between these points is 

^ § Wx - A)(yi - y ^)+Hyx -y*)(ax- «,) 

+ c(ai-a2)(/3i-^a)] 

or 1^2 [acoa 4 ( 01 — 02 ) 2+6 cos j5(/8i—y8g)*+c cos 

(Ferrers Trilinears, p. 6). 

Accordingly, the length of an elementary arc ds between 
two points (a, /3, y), (a + da, 13 + d/3, y + dy) 
may be written either as 


ds^^- 

-^^^{ad^dy+hdyda+cdadfi) 

or as = 

(a cos A da?+h cos Bd^+c cos G dy^). 

where 

aa + 6/3+cy = 2A, 

and therefore 

ada + hd^A-cdy=‘0. 


2t 


E.I.C. 
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The corresponding expressions in Areals will obviously be 
ds^ = — (a^ dy dz + dz dx + dx dy) 
or ds^ = be cos A dx^-\- ca cos B dy^ + ab cos C dz^y 

with the identical relations 

+ + dx+dy+dz=^0. 

The Areal results are a little the simpler. 


634. Unicursal Curves. 

In the case of a curve being unicursal, i,e, such that the 
coordinates of a point upon it can be expressed as rational 
functions of some parameter ty then if we have taken areal 
coordinates cc, y, 0 , so that their sum is unity, we may write 

^ _ y _ ^ ^ 

where 

Let these functions be made homogeneous and of the same 
degree, say the by the insertion of a proper power of 
another letter r, where r—1. 


dt if aw 


Now, by Euler s Theorem, 

fai fs) 

/'«). fia) '»■ 


dt ^^'dT 


9/ 

dt ’ dt 


1 

n 


M 

Bt 

3 / ®/i 

dt’ dt 



where Jy is the Jacobian of /, and / with regard to t and t, i.e. 

?(/»>/) 
n da, t) ’ 

and T is to be put = 1 after the differentiations are performed. 

dx=-'^dt. 

np 


Thus 
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Similarly 


dy=^^ 

if 


dz^-^dt, 

np 

where and are respectively 

d{t,T)’ a(<, t)' 

Thus the areal formulae for rectification in the case of a 
unicursal curve become 


or 


s = i [?^c cos A J-^+ca cos BJ,^ A-cdj cos CJ-^I dt. 


These simplify a little further in the case where it is 
possible to take the reference triangle equilateral. 


635, Ex. 1. For example, if it he required to apply this method to 
rectify a circle referred to a pair of tangents inclined at 00° and the 
chord of contact, the equation is 



and we may put |=2 = £= 

dx _ dy _ 1+2^ dz 

dt ■“(T-H dt ~~(f 


- dt 
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We take the negative sign, because we measure tlie arc from 0, where 
^=1, the nearest point to J, and as the current point P moves from 0 
towards i?(Fig. 178), t decreases, i.e. s iucieases as t decreases, i,e. 


r 2a ^ 2^ + 17 

= tan-' V3 - tan-' 


2(1 , J 1 1-A 

= 73VTSiW 

j^Clearly the radius = hence we can determine the geometrical 

. , t ■ t 1-73tanJ0/>/’-I 

leaning of the parameter viz. t~—~ - 

1 J 


meaning of the parameter viz. t~ 


H-n/ 3 tan^0/>P 


Ex, 2. Take as triangle of reference any pair of tangents to a parabola 
and the chord of contact. The eijuation of the curve then is 

and we may write ; 

dx\-t dy_ 2 dz_ 

**• Si'-o+Tp’ iS“(T+7)'^’ 


dx^ l-t dy 

"Jl — i TiT = 


ds'^ = /T^TTvi cos 7 I (1 - 0^-b ca cos Z? + a6 cos ( 7 ^ 2 j ^^2 

U + 

= - 26c cos A t + hH^)dt’^, 

^ fj{ht ~ c cos A -h si A , 

"^7 ir+7f - 

Put bt-c cos al = c sin A . tan 6 ; .’. 6 — c sin i4 sec^ 0 dd ; 

.*. s = 26Vsm2^ ( Y7r~i - J\ —'— r~‘ —ms 

J [(6 + c cos A) cos 6^4- c sin A sin 

/ dd 

—-- —.— where ©=6 + 6* cos .4, 

(©cos ^+asin ^ * 

^ ^ a=6 8ini4, 

8A2 7 7. r r. 


= —— f sec^( d - taii'i”) dd 
— 

(6^ + 26c cos AA-c^)^^ ' 


gf=c8in J, 


^j^^tan [d- tan~*^^sec (^0 — 

+ logtan(|+|-|tan-'|)], 


, q c sin J J. n bt-^c cos A 

where * = -j and tan d = ——. .—, 

p , 6 + c cos c sin A 

which, when taken between limits t,, determines the length of the 

intercepted arc in terms of #2 ^ 1^6 the elements of the triangle of 

reference. 
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636. Connexion between Quadrature and Rectification. 

It in perhaps of historical rather than mathematical import¬ 
ance to point out the connexion between the problems of 
rectification and of quadrature. 

If y=f{x) be the Cartesian equation of the curve to be con¬ 
sidered, we shall suppose a new curve to be constructed from 

J' 


O T N G 

Fig. 179. 

it, taking the same abscissa and an ordinate rj = a sec yjr, where 
is the slope of the tangent to the original curve and a is 
any constant. Then 

ds = dx sec \lr~~dx\ 

^ a 



Hence the rectification of the first curve may be regarded as 
the quadrature of the second. 

Sec\j/- may be interpreted in various ways to facilitate the 
drawing of the graph of the new curve ; for example, 

, Tangent Normal , 

sec \fr — Ordinate ’ ^ 

Accordingly, if the ordinates of the original curve be all 
increased to a length rj so that 

__ Tangent Normal 

^ ^ Subtangent Ordinate ’ 

a new curve will be found for which the area bounded by the 
new curve, the x-axis and the terminal ordinates is equal to a 
rectangle, one side of which is a and the other side is the 
corresponding arc of the given curve. Also a, being at our 
choice, may be taken as unit length. 
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637. Ex. Jf the ordinate of the semicubical parabola be 

produced to a length ?/ so that ?/ = « ^Jiha^e’ path of the 

new point thus found is the parabola 

4?;^ = 4a^ -H 9ouv. 

Find the area of a portion of this parabola bounded by two given 
ordinates, and deduce the result of Ex. 1, Art. 516, for the length of 
the corresponding arc of the semicubical parabola. 

Van Huraet’s rectification of the semicubical parabola referred to in 
Art. 516 was effected thus. (Williamson, Ini. Calc.^ p. 249.) 


If 

and 


638. On a Class of Rectifiable Curves. 

dx 


^^| = jP(Ocos/(^)| 

Hence in the curve 

a: = C09 f{t) 


djS 

we have ^==^(0- 


y 


dt,j 


we have 8 


=^F{t)dt. 


The functions F{i) and f{t) being at our clioice a large 
number of rectifiable curves arise. 

In constructing a rectifiable curve, a common method is to 
make f{t) = nid^xi’-^t and make use of the formulae 

cos {n tan-^ i^) =- ^~ (1 — 4* 

sin {n tan-i t) =-1 —„(’‘Cjt - 

n 

and either to choose an even value for v, or to take (1 + as 
one of the factors of F{t)y if 7i be odd, to facilitate integration. 

639. Ex. 1. Thus, taking 
dt ~ 
dt 

we have 



here n—2 and F(f)~l+^^, 


and 


™ = 14-^,2; whence 5 =^+^. 
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The curve in question is then 

^2 _ ^ a cubic, 


and we have in this cu^^ 


^2 


Ex, 2. Let us take 


d.c /I 

ds (\ 
dX~'^U‘ 


(’.-)■ 


; = a{^log<-^), y=^'2at, a=a ^logt + Q; 


a^+| = a^log|^ 


is the Cartesian equation of the curve. 


^ 4«» 


and the intrinsic equation is 


«=| tan’* ^ +a log tan 

Ex. 3. Take 

, dy 2a 

Then 1 

y=|a/^, J 

nd 2=5^0+'^). 

Hence — and the intrinsic equation is 

««= 4a "^tan + J tan^^y 


Ex. 4, In the curve for which 


%=m-n 
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we have 


2<s 

s=«+-3+g, 

6 

~ - tan 40, if /=tan 6 ; 

/. 6>=|, 


and the intrinsic equation is 


s=tan^ l+"tan25: + itan^ 


the Cartesian equation being the <-eliminant from the values of x and y. 

Several examples of this class of curve will be found in Wolstenholme’s 
Problems (No. 1800 onwards). 

G40. Since (m^ —w- 2 )''* 4 -( 2 mw) 2 —(m2+n2)2 we may construct a curve 
such that 


y=2|<^(0/i(0/2(<)d«, 


and then we shall obviously have 


8 = J <t>(t)[ft\t)+fi‘(t)']dt, 


where f2{0 are all at our choice. This artifice amounts to a 

form of the last method. 


641. Ex. Let 




Hence, for the curve 


we have 




f ^-¥2 ^ 2 »- f 2 ^ 

2pT2~2qT2) 

<?+«•*■ 2 




! ^2p+ 2 ^ f2ff+2 

l^+2'’‘2^J 


,8 (P+g+;2y 

(?+!)(?+1)4' 
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642. A Theorem by Mr. R. A. Roberts. 

An important transformation may be used in some cases to 
derive one rectifiable curve from another, as follows : 

Put + /J/ = w, 1 

x — iy^Vy] 


where f = >/—1. 


Then clearly ds^ — dx^-\-dy^ — (dx-^idy){dX'—Ldy) 
= du dv. 


In cases where the equation of the original curve takes the 
(fi(iu) <p(v) = conHt.y say unity, 
if another curve be derived from this one by taking 


u' — 


|[0 (m)]" du, 


it is plain that 

du' dv' = [(f) [(p (v)]” du dv = du dv, 

and therefore ds'^—ds^ and ds'=dsy 
and corresponding arcs will be equal. 

The theorem is given by Mr. R. A. Roberts [Proc, LM,S., 
vol. xviii.]. 


643. Precautions. 

Some circumspection is necessary in the inference to be 
made as to the whole perimeter of the derived curve. For 
instance when the point P(Xy y) of the curve, supposed closed, 
traces out the complete path 0(w)^(i;) = l, the corresponding 
point P' on the derived curve may not trace out the whole of 
the derived curve, or it may trace the derived curve several 
times. This point must be examined in all cases of applica¬ 
tion of the theorem. 


644. In illustration it will be instructive to consider the most elementary 
case, viz. that in which the primary curve is the circle 

With the proposed transformation, viz. x- iy=Vy yre have 

uv—aK 

Taking the derived curve as 
we get ds' ^dsy and corresponding arcs are equal. 

yZ 1 

Now «'=3^2 gives ®'+iy=^(ar+ty) 3 . 
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Therefore 8u-u;'Zxf/\ .( 1 ) 

8a\t/ ....( 2 ) 

And upon squaring and adding, 


{x 2 -I- y^ _j.^2^3 _ 

Hence the corresponding locus is the circle 

viz. one of radius ^. 

«3 

The whole perimeteis are obviously not equal. 

?/ 

But noticing that if we put — tan 0' and -- = tan 0, we get 


tan 0' = tan 30, or O'^30, 

and it appears that the derived circle is traced out at i/iree times the angular 
rate of the primary circle, and whilst the point P{x, y) traces the whole 
of the primary circle, the derived point P(x\y') traces the derived circle 
thrice, and the circumference of the first, viz. 2 rra, is thrice the circum¬ 


ference of the second, i,e, 3 x 



645, As an illustration of the derivation of a new rectifiable curve by 
this method, take as primary curve the lenini.scate 

r- = a^co8 20, 
i.e. 

i.e. u^v'^ = ^ + 


or 




4 ’ 


Let us derive a new curve from this by putting 

du'dv' — ^^^u^-^^^v^-^^dudv—dudv] 


and therefore 


whence ds' — ds, and corresponding arcs are equal. 


Now 



fv? 


“a2' 

v3 ■ 

■* 2 


2 , 


a2 

“a** 

^ 3 “ 

■ 2 




- (x ^ly - 3 ^ (.*•+ iy\ 


3a^x' =5 2 -- Zxy’^) — Za^x^ 

3a^y' =2 {3:x^y - y^) - 3a% 


j. where =“ a^{x^ -* 3 ^®), 
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which may be written as 
:iv' 


— \/cos 20 [cos 5^-2 cos 0\ | 

,__ I parameter. 

- = sj cos 20 [sin 5^-2 sin 0\y ] 


0 being an arbitrary 


Hence as arcs of a lemniscate can be expressed as elliptic integrals of 
the first kind, the same is true of this derived curve. 

The elimination of u and v from the equations 

(“-2Vr-2j=4 

in this example may be performed as follows : 


Let 

11^ ~ 


n ^ 

(• 4 )- 

Then 

3u' = 

uie-i), 

3v' — vf 




J(1+<2)(«2_2)2, 



18!i'2 , 

Z' - Zt*, 

18a'“ , 

1 3 



-—-4 

a- 




A, say, 


= i5, say. 

Then 


lO-.l/i 

Z 

p, say; 





II 

4* 

p"-3p; 


J+Z?-5 —(p-M)(p2-4p + l), 

274-7?- 5)=(13 - J B){Am^ -8^1^-11); 

.*. 2H12i?2q.93^4^^27(i'l +Z?)4-8 = 0 is the locus required, where 

^ + B=f(a-'^-y'=)-8, 

The desired curve is therefore one of the 12th degree, and its arcs are 
of the same length as corresponding arcs on Bernoulli’s lemniscate. 


646. Serret’s Mode of Derivation of Rectifiable Curves. 

M. Serret {Calcul InUgral, p. 252) indicates a process by 
means of which algebraic curves can be produced which are 
rectifiable in terms of arcs of a circle, i.e, without the aid of 
the elliptic functions. Let t = s/— 1. 

Taking i and a and a, h and ^8, c and y, etc., to be 
h pairs of conjugate constant complex quantities, C any real 
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constant quantity, and w a real constant angle, and m, n, jp, q, 
etc., positive integers, and putting 

y=(2: —, 

he states that the proposed problem is answered by the formula 

a:+t 2 /= dz .(1) 

provided the k—1 pairs of constants (a, a), (6, /3), etc., be 
chosen so as to make the result of integration algebraic. As 
there are k repeated factors in the denominator of the 
integrand, this will entail the satisfying of A;—1 independent 
conditions (Art. 149), for the degree of the denominator is 
greater by 2 than the degree of the numerator. 

To see the truth of M. Serret's assertion, we observe that 

7.7 n ^ , 

dx+Ldy=^ Ce- yj, ^-^2 i 
••• dx-idy = Ce-''-'^ 

d 

Hence ds^ = do^ + dy^ = CP- 

and d8 = G 

giving 8 = C tan “^0 .(2) 


647. M. Serret discusses a slightly different form in 
Liouville’s Journal, vol. x.,* viz. 

X4-IV- cA + dz (S) 

x+iy-oe .W 

Here dx+idy = dz, 

dx—idv- (7e“‘" . . 

ax I ay- Le _a)m+i(^z+ a)«+i ’ 

dz^ 

whence d8^ = dx^+dy^= (g8_a2)(g2-ai) 

a form readily made to depend upon an elliptic integral. 

♦See also Lond. Maih. Soc, Proc., vol. xviii.; Mr. R. A. Roberts; and 
Cayley, Wll. Fund., Art. 448 (where the is omitted). 
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In the equation (3), the denominator is still in degree higher 
by 2 than the degree of the numerator, and there are two 
repeated factors in the denominator; hence one condition only 
is necessary that the resulting rectifiable curve should be 
purely algebraic (Art. 149). The integral (3) is not in all 
cases obtainable, but if one of the indices, say m, be a positive 
integer and if the equation of condition be satisfied, the 
integration can be effected in terms of 0 , involving complex 
constants. Then, equating real and imaginary parts, x and y 
can be found, and when 2 ? has been eliminated the Cartesian 
form of the equation of the derived curve will result. 

648. The Eauation of Condition. 

The form of the conditional equation is very remarkable, viz. 
^ 4aa ’ 

This is discussed at length by Cayley, chap, xv., EIL Fund.. 
to which we must refer the advanced student for the woi'k. 


taking 
it is 


MISCELLANEOUS PROBLEMS. 

1 . Show that any point on the Lemniscate may be 

represented by z-z^ 

and hence obtain the rectification of the curve. [Skrret.] 

Show that the integral obtained for s reduces to the standard 
Legendrian form by the further substitution 

Zs/2 

[Cayley, EU. Funcliona, Art. 63.] 
z—I a—i 


Z G l 


7 >dz 


2 . By the transformation 
show that the equation 

^ J (■* — (« + ‘ 

takes the form a? + i?y = 

where ^ ^ ^ - e- 

^ (a-t)(a + i)’ 2t \a + iy Va + ‘/ 


xm+l 
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Hence show that the condition that x->riy should be purely 
algebraic is ^ _ 1 )n+i _ q, 

a and a being supposed conjugate, and ii i)ositive integers. 

Discuss the roots of this equation. [SmiiKT, Calc. InUu., p. 254.] 

3. In Bernoulli’s Lernniscate —2tt2cos2^, 

show that if x + iy — u and x- ly — v, 

the equation of the curve may be written 

- tt-) (v^ - d^) ~ a^. 

Further, expressing and as tt-(l +/“) and 4 - respec¬ 
tively, show that the tangent of the angle which the tangent 
at any point makes with the i^j-axis is 

Hence, putting the coordinates of two points at which the tangents 
are parallel, as w/i, where a)^= 1 , show that the locus of the mid¬ 
points of chords joining such points is 

[16wV- - Sd'{u- -1- ?;2) 4- 

- 4tt‘*[l6{# 4-^;^ - uV} - 12a2(7/2 4 . v^) -f Qa^], 
i.e. a curve of the eighth degree. 

[R A. Robebts, Froc. L.M, Soc., vol. xviii.] 

4. Obtain an integral for the rectification of the inverse of the 
parabola y-~Aiax, with regard to a point on the axis whose 
coordinates are (4, 0 ). 

If A = - 3a, show that 

_ 1 j 3 4-2v/2sinw 

6 tt \/2 ^3~2\/2sinw’ 

where atan 2 w, 2 a tan w are taken as the current coordinates of a 
point on the parabola, and the arc of the inverse is measured from 
the point corresponding to the vertex of the parabola. 

[Mr. Roberts, loc. a<.] 

Show that the semiperimeter is bisected at the point a) = sin~^|. 

5. Show that the tangents to the parabola y^^4:a{x-{'a) at the 

points {asinh 2 (M± v)-a, 2 a sinh (« i v)}, 

where u is variable but v is a constant, intersect on a confocal 
parabola; and that if 7" be a point on this second parabola, and 
TTj, TP^ the tangents to the first, then 

TP^ 4- TP^ - arc P^P^ = a(sinh 2^; - 2^;), 
and is constant. [Oxford I. P., 1911.] 
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6. Show that taken over the area cut from a parabola of 

latus rectum 4tt by an ordinate distant c from the vertex (c<a\ 
where r denotes the distance from the focus, is equal to 

v/it -f" sj C 


7. Show that 

8. If 


4\/ac ~2{a-c) loj 
ilbO 


r^sin 156 

Jo 


de~. 


^Ja-sTc [OXFOKD 1. P., 1911.] 
1111 


4‘^l 3'*'5 T 


u = e {Cq + c,^x + c^‘^-\- ...+c„3!'^)fdx+Ce , 

where Cq, Cj, Cg,c„, C are {n-\- 2) arbitrary constants, and 
<h 

j = + a^x + a^^ + ... + a^x^, 

where a^, are (m+ 1) given constants, show that if m be not 

greater than , obtained by the direct differentiation of u with 

regard to x, contains only (?i + l) ar^?7rar?/constants. 

[Math. Tripos, 1878.] 

9. If /(m, = ic^"(coshx)””(fx, where m and n are positive 

integers, each greater than 2, prove that 

{n-'\){n- 2)f(mj n)^{n ~ 2yf{m^ n-2)-7n{m - l)/(m- 2, n - 2). 

[Oxford I. P., 1914.] 

10. Given that a and c are positive, show that the limit when 
m—>no and n—>yo of 


1 

ri 

1 

1 

1 

1 + 

1 "1 

n 

a^ ^ . 

f - 

/ 2cY\ 


/ , cV 


1 



a-f* — ) 

{a-{-mn-) 



k nj ' 

^ nJ ' 


\ nJ J 


is finite when r > 1 ; and find this limit. 


[OxF. I. P., 1914.] 


11. The increase dS in a man’s satisfaction S by an increased 
expenditure dx on a certain commodity, is expressed by the law 

dS = dx. Similar laws, viz. 
x-a 

dS — dy^ dS = —^ dz^ 
y-h z-c 

hold for two other commodities, where X, fj.^ r, a, 5, c are all positive. 
Find how the man should expend a given sum E (>a + 6 + c) so 
that his total satisfaction is greatest. [Oxford I. P., 1914.] 
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Show that the maximum satisfaction is measured by 
„ _, -a-h- 

(A + /x + v)^+A‘+^ 

12 . Evaluate 

r a;-l _ dx _ 

J^« -2xco^v + i Vx2“-2«C(^h w+i* 

[Oxford II. P., 1914.] 

13. Show that the tangent to the curve 

3a^(y - x)+ x^ = 0y 

at the point whose abscissa is A, cuts the curve again at the point 
whose abscissa is - 2hy and that the area included between the curve 
and the tangent is [Oxr. I. P., 1918.] 

14. If f^(x) and /^(x) are both polynomials in x, show that the 

integral oi f^(x)lf 2 (x) with respect to x can always be written in the 
form (a ;)/<^2 (x) + log <^5 (*)/<^4 (*), 

where <^ 2 > ^4 denote polynomials, not necessarily real. 

Find the general form of the integral with respect to x of 

/i {X + s/d^)/f^(x - [OxF. I. P., 1918.] 

15. Show that the area bounded by the curve 

Sat^ _ Sat 

its real asymptote ,r + 2 / + a = 0, and by two lines at right angles to 
this asymptote through the points t= ~a, t~0 oi the curve, is 

4 t ^ {n^ + u+iy^j* 

. and find the whole area between the curve and its real asymptote. 

[OxF. I. P., 1917.] 

16. If (f>(z) be a rational function of z without singularities in the 
range 0 ^ s ^ 1 , prove that 

1 <t> (sin 2x) cos^x cos 2xdx-\ (sin 2x) cos^a; cos^ 2x dx 
= J ^ (sin 2x) cos^x cos 2x dx. 


17, Integrate (i) j* 


= J ^ (sin 2x) cos^x cos 2x dx, 

" [Oxford I. P., 1907.] 

... r x(x-a)^^dx 

^ J {x-h){{x^hY^^{x^af<^)^' 




PROBLEMS. 


673 


18. In the curve y “ j s-^ir^+]^y\ 

s being measured from the origin. 

Show that the curve is a quintic of which the y-axis is an axis of 

symmetiy, and that tlie area of the loop 

19. Jf L^/j 1)0 the eccentric angle of the point r, 0 on the ellipse 
c~r{l - 6'cos 0), prove that 

{(1 + e)'^ - ie sin2</.} - c-’cos^d*). 


Use the fact that 


r F{cos^ 0) do - 2 j “ 0) dO 

Jo *10 


and the above to obtain a value of a, such that 


f_ 

Jo sAl + siTi-</> Jo v 


dijy 

/(1 + e)- ~ 4e sin'-^f/) 

[Oxford I. P , 1917 .] 


20. A uniform rod of mass M has its extremities at the points 
J ^' 2 ^ V 2 ' product of inertia of the rod with 

respect to the axes is given by 

M f {1x^ + (1 - i)x^}{ty.^ -f (1 - O.Vi} 

Jo 

Hence show that the product of inertia of the rod is the same as 
that of three particles of masses 

M M 2M 
6 ’ () ’ 3 ’ 

placed at the extremities and the middle point of the rod respectively. 

[Oxford 1. P., 1913.] 


21. Show that the coordinates of any point on the curve whose 
intrinsic equation is ^ = a(sec” - 1), 

where n is an odd integer greater than unity, can be expressed 
rationally in terms of tan and show that when ir = 0 the curve 
is a cubic with a cusp. [f^xF. T. P., 1911.] 

22. Show how to evaluate the integral {/(«, y)dx, where 

7/~ax- + 2hx + c 

and/(a;, y) is a rational function of x and y. 

E.I.O, 2 n 
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Prove that 


dx 


\q 'X + sI(i- "X- ^ 

the positive sign being taken for the radical in each of the subjects 
of integration. [Math. Trip., Part. II., 1913.] 

(xr + 1 

23. Show by means of the transformation y = that 


j: 


dx 


j' 

Jij 


dy 


}o(x+\){x^ + l)i 
ify the result in 

21 . Integrate 




v^2 log(v/2 + l), 


li/v/2(2y2_l)i 

and verify the result in an independent manner. 

[Math. Trip,, Part II., 1914.] 


[Math. Trip., Part II., 1914.] 


25. Evaluate 


f x^2 

f dx 

f dx 

J {x+ir{x^ + iy 

J (^^+17’ 

J (5 -- 3 cosa;) 2 ’ 


and the corresponding definite integrals taken between the limits 
(0, 00 ), (0, 00 ) and (0, tt) respectively. [Math. Trip., Part II., 1914.] 


26. Show that 


(i) 

^' J Sin o;r 6 I 


sin 2a;' 


cos 

t) 


.... fsinSa*, 1 
(n) I . . dx-^ ^ 
^ ' J sin bx 5 


27. Prove that 


sin ^ lo" 


+ . 2:r, + 


I 


5 ° . (‘>.T ^ 

lie 


+ sin >7 log ■ 


Sin 




TT . TT 


2 §. Prove that 

r 2 cos 

J(l+si 


0 (l4-sin2 6^)(2 + sm^6>) ^3 12 

2 sin 6 


2 cos (9 + sin 0 ,. 

- - (W 


( 1 +sin ^cos 6 ^)^ ( 1 -f sin 6 ^cos 






CHAPTER XIX. 


MOVING CURVES. 

Quadrature and Eectification of Loci of Carried Points and 
Envelopes of Carried Lines. 

r> 49 . “ Instantaneous Centre.’' 

It is a very well-known geometrical theorem that if two 
triangles ABC, ahc arc equal in all respects and lie in the 
same plane, the one can be superposed upon the other by a 
rotation about some point in the plane. 

B 



Let XI, YI, the perpendicular bisectors of An, Bb, meet at 
/. Join I A, la; IB, Ih; IC, Ic; and join I to the rnid-point 
Z of Oc, 
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Than I A, AB, B1 being res 2 )ectively equal to la, ah, bl, 

A A 

the triangles lAB, lab are congruent, and angle lBA=lba, 

A A ^ 

Hence lBO=Ibc, and having also IB, BC respectively ecjual 
to If), he, the triangles IBC, Ibc are congruent, and IC—Ic ; 
wlience IZ bisects Cc perpendicularly, so that the perpen¬ 
dicular bisectors of Aa, Bh, Cc are concurrent. Moreover 


angle AIB being e(pial to alh, and BW being equal to hic, 
it is clear that 

AIa=^Blb-^CIc, 


and therefore a rotation through the angle Ala about the 
point I in the proper direction will accomplish the super¬ 
position of the one triangle upon the other. 

If Aa, Bh are parallel, / is at oc in the plane, and the 
motion is one of translation without rotation. 

Two of the three points A, B, C may be regarded as fixing 
the position of the lamina upon which the triangle is drawn, 
and the third point may be regarded as any point carried by 
the lamina. 

Thus a displacement of a lamina of any shape in its own 
plane may be regarded as brought about by a rotation about 
a point in its plane, and any consistent motion of two points 
attached to the plane lamina will define the motion of the 
lamina in its own plane. 

650, If the equal angles Ala, Bib be infinitesimal, Aa, Bh 
may be regarded ultimately as the direction of the tangents 
to the paths of A and B, and / is called the instantaneous 
centre. The position of this point is immediately discovered 
when the direction of motion of the two points A and B are 
known, by drawing through A and B perpendiculars to the 
direction of motion of these points; these perpendiculars meat 
in the “ instantaneous centre of rotation ” 7. If I be joined 
to any other point P of the moving lamina, the tangent to the 
path of P is at right angles to PI, and PI is the normal to the 
path. 


651. For instance, if a hoop of any shape be in motion in a plane, and 
the direction of motion of two points of the hoop be known, say, PT, QT, 
then I is at the intersection of perpendiculars through Pand Q to PT, QT 
respectively, and the motion of any other point of the hoop, R, is at 
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right angles to IR. Hence at any instant the directions of instantaneous 
motion of all particles on the hoop envelop the first negative pedal of 
the hoop with regard to the instantaneous centre. When the hoop is 



circular, this will be an ellipse if I falls within the hooj), a hyperbola if / 
falls without the hoop, and a point if I falls upoji the hoop. 

652. Th(3 instantaneous centre itself is not in general a 
fixed point. If it has a path upon the fixed plane, it has 
another path relatively to the moving lamina. 

Wlien a circular hoop rolls along the ground in a vertical piano, the 
point of contact is the instantaneous centre, for at any instant the point 



Fig. 182. 


of the hoop in contact with the ground is not moving along the ground, 
for by supposition there is no slipping, and it has just ceased to approach 
the ground, and is on the point of beginning to leave the ground, and 
therefore for the instant it has no motion at right angles to the ground. 
The path of the instantaneous centre on the fixed plane is evidently the 
lino on which the hoop rolls. The path on the plane of the hoop is the 
hoop itself. 
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653. Exactly the same is true when any curve traced upon 
a lamina is made to roll without Ksliding upon a fixed curve. 
The point o£ contact is the instantaneous centre. The two 
/-loci are respectively the fixed curve and the moving curve 
themselves. 

654. When a rod AB, of given length, slips down between two per¬ 
pendicular axes Oy^ Ox^ the instantaneous centre / is at the intersection of 
the perpendiculars Al^ B1 to Oy and Ox^ and its locus on the fixed plane 



is a circle with centre at 0 and radius equal to the rod. The path relative 
to the rod is a circle of radius half the rod, described on the rod for 
diameter. 

Any point P attached to the rod describes an ellipse, of which /P is 
the normal and a perpendicular through P to IP is the tangent. 

655. General Motion of a Lamina reduced to a Case of Rolling. 

Let us define the manner of motion of the lamina to be 
such that its angular velocity at every instant is some given 
quantity; /j, /g, /g, being the corresponding suc¬ 

cessive positions at equal intervals of time di of the instan¬ 
taneous centre on the fixed plane upon which the lamina 
moves. 

Let be the infinitesimal angles turned 

through in successive rotations about Ij, Jg, 13 ,.... Then 

(a) Let there be a rotation about /g. 

Then a line on the moving lamina, which was originally 
coincident with /g/p will te brought by rotation about 
into the position 





THE TWO /-LOCI. 


679 


(6) Now let rotation commence alx)iit /.^ through d\}r^. 

Then the line on the moving lamina is brought into 

the position 

(c) Let rotation now commence about 7^ through 

Then the line is brought into the position 1 ^ 1^12 ii'^ 



(d) Let rotation now commence about 7^ through d\lr^» 

Tlien the line is brought to the position I^L^c^ii 2 "ii"\ 

and so on. 

Hence it is clear that when the intervals of time are infitii- 
tesimally small, and the chords indefinitely 

diminished, the motion of the lamina may be constructed by 
the rolling of the curve locus of the instantaneous centres 
relative to the lamina, viz. the curve locus 

of the instantaneous centres upon the fixed plane, viz. 

hhhhh- 

Hence the general motion of a lamina in its own plane 
may be constructed by the rolling of one curve upon another. 
It therefore becomes important to study the motion of points 
nnd lines attached to curves which roll. 

656. The Two Loci of the Instantaneous Centre. 

The locus of 7 both on the lamina itself and on the fixed 
plane upon which the lamina moves becomes important. Each 
may be readily found. 

Let OX, OF be fixed rectangular axes upon the fixed plane. 

Let O'x, O'y 1)0 rectangular axes attached to the moving 
lamina. 
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Let 17 be the coordinates of G relatively to OX, OF; x, y 
the coordinates of any point P on the lamina relatively to 
Gx, O y. 

Let d be the inclination of Gx to OX. 

The motion of the lamina will then be fully defined by the 
three coordinates 17, 6, and their difierential coefficients with 
regard to time, where f and arc detiriito known functions of 6. 



Tlie coordinates of P relatively to OX, OY will be 
X —X cos 0 — y sin 0,) 

Y—f] + X sin 9-^2/ J 


Differentiating, 

dX~d^+(dx—y d9) cos 0 — {dy-{-x d9) sin f, 
dY~dri-\-{dx—2f ^9) s\n 9-\-{dij-\-x d9) cos 9. 

To find the position of 1 about which the lamina is turning 
at any instant, we must remember that 

{a) it is for the moment stationary in space, 

(6) it is for the moment stationary in the lamina. 
Hence for this point 


dX^dY ^0 and dx=^dy—0. 

Therefore d^—y d9 cos creiSsin f?—0,1 
dtj —y dd sin 9-\-xd9 cos 9— 0, j 
and rj being known functions of 9, x and ;?/ arc found from 


at such a point, 


7 = ^sin ^ ^cos 9, 
(19 (W 


( 2 ) 


.» , dii , ^ 

and the ^-eliminant from these equations gives the locus of I 
on the lamina. 






THE TWO /-LOCI. 


681 


Next, substituting in ecjuation (i), 

drj 

'dd'\ 
dd’! 


x==i- 


Y = „+- 


.(3) 


and the d-olirninant from these equations gives the /-locus on 
the fixed plane. 

657. Ex. 1. Taking the case of a rod d/?(~2a) sliding between two 
straight lines OX^ OY at right angles, making an angle 0 with the 



latter, and taking the centre of tlio rod 0' as origin for the moving axes 
and the rod itself as the ;y-axis. 


^ —a sin 6^, 7)—a cos 0; 

. .v=acos 0 sin 6^-1-a sin 0 cos 8—a sin 28, 
y — a cos 8 cos — a .sin 6^ sin 8 ~ a cos 

X -asin 8 + asin 8~2a sin 8, 

Y—a cos 8 + a cos 8 ~ 2a cos 


28 1 

I from equations (2) ; 


OS 6;, J 


om equations (3), 


and the locus of I on the lamina is 


and on the fixed plane x^+y^ — Aa^ ; 

as is geometrically obvious (see Art. 654); as indeed are also all the 
equations established, the point / being at the intersection of the per¬ 
pendiculars at B and A to OX, OY respectively. 

All carried points which lie on the circle with AB for diameter 
describe two cusped hypo-cycloids, i,e. straight lines, and all points 
attached to the line itself describe ellipses (see Besant, Conic Sections, 
Art. 245). 
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Ex. 2. Taking the case of an involute of a circle of radius u, sliding 
between two perpendicular lines OX^ OY^ let the radius of the circle 
through the cusp make an angle d with the lino OX. Then 




x^a (si \\ 8 ~cos 8), ) 
y — a (cos sin d), J 


from equations (2) ; 


^ \ from equations (3). 

Y~a8^-a, J 

Hence the locus of I on the lamina is x^-\-y^~'^a\ i.e. a circle ; 
the locus of 1 on the fixed plane is F-X = 2a-^^\ i.e. a straight line. 
These loci are shown in Fig. 187. 



The first of the loci is geometrically obvious, as the tangents from I to 
the generating circle of the involute .ai’e at right angles. 

The motion is that of the rolling of a circle of radius a>/2 iqwn a 
straight line which makes an angle ~ with the axes OX, OY and an 
intercept on the F-axis. The locus of the starting-point C of 

the involute is plainly a trochoid, and the locus of the centre of the 
generating circle a straight line. Points on the circular /-locus describe 
cycloids, all other attached points describe trochoids. 

The student will find thi.s example done (in a different way) in BesanPs 
Roulettes and Gluettes^ p. 37. The object here is to illustrate the use of 
the general formulae of the preceding article. 
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Ex. 3. Consider a case of motion of apparently different nature. 

Let a lamina rotating at a constant angtilar velocity a> be moving 
so that an attached point C describes a stiaiglit line with uniform 
velocity v. 

Take the path of Cas tlie axis of 1", and r; the coordinates of the 
centre, and d the angle turned through in time and suppose that 
initially ^ and 0 both vanish. Let accents denote difierentiations with 
regard to 0 



Then, 0 being the starting point for the point (7, 

^=vt, e=<ot, i=~o, v=o, V=o. 

The ccpiations of Art. 056 give 

\r V ^ .r V V . V ^ 

A — 1 - sin Oi 7/—~- cos 0 : 

(0 (O (O o> 


the /-loci are a straight line, on the fixed plane, and 

.gii2 


i.e. a circle whose centre is Con the lamina. 

The motion is therefore that of a circle rolling on a fixed straight line, 
All carried points describe cycloids oi* trochoids. 


658. In the same way, if the point C be made to describe a circle of 
radius a with angular velocity (u, whilst the lamina rotates with an angular 
velocity to', we have, taking rectangular axes through the centre of the 
fixed circle, and rectangular moving axes through the point C attached 
to the lamina, and supposing t] and 0 to vanish together, 

^~a cos uit, 7} = a sin cot, 0 = uj^t; 


X dr) 0 ) ~(o (jj0 

A ~t~ = a , cos — r, 

^ d0 (o it) ’ 




0) - (*> . (1)0 

-y- Sin ~~~r f 

(j) CD 


at) 

.r~ - —, cos 

CD 


io' “ (D 




f/lll . CD - (D 




684 


CHAPTER XIX. 


and the niotieii is that of a circle of radius ^ rolling upon a iixed circle 
of radius a — 7 —, and therefore all carried points on the lamina tiace 

(t) * 

epi- or hypo-cycloids or epi* or hypo-trochoids. 

659. Ex. Suppose that a point 0' of a lamina travel upon an equi¬ 
angular spiral, with pole Oy fixed upon a plane over which the lamina 

slides. Suppose that the lamina i-otates at ^tli of the rate of the radius 
vector 00'. It is required to reduce this motion to one of rolling. 



Let 00' make an angle with the initial line, and let a lino 0\v fixed 
on the rotating lamina make an angle 6 ^ with the axis OX fixed in space. 
Suppose OX betaken sucli that 6 ^ 1 , ^ vanish together. Tlien 
If n] be the coordinates of 0\ we have 

^ =r cos 6 ^ 1 , 77 == a(?^ sin B ^, - n , 

with the usual notation as to the spiral. 

Then = ?iae^^®®^*(cot a cos Bi - sin t^j), 

7 ^' ~ ^ == ?n 2 e®i^*°*“'(cot a sin Bi - 1 - cos B ^); 
by Art. 656, 

X^^ — 7]' — — 71) cos Bi - ?i cot a sin 

+ -?t)sin Bi + n cotacos 

Putting l-w = <tcos/?, n cot a = ksm I3y 

X = a«^^'=°*=“ibcos(< 9 j + /?), 1 

i.e. the locus of X, F is = where /?, 0 are current coordi¬ 

nates, and 

k~s!{\ - ny cot^a, tan = j-™ —cot a, 
i.e, the fixed /-locus is an equal equiangular spiral. 
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itjul 


A gai II, .r ~ ^' sin 6> - y' cos 6/, cos 6^ + r/' si n 6^, 




sMi-"a 


and if /ij, Oj be the jjolar coordinates of a point on the /-locus upon the 
Ri cos Gl = I' Sil) 0 - 7/ cos e, 

Ri sin 0j — cos 0 + if sin 6^, 

cot6^-f^ , 

0 ^ cot 0 + tan (Oi+a) 

‘"i-l'ccte”* - coTeu,:ir(g,+,r) 


tan 


= tan^—4-a4-?i ~ 1 
11-I 


^ 11 ^ 

the polar equation of the (.r, ;/) locus is 


ncota/ ir\ 

_^x ^,„_r 

^ Sin a 


t.c. another equiangular spiral, but of different angle, which is replaced 
by the straight line 

0 i = ^ + a, when n — l. 

The motion is therefore that of one equiangular spiral with angle a, 
rolling upon another of different angle, or when w=l, upon a straight 
line. The case when n~l is that in which the lamina rotates at the 
same rate as the radius vector of the original spiral. 


660. The Curvatures of the two Loci. Analytical Consideration. 

It will be found in later articles that we frequently have 
to find the difference of the curvatures of these two /-loci. 
And for convenience of drawing it is customary, as in 
Arts. 665, 667, and in Dif, Calc., Ch. XX., to consider the 
concavities of the fixed and rolling curves as being in 

opposite directions. That is, the expressions i + — which 

Pi P2 

occur in theorems on Eoulettes and Glisettes are the algebraic 
differences of curvatures as measured in the same direction. 

For the present we consider the concavities in the same 
direction. Both the J-loci have been found in the form 
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x = F{6), y~f{d), and therefore the curvatures can readily 
be obtained from the formula 

1 j'ie)F"(0)-f\d)F'(d) 

P [{F(d))*+{/'(d)}f ■ 

Representing by accents differentiations with regard to d, 
we have 

(a.) For the /-locu.s on the fixed plane, 

z -V. r +r, 

x''^r-n'". Y''=„"+r-, 

... x’^+Y'^=(i"+^r+{,/'-ir, 

and X' Y" - X" Y' = {$'- nl ('/'+^'") - (>?'+1") “ n") ; 
and if Pi be the radius of curvature of this fixed Z-locus, 

(h) For the locus of I on the moving lamina, 

X —^'sind—t/emB, y=^'eosd + j]8in6, 

x' =(^" + i;')Bind ——^')cos0,\ 
y' cos 6+(rj"—^') sin B,J 

x"=(r+2>r-f)^inP-(r/"-2i"-^')C08B,] 
y"=^(r + 2>,"-f)cose+(>i'" - 2r->l>in dj 
and x'^+y '^=(^"+(»/' —^ ')* 

xY-yY'^(r+>tiw''-2r-,/)-(^''~n(r+2v'-n- 

And if p 2 be the radius of curvature of the /-locus on the 
moving lamina estimated in the same direction as I, 

p-^ 

Hence ^ 1 + 

P2 Pi 

__1_ 

~[(r+>ir+w'-iyf 

I 

”(Z'2+F2)V 

which gives the difference of the curvatures sought. 
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Finally, 

and therefore if da be the oleinentary arc of either curve, 

% = and s = p(r+7)'2+(-?''-f')*<W. 

whence - -— 4-. 

P2 Pi 


661. Geometrical Consideration. 

(Us 

This last result may be seen at once geometrically; for — 

(h . 

and — are the angles turned through by and and their dif- 
Pi 

ference is the angle turned through by the moving lamina, i.e. 

tSee Fig. 190.) 

Pi Pi 

662. (1) Thus, in the case of the sliding rod of Art. 657, Ex. 1, we have 

asint^, y)— a cos 6^, 

— a cos rj'— - a sin 6, 

— a sin 0^ yf — - a cos 0^ 

, 11 1 1 

and -— -r-:tr^.-—-r-T—--.rr-— =r -- 

P'2 Pi V4a^ sill''-' 0 + 4a- cos*-^ 0 

which agrees with the previous result for which P]~2a, p^^—a. 

(2) In the case of the sliding involute (Art. 657, Ex. 2), 

= 7;'=a, ^"--=^yf = 0, 

, 1111 

and -— 

P'z Pi \/a^ + a^ av2 

which agrees with the previous result, for which pj~Qo, p 2 =a>j 2 ; and 
S= I V(f+r,')2+(V'-|Td6' 
gives 2a^ in case (1) above, and a$>j2 in case (2). 


663. Besant’s Eguations for the Fixed /-locus for sliding curves. 
When the motion of the lamina is defined by two curves 
attached to the lamina making sliding contact with fixed 
perpendicular axes OX, OY, tlie equations 

F=^4-r 
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give 

and 

and show that 


r^.r,'+i''=i-x+f 
.r-F= -(.,+*/')=-pp 
r+x= i+i"= m, 


respectively, 

by Legendre’s 
formula, 


where and p^ are the radii of curvature of the sliding curves 
at the points of contact with the straight lines OX, 0 V. 

These equations are obtained by geometrical considerations 
by Mr. Besant {lioulettes and Glisettes, Art. 51), and are the 
equations he uses for the determination of the 7-locus on the 
fixed plane in such cases of sliding contact. They require 
the integration of two simultaneous differential equations for 
the determination of the locus. 

When the intrinsic C(|uations of the two curves are known, 
viz. 8—f^(\lr), Mr. Besant’s ecpiations are very con¬ 

venient, and the fixed /-locus can be deduced by solving 
the simultaneous equations 

the constant being determined by the starting conditions. 


6G4. “ Roulettes and Glisettes.” 

The path of a point carried by a curve which rolls upon 
another curve is called the Roulette of the point. (See Diff. 
Calc., Art. 561.) 

/ 

The path of a point carried by a lamina which moves so 
that a curve drawn upon it slide.s in such a manner as to 
touch two given fixed curves is called a Glisette. 

The latter name is due to Mr. W. IJ. Besant. 

The terms Roulette and Glisette have been extended to 
include the case of the envelope of a carried curve. 

A very full and interesting account of the principal 
properties of Roulettes and Glisettes was given by Mr. Besant 
in his Tract on Roulettes and Glisettes (1870). 

665. The Curvature of the Roulettes described by a Carried 
Point, and as the Envelope of a Carried Curve are worked out 
in Articles 564 and 565 respectively of the Biff. Cah, The 
student who has not access to Mr, Besant’s tract, should revise 
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these articles before reading the articles which follow, which 
are mainly concerned with tjuadrature and rectification. 

The formula established for the radius of curvature of the 
envelope of a curve carried by another curve which rolls 
without sliding upon a fixed curve is shown to be 


cos <!> cos (jy 
li -r r^p 


Pi P 2 



Here p^ are the radii of curvature of the fixed and 
rolling curves respectively, p that of tlic carried curve, 
li that of its envelope, whilst r is the normal distance 
of the point of contact of the , 
carried curve with its envelope \ . 

from the point of contact of the \\ \ 

rolling and fixed curves, and ^ ^ 

is the angle r makes with the 1 

common normal of the latter. 

If all these several cjuantities 
can be expressed in terms of 
xj/y the angle which r makes 

with any fixed line, then 

gives the length of an arc of the ^ 
envelope, i.c. ^ 

fr (t + —) +cos 9 !) 

Arc= 1 Vi p/ 

I ^ j_ eos</) ^ 

Pi P 2 ^ + P 

This is the general result. It 
includes the roulette of a carried 
point, viz. when or of a j \1 

carried straight line (when p--oo), ^ ^ 

or the case when the fixed curve . ^ 

is a straight line (pj=oo), or when 

the rolling curve is a circle {p^^a\ or when the rolling curve 
is a straight line (p 2 “^), or any combination of such cases. 

The standard figure is that shown above and described in 
Diff. Calc., Art. 565. If the concavity of any of the curves be 
in the opposite direction, the formula will require modification 




Fig. 190. 
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by the change of sign in the particular radius of curvature or 
particular radii of curvature involved. 

It must be remembered from Diff. Calc., Art. 565, that the 
angle between 

, ds 

two consecutive positions of p, is —, 

Pi 

. ds 

. . 

. ds cos d> 

. T 18 

R—r 

. ds cos <f> 

. p IS — —. -■ 

Thus ; 

^ R~r 

. •. arc of envelope = | [ r f ~+—^ -j—^ cos ds, 

JL \pi p^J r-fp 

666. Again, the area swept out by r is plainly 
(R-rYd^'=l](2Rr~r^). 

1 f 2R-r . 

-2rRz:y<^os4.ds, 

, . cos <6 . C(>H<b 1 . I 

and since Ti —— H—> 

H-r r+p Pi p., 

2R-r , /o I \ I o j. , ^ 

-R-, ™ #-(2 +I(=t) c» 0=2 cm *,+r (- +=-^) 

Vl ^2^ />+»■ 

r sweeps out an area 

667. When the carried curve reduces to a point, i,e, p^O, 
co.s0= where dd is the angle between consecutive radii 

vectores of the rolling curve. 

Hence, for a carried point, 

Arc of roulette= |r( -|— )ds, 

j Vl P2^ 

and Area swept out by -4-— \ r^d9. 

Vl P2^ 2J 
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Hence the area swept out by r exceeds the corresponding 
portion of the sectorial area of the rolling curve, 

viz. by 

And if the rolling curve be a straight line, — and these 
expressions reduce further to 

f r 1 fr^ 1 f 

Arc==J—(Zs and Area swept = ^J-~rf.9+ 

respectively. 


6G8. Important Oases. 

The most important case, perhaps, is wlien a curve which 
carries a point or a straight line rolls upon a fixed straight 
line. 

In this case p^~oo . 

If also the roulette be that of a carried point, p = 0, 


i?=r + p2Cos <56^ 


rpL 

PgCOS^’ 


If the roulette be that enveloped by a carried straight line, 
p = X, and jf—r-f-p 2 cos 


In these cases 0 is the angle which the normal to the 
roulette makes with a fixed line, and in accordance with the 
usual custom in dealing with intrinsic equations may be 
written y\r. 

Hence the intrinsic equations of the roulette in the two 
cases will be respectively 


r -^os^) ^ carried point, 

5 =J(r+P 2 cos y]r)d\lr, for a carried straight line. 


669. It is to be further noted that if the concavity of any of 
the curves concerned be turned in the opposite direction to that 
in which they are represented in Fig. 190, the general formula 
for R will need modification by the corresponding change of 
sign of the particular radii of curvature involved with a 
corresponding modification in all the deduced results. To 
avoid error it is therefore desirable to examine each case on 
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its own merits, rather than to deduce the formulae required 
from the general result 

cos 0 ^ cos 0 _ 1 1 

R-r r+p~p^ p^ 

Moreover, special cases have their own special geometrical 
peculiarities. Hence, in succeeding articles, we adopt this 
course though it necessitates some repetition. This will 
also have the advantage of exhibiting a somewhat different 
treatment. 

670. Ex, 1. A circular wheel rolls in a vertical plane along a straight 
line. To find the intrinsic equation of the envelope of a given diameter. 



Fig. 191. 


Here p 2 — the radius of the wheel = a, say; 
r~a cos 0 ; 

.'. R — r-\- py cos 0 = 2a cos 0 ; 

.•. 5 = 2a sin 0; 

i.e. the envelope is a cycloid with an axis of length a, s. being measured 
from the vertex of tlie cycloidal envelope. / 

For a parallel chord at a distance h from this diameter, we have 
r = h-k-a cos 0 / 

and 5=A0 + 2asin0, 

viz. a parallel to a cycloid. Moreover, the cycloid which is the envelope 
of the diameter of the rolling circle, is itself an involute of another 
cycloid. Hence the parallels to the cycloid are involutes of a cycloid. 
This then is the result for any carried line. 

Ex. 2. Let the rolling curve bo r"—a”cos^i^, and suppose the initial 
position be that in which the vertex of a foil of the curve is in contact 
with the line. 

First, let us find the roulette of the pole. 

P - y p2— 


We have 
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Let P be the point of contact, 0 the pole, A its initial position, yjr the 
angle turned thioiigh by the tangent at 0 to the roulette, the fixed 
line. 

, rdO 


Then 


tan OPa:' = -f- = - cot nO: 
dr 


1 


0/V-|4-w6>; 


<li — 7i0i pycos </) = ~^-Yr and 

it, +1 


IP- 


r — p2 cos n 

ds n +1 ^ , 

— a cos*' ip, 


r ; 


"dip u 

71 ^ f ~ 

and s = -~^a J cos*'^ is the intrinsic equation sought. 



If 71^1, we have the case of a rolling circle of diameter a, and the 
intrinsic equation of the cycloid traced is s~2asm \p. 

In the general case, if we refer the curve to tangendal polar coordi¬ 
nates, we can perform one integration. For taking A as pole. 


d‘^p , ds 


W+l 

- a cos" ip. 

71 ^ 


Multiplying by sin xp, 


(Pp 4-1 i . 

sin 4''^^ ■!" P ^ ■ a cos” ip sin yp, 

and integrating, sin \p^ -pcos\p=^ - a cos^ ^ 4- a, 

for p and ^ vanish if \p~0 and p be measured from the vertex A; 



694 


CHAPTER XIX. 


Again, multiplying by cos \p and integrating 


cos -^P sin ^ j cos^ dipj 

or ^ + jt>tan ^=^^^asec 

Eliminating we obtain 

p (tan \p + cot ip) = a sec cos^— a cosec ^(1 - cos^ ” ip), 

Jo 

n-\-l —- / — \ 

or jo——— a sin ip j cos " \p d\p - acos - cos ^ xpp 

as the tangential-polar equation of the roulette, the origin being at the 
vertex of the roulette. 

To find the roulette enveloped by the axis of the rolling curve, we 
have I{=r'+ p 2 *^ns where </>' is the angle between a parallel to CA and 
the perpendicular upon the axis of the curve, and r' is the perpendicular 
from P upon the axis. 

Then <t,'=E-e-<f,=^-(n+l)e=l-X, 

where x is angle the axis of the rolling curve makes with the line CA^ 
/ = r8in^ —aco8«w^8in6>; 


i 2 =:rsin OA- 


1 


nA-l cos 71$ 


sin(«-M)6> 


-a cos" w^j^si 


8 in 6 >-h 


ds in 

;j^ = acos"—X 
dx n -f-1 ^ 


sin n A -*" 
(n-M)cos n^_ 

X 


sin -A~ + 

nA-l 


(„+l)co8—Xj 


and the intrinsic equation of the envelope of the axis is therefore 

rf,in-Ar,+ -- 1008 ^ .”\dx- 

Jo i »»+l / , ,\ » f »+l 


Ex. Special Case of the Epi- and Hypo-cycloids. 

Here Pi —a, the radius of the fixed circle; p 2 ~^> I'he radius of the 
rolling circle; p—0. 

(ir-2<^)6=a^, ip=^eA-~-<p; 

r=26co8<^; 

cos I 1 cos<^ 1 1_ 

H—r a b r 26~~ 2a6 * 


and 
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ds 

d\p 


.,a + 6 . a f 
- 46 - sin — 7-777 \y 
a+ 26 


a + 26 

(« measured from the vertex i’^'.creases as xp diminishes); 

46, 7 \ / 

5 = — (a + 6) cos ; 
a ^ a+ 26^ 

s being measured from the vertex (Art. 412, Diff. Calc,). 



671. When 00 , the formula for the roulette of a carried 


viz. R = - 


point, 

VIZ. /T. =- 

r — p^coH <t> 

is expressible otherwise. 

For with the usual notation, taking the carried point as the 

pole of the rolling curve, 

r dr j , p 

P 2 = and cos ^ — 


Hence 


]_ 

R' 


dp ‘ r 

dr 

~dp\rJ’ 




which gives a convenient measure for R in this case. 


672. General Theorems with regard to Rolling on a Fixed 
Straight Line. Roulette of a Carried Point. Theorems of Jacob 
Steiner and W. H. Besant. 

Let APB \)e any curve rolling along a straight line xz, P 
being the point of contact, P' the adjacent point on the curve 
which will come into contact with the line at Q, Let 0 be a 
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carried point and 0' the point at which it arrives when the 
rolling of the curve has carried P' to Q. 

Let OY, OY' be the perpendiculars from. 0 upon the con¬ 
tiguous tangents at P and P\ Let 00'=d(r, the elementary 
arc traced by 0 as the point of contact travels from P to Q, 
Let O'O cut xz at R. Then OY plays a double part. 



(1) It is the ordinate of the point 0 of the roulette of 0. 

(2) It is the radius vector of the pedal of the rolling curve 
with r(‘gard to 0. 

Let the elementary arc of the pedal curve, viz. YY', be called 




Then 


sin zRO^Lt cos RPO, 
da- 


for OP is the normal to the roulette (Art. 562, Diff. Calc.) 

dOY dy 


-LtconOY'Y^ 


That is, in the limit, 


ds,t 


da—dsp. 


'dsp 


.( 1 ) 


Hence corresponding arcs of the roulette of 0 and of the 
pedal of the rolling curve w’th regard to 0 are equal. 

This theorem is due to Jacob Steiner (1796-1863).* 


673. Again, if OZ be the perpendicular from 0 on YY\ 
we have ultimately 

diX AAA 

y y zRO—Lt y sin RPO—Lt y sin OY'Y 

=Lty sin 0YZ=0Z; 
y dx=0Z d(r~0Z dsp, 

Le* the element OYNO' is ultimately double the element 0YY\ 
*Cajon’s History of Malhemaiics, p. 295. 
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Hence integrating, tlie area swept out by the ordinate of 
the roulette during any portion of the rolling is double the 
corresponding sectorial area of the pedal curve. 

This theorem appears to be due to tlie late W. H. Besant 
(Art. 2G, Roulettes and Glisettes), 


674. We consider next the area swept out by the normal OP 
to the roulette. 

Draw PM perpendicular to O'Q. Let ^ be the angle OP 
makes with the tangent. 

We have PM~Ssm.n(f>, Ss being the element PP' or PQ of 
the rolling curve. Let OP=^ry P0P'==S9 and YOY'^Syfr. 

Then to the first order, 

Quadrilateral OPQO'= WP. OO'+W'Q . PM 
~ -Jr(J(r-|“^6'sin (p) 
^^^.r{YT+rSe) 

= ^ r(r sin Syfr+r 69) 

(for OYY'P being ultimately cyclic, YF^diam. x sin YOY') 

= lT^S\lr + 69, 


area swept out by normal in any portion of the rolling 
—corresponding sectorial area of curve+ 
the limits for yfr being its initial and final values. 


675. If the curve be a closed oval, every point of whose 
perimeter comes into contact with the line in one revolution, 
and if we suppose the rolling to start with OP at right angles 
to the line, so that the limits for yjr may be specified as 0 to 
27r, we liave for a complete revolution 

Area swept by normal—area of rolling curve-h 2 J 


—area of curve 4* 

But by Art. 426 

2 area of pedal=area of curve 

.*. area swept out by normal\ 


1 

P 

2 Jo p 


ds. 


in a complete revolution J 


This theorem is also due to Steiner.* 


*See Bertrand, Cede. InUg., p 362 and Besant, RoulttUs and GliselttSy p. 19. 



698 


CHAPTER XIX. 


676. It is worth noting also that 

1 

Area of oval—2 area of pedal-- | 

^ Jo 

r2w 1 r2» 

•'O ^Jo 

(Besant, R. and G., p. 19.) 

677. Illustrative Examples. 

1. When an ellipse rolls upon a straight line, any arc of the roulette 
of the focus is equal to the corresponding portion of the circumference of 
the circle which is the first positive pedal of tlie ellipse with regard to 
the focus, i,e. the auxiliary circle. 

The roulette of the centre is of the same length as the corresponding 
arc of its central pedal, viz. r-^=ci‘'^cos^6^-P^'^sin‘^6^. 



And in both oases the areas swept by the oidinate are double of the 
corresponding sectorial area of the pedal. In a complete revolution 
these areas are 27ra^ for the area swept by the ordinate of the focus in 
a complete revolution of the ellipse and 7r(a‘'* + 6^) for the roulette of the 
centre. These paths are illustrated in the accompanying diagram. 

2. The arc of the roulette of a point rigidly connected with a circle rolling 
on a straight line (f.e. a Trochoid) is equal to the corresponding portion 
of the lima9on which is the first positive pedal of the circle with regard 
to the point. And when the point is on the circumference of the rolling 
circle, we see that the arc of a cycloid is of the same length as the 
corresponding arc of a cardioide. 

3. If a rectangular hgperhdla rolls along a straight line, any arc of the 
roulette of the centre is equal to the corresponding arc of the lemniscate 
which is the pedal of the hyperbola with regard to the centre, and is 
therefore expressible as an elliptic integral (Art. 592). 

4. When a parabola rolls along a straight line, the arc of the roulette of 
the vertex is equal to the arc of the cissoid which is the first positive 
pedal of the parabola with regard to the vertex. 
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Many other cases may bo cited and many curves may be discovered 
as roulettes whose arcs can be found ; this being so whenever the arc 
of the pedal of the rolling curve can be found. 

In each of these cases wo also find that the area swept out by the 
ordinate is double the corresponding sectorial area of the pedal. 

678. General Theorems with regard to Rolling on a Curve. 
Rectification of Roulette of a Carried Point P. 

We may prove the re.sults for a carried point P as follows, 
directly and without deduction from the general formulae. 

Let A be the point of contact, 

an adjacent point on the fixed curve, 
the point on the rolling curve which will come into 
contact with B 2 , 



Fig. 196. 

Py P the two points on the roulette corresponding to the 
points of contact A and B^y so that PAy P'B^ are con¬ 
tiguous normals to the roulette. Let these meet in 0. 
Let C/p C 2 be tlie centres of curvature of the rolling 

A 

and fixed curves respectively at Ay PAC^==^y 
Pj^y p 2 the radii of curvature, 
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r^AP ; PY, PY' perpendiculars on tangents at A and 
Ssy Sa-y Ssp the elementary arcs of the fixed and rolling 
curves, the roulette, and the pedal of the rolling 
curve with regard to P ; i,e. 

AB^^AB^^SSy PP'^ScTy YY'^SSj, 

Then when C^B^ comes into line with B.fi.^y PB^ will come 
into line with B 2 O. Let APB^~S9. 

Then the angle turned through by the rolling curve is 


AC^B^+AC,B.,=~ + -. 

Pi P2 


Also PB^ turns through the same angle, and B^B,, is a second 
order small quantity. Hence, to the first order, 

Pi'' Vi pj 


PF = AP (-- +^)^r(-p 


Again, 


y y' = r “, to the first order, 
Pi 


since YY'AP is ultimately a cyclic (quadrilateral, as in Art. C74; 




1+1 


Pi 




Pi 

i,e. 

da- 

dSp 

Pi 

and 

-f( 

l + ^')dSi, . 


J V 

P-/ ' 


(the formula of Art. 667 for ^ 

679. 

Also, as in Art. 674, 



Area PAB.F = 

(PP'-^SsHin 0), to the 


1 

2^ 

1 fl + Ssp+Ss sin <f> 

'•' Pr 


1 

f(l + ^')r-+r^9} 


Z 

l\ p./ Pi ) 


1 , 

’(-+-) <5s+h*(S^. 

^Pi Pi' '2 


.(A) 
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And integrating^, the area swept out by the normal to the 
roulette between the roulette and the fixed curve 

= i \r^dd + Wr^ (~ +^^ds (the formula of Art. 067). (B) 

ZJ Zj P2^/ 

680. When the rolling curve is closed, we have for the whole 
area swept by tlie normal in one turn of the curve, such that 
the original point of contact has again come into contact, 

Area swept = area of curve ds, 

2J \p^ p^^J 

the limits of integration being from the initial to the final 
value of 5. 


681. It should be noted that in the investigations above, 
p^ and p2 drawn in opposite directions. If the rolling 
curve be on the concave side of the fixed curve, the formulae 
will become 


Arc of roulette = <r = I (^1 — — ^ 


and Area swept! 
by normal J 


is,, . 

....(A') 

P\ P'f 



682. If pi —P 2 > as will always happen when a curve rolls 
upon an ecjual one, the rolling being started so that the 
points of contact are initially and always corresponding points, 
formula (A) shows that ^ — 2sj„ 

i,e, the length of any part of the roulette is double the co'rre- 
sponding part of the pedal. 


683. In the case of an ellipse rolling upon an equal ellipse and placed 
at starting with the ends of the major axes in contact, the paths of the 
foci are obviously circles of twice the radius of the auxiliary circle, which 
is the pedal of the ellipse, which is a verification of the general theorem. 

In the case of the epi- and hypo-cycloids and tlie epi- and hypo- 
trochoids, pj and po are the radii of the rolling and fixed circle.s and 
constant. Hence the arc.s of such curves are proportional to the corre¬ 
sponding arcs of the first positive pedal of the rolling circle, t.e. to the 
arc of a cardioide or of a lima9on, and arc therefore rectifiable in the same 
manner. 


684. Bolling along both sides of a Curve. 

If the rolling curve be allowed to roll first on the convex 
side of a fixed curve and then upon the concave side, starting 
with the same pair of points common and rolling in the same 
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manner as before, so that corresponding points again come 
into contact, formulae (A) and (B), (A') and (B') show that if 
or, o-' be the arcs of the roulette, and A, A' the areas described 
by the normal in the two cases, and Ap the corresponding area 
of the pedal of the rolling curve, then 

= j(l +|(l =2s„ 

and ^ + = + 

=:jr2di+j-ds = 4^p. 

And both results being independent of are independent 
of the nature of the fixed curve, and therefore in each case 
double of the results for rolling along a straight line. 

685. In the case of a curve carried hy a second curve which 
itself slides in contact xvith two other curves, or moves in its 
own plane in any given manner, the same formulae as those 
established for a roulette can he used for the curvature and 
rectification of the envelope of the attached curve. 

For the motion being a case of rolling of the locus of 
the instantaneous centre /, traced on the moving lamina, upon 
the locus of the instantaneous centre I traced on a fixed plane, it 
is a matter in general of first determining these loci and their 
radii of curvature; or, what is equivalent, if Ss be the arc of 
the fixed /-locus and <f> the angle which the normal to the 
/-locus makes with the normal through I to the carried curve, 
and if Sx be the angle turned through by the moving curve 
whilst / travels over Ss on its locus, 


and the formula 


^ ds , ds 
dx=—+—, 

Pi P2 

cos <f> cos ^ r 1 


1 cos<f> . cos<^ </v 

may be written ^ -—;— 

R—r r+p ds 

the various letters having the same meanings as before, p^, p^ 
referring to the two /-loci, the values being obtainable as 
explained in Art. 660. 
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When which is -i-f-i, cos0, r and p have been 

Pi P2 

expressed in terms of \[a, the angle which the normal to the 
carried curve makes witli a given line, the radius of curvature 
of the envelope is 

d(T ^ , cos 0 

- 1 ^ 


dx^r 


=:E-- 


COS 0’ 

ds r+p 

and or— d\lr gives the intrinsic equation of the envelope of 
the carried curve. 

Also, as before, the case of a carried point is included as 
that for which p = 0, and the case of a carried straight line is 
included as that for which p—oo, which respectively give 

ds"' 



and (T—I +cos 0 dxfr 


as the intrinsic equations required. 


686 . When a Curve slides in such a manner as always to touch 
a Given Straight Line at a Given Point, the glisette of any 
carried point is obtainable at once. 

Let the carried point be taken as a pole, and let be the 

tangential polar equation of the curve with regard to this pole. 



Then if the point of contact be taken as the origin and the 
given straight line as the aj-axis, we have 

and the >/r-eliminant is the “glisette” required. 
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687. Illustrative Examples. 

Ex. 3. If the curve be an equiangular spiral, we obviously have 

n — rsina and ^^=rcosa; 

d\p 

y = .rtana is the path of the pole, as is geometrically obvious. 



Ex. 2. If the curve be an ellipse, 

jp2 ^ Q, 2 ^ q. 1)2 <51 \ 

and the ^-eliminant gives for the glisette of the centre the quartic 



Ex. 3. In a parabola of latiis rectum 47, we have for the glisette of 
the focus 

'^-tan^ ) 

y \ W being the angle .subtended at the focus by the arc 

?/ , f from the vertex to the point of contact (Fig. 199); 

’--seoS, I 
a ’ 

O'* 


t.€. 


-^-=(1 + cos 261), 


(y being the angle OB makes with tlie y-axis. 
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688. (ty y) Eelations. 

In many curves the relation between the ordinate y and the 
angle l between the ordinate and the tangent takes a very 
simple form, and is, moreover, very useful (1) in the deter¬ 
mination of tlxe envelope of a straight line carried by a curve 
which always touches a given straight line at a given point 
and also (2) in the problem of Braciiistochronism for a law of 
force which is always in the same direction. 



(1) Let 0 be the fixed point at which the curve always 
touches the fixed line Ox, 

Let AB be the carried line. 

Then if the equation of the curve has been expressed as 
y—fii), with AB as the .T-axis, the tangential polar equation of 
the envelope of AB is clearly for 

y=p and i —\/r. 

(2) The laws of force for the Brachistochuonous descrip¬ 
tion of a curve, 

(а) under a central force making a minimum and 

V 

-==/<:, a constant, v being the velocity; 

(б) under a force parallel to a given straight line which 

we may take as the y-axis making J— a minimum 

and —a constant, 
cos 

are respectively 

E,I,C. 2y 
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These will be found in books treating of kinetics of a 
particle. They are placed here for the convenience of the 
student, and to illustrate further the use of the (i, y) equation 
of a curve which is necessary for the glisette of a carried line 
with motion described above. The central force formula 
we are not now concerned with, but it will serve for practice 
in the use of (p, r) equations. 

689. To find the (/, y) Equation. 

Let the tangent at P meet the a^-axis at T, 

The relation between i and y is easy to get, for 

sin2f=cos2PTx=- 

1 + 

and if x be eliminated between this and the equation of the 
curve the relation between t and y will result. 




Circle, . - - - 

Catenary, - - - 

Tractrix, - . . 

Cycloid, - - - - 

Evolute of a parabola,* - 




ain®<= 




sin*4=:l-^.. 


8in^f=l- 


sin^i=l — 

y 

Directrix for Kect. =4a/3. 


2a‘ 

a 
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Evolute of a catenary, 

- 

- 

. 2 - 

sin^t-^l - 2 . 

Four-cusped hypo-cycloid, 

- 


Clurves of the class 

dy 

dx 

~ n * 

yz 

a" 

Curves of the class 

dy 

n 

sin^/ — 1 —^ • 

a’* 

dx 


Parabola, 

- 

- 

■ 2 

Kect. hyperbola, 

- 

- 

sin^^” 

a*+y* 

Biaxal conic, - 

- 

- 

• » aV 

sm^z —fT-T-T-o-" 

6<+(a*- 


The student should establish each of these results. It will 
be noted that in all cases they are expressed as 
This is obviously the for in convenient in discussing Brachis- 
tochronism. 


690. Ex. 1. If, for instance, a catenary slide.<? in contact with a straight 
line Ox at a fixed point we have for the envelope of the directrix the 

tangential polar-equation 2/ ^ 


— is the (t, y) equation. 



It is obvious from this equation that the directrix touches a parabola 
with 0 for focus and 4c for latus rectum. This is clear geometrically 
also, for the locus of the foot of the perpendicular upon the directrix 
is obviously a line at a distance c from the fixed line, and the envelope 
of the directrix is the first negative pedal of a fixed line, f.e. a parabola. 
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Since sin^t 


C2 



the c(juation P~ 


d 

2 dtf 


(sin^t) gives 


vi? 2c“_ 
2 y''^ 


Hence, the catenary is BrachistotJlu'onous for a law of force which acta 
perpendicularly towards the directrix and var^dng inversely as the cube 
of the distance from the directrix. The line of zero velocity in this case 
is at infinity. 


Ex. 2. An ellipse slides, touching a straight lino at a given point. 
What is the envelope of the axis major ? 

Here 




5" 



the tangential polar equation of the envelope of the carried axis is 
p2(a2cos2 ^ q- ~ 6*sin2 

by writing p for ?/, ^ for t, and reducing. 



Ex. 3. A cardioide slides in contact with a fixed straight line at a 
fixed point. What is the envelope of the axis ? 
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Here ^ — rsin 6^=a(l-co«6^)8in6^ 

= 4a siir cos 

A li 

and 

_36^^7r 

“Y“2* 

Putting p for y and i/- for t, the tangential polar equatioi. of the 
envelope of the axis is 

p = 4asu.»l(| + v«-)co«l(| + vJ-) 

. 7r4*2»/' a . 2r + 4i/' 

=.asin-^--sm — 3 —^. 

691. Two Curves in the Lamina touching Fixed Straight Lines. 

Lot two curves bo drawn upon a lamina, and let tlie lamina 
move so that the curves touch two given sti-aight lines Ox, Oy 



inclined at an angle w, and let P be a point carried by the 
lamina. Let PM, PN be the perpendiculars upon Ox, Oy, 
and yjr the angle they respectively make with two initial 
lines PA, PB drawn upon the lamina, including an angle 
TT —and initially at right angles to Ox and Oy respectively. 

Then the path of P can be obtained at once. 

Let p P = 

be the tangential polar equations of the curves, with P for 
origin of measurement of p, and PA, PB respectively as 
initial lines. 
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Let X, y be the coordinates of P with regard to the lines 
Ox, Oy as coordinate axes. 

Then a; sin co =/(>/>’), and y ^\ii(30 = F(yy), 

and the \//^-eliminant furnishes the path of P. 

It is clear that instead of the two curves on the lamina wo 
might have one single curve drawn, i.e. and might 

be identical, except as regards the initial line from which 
\fr is measured in the two cases. 

The rectification of the path of 2^ follows from 

dx = cosec d\}r, dy = cosec w F'(\lr) d\fr, 

and ds^ = dx^ +2 dx dy cos w + 

whence s = cosec oo |n//2 + ‘if'F' cos w + F’^ 

where f stands for and F' for ^^F{yp^). 


692. Two Straight Lines in the Lamina touching Fixed Curves. 

When three straiglit lines forming a triangle ABC are 
tnxced upon a lamina, and the lamina is made to move in 
such a manner that two of the sides AB, AC, say, touch given 
fixed curves, the third side BC will in its motion envelop a 
third curve, and there is a linear relation between the three 
arcs described by the points of contact. It has been shown 
{Diff. Calc,, Arts. 568-9) that the tangential-polar equation 
of the envelope of the carried side BC can be found at once. 

If a, /3, y be the trilinear coordinates of any point 0, fixed 
in space, with regard to the triangle ABC taken as a triangle 
of reference, we liave the relation 

cy = 2A,.(1) 

where a, h, c are the lengths of the sides and A the area of 
the triangle, with the usual trilinear convention that a, /3, 
y are positive when drawn from a point within the triangle. 

Hence it follows that 




da 

dyjjr 


dyp 


0 j 'r = 0 , 

(A d^ 


a 


d^a 

d\l/^ 





dV 

dyl^^ 


= 0 , 


where yp- is the angle any line fixed in the lamina makes with 
a line fixed in space; 
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Ill 




+ S)+«(v+;fe')-2A* 


And the increment of the angle of contingence being the 
same for all, we have ±ap^±bp 2 ±cp^ = 2A. 

693. Caution. 

Regarding 0 as the origin of measurement for perpendiculars 
for the tangential polar equations of the envelopes of BC, 
GA, A By it is to be noted carefully that we are in the presence 
of two separate conventions with regard to the signs of the 
perpendiculars, which may be antagonistic. 

(1) The trilinear convention is that stated above, that the 
perpendiculars are reckoned as positive when the point from 
which they are drawn lies within the triangle of reference. 

(2) In the general treatment of curves, i.e. in establishing 

the formula others involving the per¬ 

pendicular from the origin has always been reckoned positive. 

A 



If PiiP 2 > Pz fhe positive perpendiculars from 0 upon the 

sides, we have in all cases + <^’^3 being 

elements of the three arcs described by the points of contact. 

Hence,so long as the origin from which the perpendiculars are 
measured lies within the triangle, we have a =Pi, y 8 =P 2 > y —Pz^ 
and 


ds^ __ d^a 


ds. ^ ds^ (By 


If, however, the origin lie between BC and AB produced 
and AC produced, a= —Pj, IS=P 2 , y—Pz> 

_ _ J. ^ 1 

d-yjy d\j/-^’ d\jA ^'d\j^^’ d\lr d,\lr^’ 

* This method is stated by Mr. Besant to have been suggested by the late 
Master of Cains College, Dr. N. M. Ferrers. 
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with similar changes for other positions of the origin relative 
to the triangle of reference. 

In addition to this, when we estimate the radius of curva- 

ds 

ture, it will bo remembered that which is always 



is -f p if s and \/r are increasing together, 

but = — p if s and x/y are such that when one increases, the 
otlier decreases. 

This point has been discussed in Art. 531. 

Hence we have written 

ifc Clpi db ilp2 dt ctp^ = 2 A, 

the signs to be determined in each particular case. But in 
any case this equation is sufficient to prove that if two of 
the three quantities p^, p^y p.^ bo constant, the third is also 
constant, i.e. if two sides of the triangle envelop circles 
or pass through fixed points, tlie third side also envelopes 
a circle, which is the theorem of Ex. 1, Art. 569, Differential 
Calculus, 

694. The ambiguity as regards sign necessitates careful 
attention to the position of the origin relatively to the tri¬ 
angle. 



Fig. 208. 


Three straight lines on a plane divide the plaHe into seven 
regions, and the signs of a, /?, y in these regions Jjpj^dicated 
in the figure. 
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Accordingly we have, if we assume to be measured 

from points for which = and to be each increasing w'hen 
\f/' increases, 

(XSj -|“ 6^2 ~b CS3 = 2 

if, and so long as, the origin lies within the triangle; 

— -h 6,^2 + = 2 

if, and so long as, the origin lies in the region where the signs 
of a, y are respectively —1-+, and so on for the other 
five regions. 

Also, as the lamina moves the origin may pass from one 
region to another. Hence care must be taken in integrating 
between specified limits for \/r to observe the sweep of any 
of the three lines BCy GA, AB through the origin, and to take 
proper account thereof by using the appropriate case or cases of 

=fc as^ zt it cs.^ = 2 Ax/^ 

for the intervening sweeps of the several sides. 



Thus, in integrating round an oval which the arms AB, AC 
touch, the oval lying within the triangle (Fig. 209), we have, 
taking tlie origin within the oval, 

as^ + ^2+ <^^3 ~ 2 A'v/r, 

and for a complete revolution 

(iS-^ -f- "b c) ^ = 47r A» 

where S is the perimeter of the oval 

% 

and /S, thibt of the curve enveloped by BG, 
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695. In the same way, if the oval be always external to the 
triangle as in Fig. 210, 

•— S = 4'7rA, 

and similarly in other cases. 



696. A Limiting Case. 

If the triangle ABC becomes evanescent, we have the case 
of a line through A, viz. B'C' (Fig. 211), carried by the pair 
of tangents AB, AQ, and making constant angles J5, C with 



them respectively, the tangents making a constant angle A 
with each other. The sides a, 5, c vanish in the ratio 
sin A : sin B : sin C, and the theorem becomes 


i.e. 


aS/ sin A == (sin B + sin C) S, 



697. If the carried line B'C' lie within the angle PAQ, as 
shown in Fig. 212, it is the limit of the case in Fig. 213, 
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where the signs of the perpendiculars a, fij y are respec¬ 
tively - + and a=-pi, y= 

‘-aSi’jrbs^-’CS^ = 2A\l/' (and ultimately A = 0), 



so long as BG does not sweep through the origin; and if it 
never does do so during the whole motion of tlie lamina 
during a complete revolution, 


— aS" -f (6 — c) /S = 47rA (and ultimately A = 0), 



giving S" the perimeter of the curve enveloped, or in the 
limit, when the triangle is evanescent, 




sin B — sin C ^ 2 

cos^ 


698. If, however, the line BC does sweep through the origin 
in the course of the revolution, the integration must be per¬ 
formed separately for tlie several complete portions for which 
the line BC moves without a sweep through the origin, and 
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the arcs of the envelope of BC being found thus, the pasi- 
tive results must be finally added together, using the formula 

sin^ 


for each portion. 


G99. Taking the case of any oval with two perpendicular 
axes of symmetry AOA\ BOB', e.g. an ellipse, TP, TQ a pair of 
tangents at right angles, and the carried line being the 
bisector of the angle PTQ (Fig. 214), this line will obviously 



Fig. 214. Fig. 215. 


sweep through the centre every time the point T crosses one 
of the axes of symmetry, and whilst T travels along its locus 
over the first quadrant, the perimeter of the corresponding 
portion of the envelope of the carried line is 


sin ~ arc PiP^ sin — arc ^ 2-^3 


sin, 


=^^“(arc ^ 

—N/ 2 (arc PPg ~ arc APc^, 

where Pj, P^,, P 3 , P^ are the points of contact of tangents which 
make an angle of - with the oj-axis (Fig. 215). 
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It is to be noted that the arc in question is described 
in the opposite order to that of description of the ellipse 
by the several points of contact. 

The whole perimeter is then ^J2{di,vc. and the 

curve is rectifiable in terms of arcs of an ellipse if the oval be 
elliptic, or in terms of arcs of whatever curve the doubly 
symmetric oval happens to be. 

700. When the point A is at oo , we have the case of parallel 
tangents to the oval, and the carried line AD is a line parallel 
to the tangents and dividing the chord of contact in the ratio 



sinjB:sinC (see Fig. 213), where B and G arc indefinitely 
small, i.c. in any definite ratio which we may assign, say p : q, 
and we then have Qn_ pS^~qS^ 

for the perimeter of the envelope of AD replacing the result 

of Art. 698. 

sin(.D + C) 

701. A Case of Isoperimetric Companionsliip of Curves. 

Let us consider the form of a curve O'PQ with pole iV, which 
will be such that, when it rolls upon the fixed curve OP whose 
equation is known. y~f(x), the pole N will travel along a 
straight line, say the oj-axis. 

Let 0 and O' be the points originally in contact, Ax, Ay the 
axes, P the point of contact, PN, OM ordinates, PT the tan¬ 
gent at P making an angle with Ax, O'N the radius vector 
of the rolling curve from which 9 is measured and r the radius 
vector NP, 0 the angle between the tangent to the rolling 
curve and its radius vector. 
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Hence 

and 


r=y, 

rdO . ^ . . dx 

=tan ^=cot 

rd9=dx I 

dr==dy.\ . 


We therefore have 6- 


}=^dx ) 
’•=%/ 

, fdx_ f dx 


" J r -ifix) 

r=y =■/(*), 


■(') 

( 2 ) 


and if x be eliminated from equations (2), the polar equation of 
the rolling curve will result. 



Fig. 217. 


Again, if the form of the rolling curve had been given, say 

then x=^F{6)dd, 

y^F{8\ 

and if S be eliminated between these equations, the Cartesian 
equation of the fixed curve will result. 

It follows that, since there is pure rolling without slip¬ 
ping, the corresponding arcs of the two curves must be 
equal. 

This follows at once also from equation (1), for if s and s' 
be the respective arcs OP, O'P, 

d^^dx^-Ydy^^r^d0'^-\-dr^=ds '^; 

whence ds—ds' and s^s' if measured from such points as have 
originally been in contact. 
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It also follows that 


\ydx=\T. 


Tde= 



i.e, the area swept over by the ordinate PN, that is MNPOy is 
double of the area swept out relatively to the rolling curve 
by its radius vector, that is the sectorial area O'NP. 

The polar subtangent of the rolling curve is the Cartesian 
subtangent of the fixed curve, and the subnormals are the 
same. 

Hence, given y~f(^)> 

we can, by the transformation y—r, dx—rdd, obtain another 
curve r=F{d) for which 

(1) corresponding arcs are equal; 

(2) the area travelled over by tlie ordinate of the one is 

double the sectorial area swept out by the radius 
vector of the other; 

and (3) if the second be allowed to roll upon the first, having 
been properly adjusted at the start, the locus of 
the pole of the rolling curve is the x-axis of the 
other. 


702. Generalisation. 

More generally, if we take any polar curve 

r^F(0), 

and construct from it a Cartesian locus, such that for each 



Fig. 218. 
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point (r, 0) on the one there is a point (x, y) on the other for 
which X» 

dy-^dr sin;(+r ci(9 cos 

where x whatever at our choice, we have, upon 

elimination of r and By a new curve in which 
ds^~ dx^ + dy^ — -\-r^dd^^ ds^, 
where ds, ds' are corresponding elements of arcs in the two 
curves. It follows that 

ds=ds' and 5 —s', 

if the origins of measurement of arc are so chosen that 8 and s' 
vanish together. 

703. The geometrical meaning of this Ls plain. We are 
projecting dr, rdO upon a pair of perpendicular axes Ox, Oy 
with an arbitrary origin, and such that the ac-axls makes an 
angle x behind the radius vector of the polar curve, and 
therefore makes an angle 0~x with the initial line of the 
polar curve, or what is the same thing, with a fixed line 
through 0 parallel to the initial line of the polar curveand 
by reserving choice of x» w^e can make the new axes either 
fixed axes or moving in any given manner. 

If we make we make the a^-axis turn at the 

same angular rate as the radius vector of the polar curve, we 

dx~dr, dy~rd0, 

the transformation discussed in the last article, except that 

the axes of x and y are interchanged. 

If we make x~^ 0-f-const., we have fixed axes. 

0 I 

If we make 0 —y=-“, we make our axes turn at -th the rate 
^ n n 

of the radius vector, and so on. 

Moreover, either or both of the axes AX, Ox may be regarded 

as a fixed axis, the matter being purely a relative one. 

These transformations establish a remarkable connection 

between many curves of common occurrence, and further will 

furnish us with a method of deriving new rectifications. 

704, Reverting to the more elementary case of 

dx=rdBy\ 
y=ry J 
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we shall find tliat, 

A straight line y^xQ,ota has for its analogue an equi¬ 
angular spiral 

A straight line r—c cosec 6 has a companion in a catenary. 

A parabola - - - has as companion a spiral of 

Archimedes. 

An ellipse - - - has as companion one of the Rho- 

doneae. {Diff. Calc., Art. 385.) 

A cardioide - - - has as companion a cycloid. 

And when any curve is rectifiable, a companion is also 
rectifiable in the same manner, and even when neither curve is 
rectifiable in terms of arcs of a circle or an ellipse, arcs of 
the one can be expressed in terms of arcs of the other. 

And in addition the property as to the relative magnitude 
of the area swept out by the radius vector of the one and the 
ordinate of the other holds good. 

Such pairs of curves may perhaps be termed Isoperimetric 
Companions. 

As illustrative examples, we consider these examples in 
detail. 

705. 1. Taking the straight line ^ — cot a as the fixed “cui’ve,” 
di/ — dr, dx = rd 0 ; 
di' -■ 7' dO cot a, 


- - "dd cot a, 
r 



Hence an equiangular spiral and the straight line y=.rcottt 

correspond in the manner dcKscribed, corresponding arcs being equal, and 
the Cartesian area bounded bv the line, the .r-axis and two ordinates 

K.i.c. 2z 
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being equal to double the corresponding sectorial area of the spiral, 
(8ee Diff, Calc.^ Art. 449.) 

2. Take as the rolling polar curve the straight line 7’ = csec B. 

Then y — r—CH^cOy d^ — rdO — cmcOdB’, 

.r=clogtan^^ + ^j = egd-»0; 

COS 0 cosh ^ = 1 (A rt. 69), 

or y — c cosh ^, the catenary, 

which is therefore the isoperimetric companion to the straight line, and 
rectifiable as has been seen (Art. 538). See also JMff. Galc.y Art. 444. 



We note in addition to properties proved in Diff, Calc., Art. 444, that 
Area area ANPO. 

3. Take as the rolling polar curve the cardioide 
r=a(l - cos B)’ 

Then, for the Cartesian curve, 

y = r==a(l -cos^), 

j rdB=a{B-siiiB\ 

i.e, a cycloid with cusp at the origin and vertex upward. These curves 
are therefore isoperimetric companions. When the cardioide is placed 
with its vertex in contact with the vertex of the cycloid on the concave 
side and allowed to roll inside the cycloid, the roulette of the pole is 
the line of cusps of the cycloid and the propositions of Art. 701 with 
regard to equality of corresponding arcs and the relative magnitudes of 
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the areas swept by the ordinates of the cycloid and the radius vector of 
the cardioide both hold good. 



4. Take as fixed curve the ellipse 




Then 2 /=r, dx—rdd give 
X ^jsl b'^ ~ r\ 


and 


rde^ 


a rdr 


he 

- = cos * 
a 


V 


^ hn 

t.e, r—bcos~e, 

a 

which is the isoperimetric companion of the ellipse. Hence the Eho- 
doneae r^A cosne are rectifiable in terms of arcs of an ellipse. 


PROBLEMS. 

1 . A circle of radius a rolls round the circumference of an equal 
circle. Prove that the area of the epitrochoid, described by a point 
carried with the rolling circle and distant c from its centre, is 

(4a2 + 2c2)7r. [Oxr. I. P., 1918.] 

2 . If a circle roll on the convex side of a parabola from one 
extremity of the latus rectum to the other, and can just pass between 
the vertex and the directrix, prove that four times the area traced 
out by that radius of this circle, which always passes through the 
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point of contact, exceeds the area of the circle hy half the rectangle 
contained by the latus rectum and a line equal to the arc it cuts off. 

[R. K] 

3. An equiangular spiral rolls upon a straight line from a point 

to a point F^ of the spiral. 0, the pole of the spiral, traces out the 
path OjOg. From 0^0^ are drawn perpendiculars on the 

straight line. Find the area of O^N^N^O^. [Colleges a, 1881.] 

4 . A closed oval curve rolls upon a fixed curve. Find an ex¬ 
pression for the area of the roulette traced out by any carried 
point. 

In a complete revolution of the closed oval curve, prove that the 
sum of the areas of the envelopes of two carried lines at right angles 
to one another which pass through a point fixed to the rolling curve 
is constant. Prove also that this sum exceeds the area of the 
roulette generated by the point, by the area of the rolling curve. 

[Colleges 7, 1887.] 

5. If a closed oval curve roll with angular velocity w on a straight 
line, while a point moves along its evolute with relative velocity 

prove that the area included in any portion of a revolutioiL 
between the straight line, the curve generated by the moving point, 
and the perpendiculars to the former drawn through the extremities 
of the latter, is double the corresponding portion of the area between 
the curve and its evolute, bounded by the initial and final radii of 
curvature, provided the moving point is initially at the centre of 
curvature of the point of contact; p being the radius of curvature 
of the evolute at the point corresponding to the point of the rolling 
curve in contact with the straight line. [Coj^eoks 5, 1883.] 

6 . The cardioide ?== a(l - cos 6>) rolls on a straight line; prove 
that the intrinsic equation of the roulette of the cusp is 

2s ~ 3(1 (2\p - sin 2^), 

measuring from the point of contact of the cusp. 

Prove also that its Cartesian equation is 

that its area is and that the radius of curvature of the roulette 

of the cusp is three times its distance from the point of contact. 

[Tbinity, 1888.] 

Find the evolute of the roulette of the pole and the intrinsic 
equation of the envelope of the axis. 
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7. A closed curve is moving in any manner in its own plane. 
Show that if p be the radius of curvature of the envelope of the 
tangent at any point of the curve, then 



is equal to twice the area of the curve, the integral being taken all 
round the curve, ds being an element of arc of the moving curve. 

[Colleges, 1879.] 

8 . A plane lamina moves in any given manner on a fixed plane: 
0 is a fixed point on the fixed plane, P a point attached to the 
moving lamina and fixed upon it. If the area described by P about 
0 bo given, show that the locus of all points (P) in the moving plane 
for which the area is the same, is a circle, and that for different 
values of the area the corresponding circles are concentric. 

I St. John’s, 1881.] 

9. Examine the isoperimetric correspondence between the parabola 
y^ — 4ax and the Archimedean spiral r=2a0, showing that the spiral 
can be made to roll upon the parabola in such manner that the pole 
of the spiral travels along the axis of the parabola. 

10 . Show that the reciprocal spiral r0=^a and the exponential 

X 

curve y = aG « are isoperimetric companions, both curves being recti¬ 
fiable and corresponding arcs equal, and interpret the result by 
reference to the locus of the pole of the spiral when suitably started 
rolling. 

11 . Establish isoperimetric companionship between the curve 

^ = log tan 0 + 1^-sin./., 

y __ siif-^ (f) 
a~~cos4> 

and the cissoid 

cos u 

12 . Establish isoperimetric companionship between the semi-cubical 
parabola aj/ — and the spiral San + 6^^ == 0. 

13. Show that the curve 

r = a log sec 
J log sec t 

is rectifiable and in isoperimetric companionship with the catenary 

of equal strength ^ x 

3 /= a log sec-- 
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14. Show that the curves 


ix = a(cos<fi-9cos~y j 
= a ^3 sin - - sin 


and sin ^0 

are rectifiable and isoperimetric companions. 

15. Show that the curve 


2 ^ 4-6 


= 3.1og 


\/a^ + 

is rectifiable and in isoperimetric companionship with 




- a^. 


16. Show that the curve 


r = 4a sin ~ cos® |, 
J J 


(9-tan^-2^ 


is rectifiable and in isoperimetric companionship with the cardioide 
i’ = a(l + cos ^), its pole travelling along the axis of the cardioide as 
it rolls within the cardioide, the two poles being initially coincident. 

17. Show, by taking r — aS and x — nO in Art. 702, that 


ic = ^ [nO cos n9^{n-\) sin n9\ 


y — sin nO -{n -\)(cos nO-V)] 

is an isoperimetric companion of the Archimedean spiral r = aO, 
Hence show 

(1) that x^-2ay is isoperimetric with r = a^; 

r v/r^ ” a^ 

(2) that r = a cosec |— - -0 I is rectifiable and in isoperi¬ 

metric companionship with r = 4a^. 


18. Show that an ellipse of semiminor axis h and eccentricity e 
can be made to roll upon the curve 

^ = (mod.e), 

SO that the path of the centre of the ellipse is the x axis. 
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Show that if the origin be taken at the point for which the end of 
the major axis a is in contact with the curve, this may be reduced to 
the form 



[Write Kh-x for x and reduce, see Ch. XXXI., Art. 1352. See 
also Greenhill, Elliptic Functiona, p. 72.j 

y2 

19. Show that the perimeter of the ellipse ^ + *^.^==1 is equal to 
twice the perimeter of one outer foil of the curve 

, be 

r = b cos —, 
a 

and that the area of the ellipse is equal to four times the area of one 
outer foil of the same curve. 

Show furth ^hat if the vertex of the foil be placed in contact 
with the innf of the ellipse at the end of the minor axis, and 

the foil roll liding upon the ellipse, the pole of the rolling 

foil will tn ^ajor axis of the ellipse. 

Deduce proposition as to a circle rolling in the 

interior c ' double its radius. 

20. An iii>o 5 is made to slide, touching the rect¬ 
angular axes Ox, ;w that the locus of the instantaneous 

centre on the plane x, y is a straight line. What is the locus of the 
instantaneous centre relatively to the curve. 

Show that the glisettes of carried points are cycloids and 
trochoids, and the envelopes of carried straight lines are either 
cycloids or involutes of cycloids. [Besant, Rovletusand Gluettea.'] 

21 . A cycloid rolls along a straight line. Show that the intrinsic 
equations of the envelopes of (1) the axis, (2) the line of cusps, (3) 
the tangent at the vertex are respectively 

(1) 5 = a^2-|-3asin2\^', 

(2) 5 = 3a(^-h^sin 2^), 

(3) s = a(v^ + |sin 2\^), 

measuring s in each case from the point on its locus for which 

Trace each of these curves, supposing the cycloid to be continued 
both ways, and the rolling to continue with successive arches of the 
cycloid, and find the positions of their cusps. 
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Show that the whole perimeter of the last of these curves is 
8a \/2 + 8a sin~i n/| - 27ra, 

and its area == 17ra‘“. 

Show that the first evolutes of the second and third curves, and 
the second evoluto of the first are four-cusped hypocycloids. 

22. A parabola rolls on a straight line ; show that 

(1) the locus of the focus is a catenary (Art. 517), 

(2) the envelope of the directrix is an equal catenary, 

(3) the tangent at the vertex and the latus rectum envelop 

parallels to a catenary, 

(4) the intrinsic equation of the envelope of the axis is 

a (2 log sec xjy + tan - \p). 


23. If the cardioide r = a {l - cos 6) move so as to touch a straight 
line always at the same point, show that the locus he pole is 

r = 2a sin‘^ 6^, 

and that the intrinsic equation of the envelope is is 

— = 12 sin-^ ^ - 7 SIP 
a 6 

24. If an ellipse slide in contact wi' line at a 

given point, the glisctte of the foci is 

(:r‘-+y-) (//“ 4- r')- - .a-y, 

and that of the centre is ^ (a- - y^){!/' 


25. A lamina moves in such manner that a certain point in it 
describes the path 

^ = c sin ^ - c cos if/ log (sec + tan ] 
cos ^ + c sin log (sec + tan ^) - c, / 
referred to fixed axes OX, OY in its plane, whilst a straight line 
through this point attached to the lamina makes an angle ^ with 
the F-axis. 

Reduce this motion to rolling. Also show that the difference of 
the curvatures of the loci of the instantaneous centre on the lamina 

COS^ l/' 

and on the fixed plane is 

Show further that the intrinsic equation of the envelope of the 
line attached to the lamina is 


ds 


— tan ^ + c log (sec rp + tan \p). 
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26. A lamina moves in its own plane, so that a point O' upon it 
traces out a cissoid, 

6 

^ - 2a cos^ 


r)~ 2a 


cos^ 

sin - 


i.e. + + P = 


upon a fixed plane with reference to a pair of fixed rectangular 
axes OX^ OY in that plane, whilst a straight line O'x attached to 
the moving lamina rotates, making an angle B with OX, Show that 
the motion is that of rolling of one parabola upon another equal 
parabola, and deduce from the formula of Art. 660, for the differ¬ 
ence of curvature of the 7-loci, the radius of curvature of a parabola. 


27. A catenary moves in its own plane so as always to touch a 
given straight line at a given point. Show that the tangential 
polar equation of the envelope of the axis is 

where c is the parameter of the catenary. 


28. The centre of a circular disc of radius a travels along a 
parabolic path ~ - 2 ax^ spinning at an angular velocity w in 
a clockwise direction, the centre receding from the axis with a 
velocity aw. Show that the motion thus produced is that of the 
rolling of an involute of the circle upon the axis of the parabola, 
and that the velocity of the point of contact is the same as the 
velocity with which the centre of the circle recedes from the 
tangent at the vertex. 


29. A Bernoulli’s lemniscate moves so as to touch a fixed axis at 
a given point. Show that the tangential polar equation of the 
envelope of the axis is 

o • o ^ 2l7 

sin^ ~ cos » 
o o 

and that the glisette of the pole is 

== sin 0. 

30. A circle rolls on an equal circle and carries with it a fixed 

tangent. Find the intrinsic equation of the envelope of the carried 
tangent. [Oxford II. P., 1887.] 
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31. A triangle of area A moves so that two of its sides (a, b) 
touch an oval of perimeter I at points where the radii of curvature 
are p, p ; prove that the radius of curvature and the perimeter of 
the envelope of the third side c are 

^(2A-ap“V) and ~ {iTrA-{a + b)l}. 

[St. John’s, 1883.] 

32. An ellipse rolls on a fixed horizontal straight line (the axis 

of Show that the locus of the highest point of the ellipse 
will be ^ ^ 

J N/(4a2 _ _ 4/^2^ 

and reduce the integral to the standard form. 

[St. John’s Coll., 1881.] 

33. Prove that the intrinsic equation of the envelope of the 

directrix of a catenary of parameter c, rolling on a circle of radius c, 

will be found by eliminating a between the equations 

5 , , , , 1 4“ sin a 'I 

- — h tan a sec a + 4 log -^— 

c - ^ ® I - sin a I 

and ^ a + tan a. J 

[St. John's, 1886.] 

34. A given right-angled triangle is made to slide round the 

outside of a fixed oval curve with the point F on the curve, 
the side PR touching it and the side FQ normal to it. If s be the 
perimeter of the oval, prove that the length of the curve enveloped 
by QR is equal to (g + 27rPQ) sin PQR, [St. John’s, 1889.] 

35. When a curve rolls on a straight line, show how to find the 
locus of the centre of curvature at the point of contact, and prove 
that, in the case of a cardioide, the locus is an ellipse. 

[St. John’s, 1889.] 

36. When a curve rolls on a fixed curve, prove that the locus of 
the centre of curvature is inclined to the common tangent at the 

tan“^ {p dp j {p + p)ds}f 

where p, p are the radii of curvature of the fixed and rolling curves 
at the point of contact. [St. John’s, 1889 ] 

37. A cardioide r = a(l -cosO) rolls upon an equal cardioide, 
the vertices coinciding during the roll. Show that the roulette of 
the pole of the rolling curve is 

r=4asin*(^ + |), 
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that the tangential polar equation of the envelope of the axis is 

.... 

p==4:a sin If/ sm^ — 

and that the area of the roulette of the pole is 

~ (37r-f-4\/3). 


38. A cardioide of perimeter 8a rolls on the outer side of a 
cycloid of equal perimeter from cusp to cusp, the vertices coinciding 
during the roll. Show that the area of the roulette of the cusp of 
the cardioide between the roulette and the cycloid = 

Show also that the arc of any portion of the roulette of the cusp 
measured from the vertex of the curve is double the distance of the 
point of contact of the two curves from the axis of the cycloid. 

Show further that the tangential polar equation of the envelope 
of the axis of the cardioide is 

p = 2a sin t/' -f 2 cos® 

where p is drawn from the vertex of the cycloid and is measured 
from its axis. 


39. A cycloid of length 8a rolls on the outside of a cardioide of 
equal length, a cusp of the cycloid starting from the cusp of the 
cjirdioide. Show that the intrinsic equation of the envelope of the 
line joining the cusps of the cycloid is 

xj/ 

25 — 3a^ -1- 6a sin 

ij/ being measured from the tangent at the vertex of the cardioide. 

[Oxr. II. P., 1913.] 



CHAPTER XX. 


RECTIFICATION OF TWISTED CURVES. 

70n. Let PQ be any elementary arc Ss of the curve. Let 
the coordinates of P and Q be respectively 

(x, y, z) and {x + ^ + 8y, z -f Sz) 

with regard to any three fixed rectangular axes Ox, Oy, Oz. 
(chord PQY = So? + Sy^ + 

Now, if Q be made to travel along the curve so as to 
approach indefinitely near to P, the cliord PQ and the arc PQ 
ultimately differ by an infinitesimal of higher order than the 
arc PQ itself, Le. the chord PQ and the arc PQ ultimately 
vanish in a ratio of equality.* Hence we have to the second 
order of small quantities, 

Ss^-^Sx^+Sy'^^Sz^ .(1) 

Now suppose the curve to be specified in one of the two 
usual ways, 

(a) as the line of intersection of two specified surfaces 
f{x, y, z) = 0, F(x, '//, z) = 0, 

or (b) the coordinates of any point x, y, z upon it expressed in 
terms of some fourth variable t, and defined by the 
equations aJ=/,(0, 

The First Oase. 

In Case (a) choice must be made of one of the three vari¬ 
ables Xy y, 5? to be considered as the independent variable, say 
Xy and the equations /—0, P™0 are then to be solved to find 

*For a discussion of this point see De Morgan, Differenlicd and Integral 
{Jcdctdvsy p. 445. See also Diff, Calc,, Art. 34, for a plane curve. 
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the other two, y and 0 , in terms of x. Then differentiating, 
we express and in terms of x ; say 

We then have s=^-^Jdx--\-dy^-\-dz^ 

=pn + {^{x)Y+{^r{x)f]dx. 

And when the integration has been effected, the length of 
the arc between the points specified by any particular limits 
which may be assigned to x, will have been ol)tained. 

707. A more Symmetrical Mode of Procedure. 

We might also proceed as follows : 

Along the line of intersection of /=0 and — O we liave 

(lx + fy (ly + fz dz ^ 0 
and Fx dx + Fy dy + Fzdz~0y 

. . dx dy dz ds c?.s‘ 

gxvmg 


giving 


t/j, Jg, J 3 being the Jacobians 


/?/» ' fzy fx y 

fx’ fy 

Fy, Fz F,, F^ 

Fx, Fy 


^/’Z) z/z.) Z/-Z) 

z) ’ 3 ( 2 :, x) ’ Z{x, y) ■ 

Then 

making use of the one which is most convenient; and which¬ 
ever is used, both the dependent variables occurring must be 
expressed in terms of the independent one before integration. ^ 

708. The Second Case. 

In Case ( 6 ) we have 

and t=/.'«>, 

whence «-p[{/,'<<))‘+(/,'(l>?+{7rWFji«-. 
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and wo obtain the arc by integration, as before, between 
any two points corresponding to the limits assigned for the 
variable t. 


709. If the equations of the curve be presented in the form 

wrwrwrwy 

di- {fit)? ' 

dy 
dt‘ 


we have 




dz 


Similarly 

where and have meanings corresponding to Jj. 
Hence 

where ^-f 


■p’ di-p’ 


dx_dy _^dz__dt __ ds 

TrT,-j-p-:jl' 


Hence 




r 


fit. 


710. The rectification of a curve therefore depends upon the 


possibility of performing the integration 



When /^, /g, /g, / are rational integral and algebraic 
functions of we have the case of a unicursal twisted curve. 

The advanced student is referred to the very important 
miemoir by Mr. R. A. Roberts, On the Rectification of Certain 
Curves/’ in vol. xviii. of the Proceedings of the London Mathe¬ 
matical Society, which has already been referred to in other 
places. 


711. Ex. 1. Find the length of an arc of the curve which is the line of 
intersection of the parabolic cylinder y^=4ar and the cylinder 

z — \lx{x-a) — % cosh-* 

Here we take x as the independent variable and obtain 



dz_ 2x — a 
^ 2dx{x-a) 



1 

2x-a a 

fx-a 

4 


^ 2s/x{x-a) 2s/x(x-a) 

X 
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dx=^sl2{x*i — x{), 


where .r^ and are the lower and upper limits of integration. 

Hence, in this curve any portion of the arc is \^2 times its projection 
upon the .r-axis. In other words, at every point of this curve the tangent 

makes an angle of ^ with the .r-axis. 


Taking the same curve, let us put 


X =~ (1 + cosh u\ i.e. a cosh^^. 


Then ^ = 2acoah^, £=^(8inh w — 7 /); 

^ *2i 

we then have a case such as that discussed in (h) of the preceding article, 
having expressed ^ and z in terms of an auxiliary fourth variable //. 



Then ^=^sinh7/, — —asinh^, $=^(cosh w-1). 

du 2 ' du 2 ’ du 2^ ' 

Therefore j^sinh^ w + 4 sinh* ^+(cosh -1 )2J 

=— [sinh^ w+2 (cosh w -“1)4- (cosh w -1 )23 
= “sinh^w; 
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whence 


= ^ ^ J — \/2 (a;^ - iCj) as before. 


The curve of intersection of the two cylinders is represented in 
Fig. 222. 


Ex. 2. To find an expression in the form of an integral for the recti¬ 
fication of the line of intersection of two right circular cylinders whose 
axes intersect at right angles. 

If we take the axes of the cylinders as tlie axes of 2 ; and .r respectively, 
we may write the equations of the cylinders as 


Let us take a > h. 

From the equatiotis 

X = sj 2 — \fl>^ — ?/“, 


we have 
and 


dx 


dz 


sjd^ — 

(Is^ — f/.r- -f dy^ -H «?,:* 


- y dy 
- y- 


0“/y- -- ;//* 


dy^. 



Puty = 6 sinand let h — ka^ k<\. 


Then 




Fa* - 

(F - Fa'^sin^^) ’ 


s = h 


'0 \/i — Fsin^^^ 
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When the cylinders are of equal radius, and tliiH becomes 

5 — 6 J\/i-r d(^ 

~ J \/(b )-siu“ 6 + 6^cos- 6 

i.e. the result of Art. 573, for an ellipse whose axes are in the ratio 
y/2 : 1, to which the curve of intersection then reduces. 

It is interesting in this connexion to note more gcnerall}' that when 
the axes of two equal cylinders cut at right angles, and a sphere rolls 
conq)letely round in contact with both cylinders, the locus of its centre 
is two ellipses. In our case the rolling sphere has a zero radius. 

712. In the ** right circular Helix" or “Helicoidal curve," which 
is an ordinary thiead on a screw, we have a curve traced on a right 
circular cylinder and cutting all the generators of the cylinder at the 
same angle. 



Let a be the angle the screw-thiead makes with a circular section of 
the cylinder, P any point on the curve, coordinates .r, y, z referred to 
rectangular axes, the 2 -axis being the axis of the cylinder and the .r-axis 
taken to cut the curve at a point A. Let 6 be the angle the piano OPN 
through P and the axis makes with the plane of j? 2 , and let a be the 
radius of the cylinder. 

We have .r =a cos 0, .y ~ a sin z — af) tan a. 

Hence d8^ — dx^ -f dy^ + dz^— sec^ a dO^ 

and $ — a0 moa. 

This is obvious from the fact that in this case the surface may be 
developed into a plane, and the triangle ANP becomes a right-angled 
triangle with sides aO tan a and 5, with one of its acute angles a. 

E.r.c. 3 a 
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713. Since the curve develops into a straight line when the surface 
is developed into a plane, tlie surface itself being supposed entirely inex- 
tensible, the distance between any two points which it connects upon 
the cylinder is'a minimum distance on the cylinder between those two 
points. Such lines of niiniinuni length on any surface are termed 
Geodesics (see Smiths Solid Geom.^ Art. 259). 

Hence geodesic lines on a right circular cylinder are helices. 

714. A Property of Geodesic Lines. 

It is an obvious property of such curves that if P, Q be any 
points upon a geodesic line upon any surface, the path from 
P to Q ma tills line being less than from P to ^ ma any con¬ 
tiguous supposititious paths from P to Q, viz. PBQy or PCQ, on 
opposite sides of it and of the same length, and the three 



lengths PAQ the geodesic, and PBQ, PCQ the supposititious 
paths being unaltered in length by any deformation of the 
surface on which they are drawn, supposed inextensible, the 
deformed path to which PAQ is changed will still be in 
length intermediate between the lengths of the contiguous 
paths to which PBQ and PCQ are changed and which are 
equal. Hence, in the limit when PBQ and PCQ and their 
deformed lengths are made to close up to ultimate coincidence 
with PAQ and its deformed length, it will be clear that the 
deformed PAQ is still a line of minimum length on the 
deformed surface, being entrapped between two supposititious 
paths which are both of greater length on opposite sides of it. 
Thus geodesics on inextensible surfaces remain geodesics after 
any deformation of the surface on which they are drawn. 


715. It follows that a right circular helix remains a right circular 
helix if the paper on which it is drawn be transferred from the cylinder 
upon which it was wrapped to a cylinder of different radius. Let a and 
b be the radii of the first and second cylinders and j8 the angle the new 

helix makes with the circular section. Then 5 *=--^61=—^ where 

cos a cos p 

& is the angle in the new helix corresponding to B in the original one ; 
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and tlie new coordinates of P can be written down, tlie axes being placed 
Sbi' described for the lirst helix. 

716. Cylindrical Coordinates. 

For many cases, particularly for curves drawn upon 
cylinders, it is desirable to use cylindrical coordinates, viz. 
r, 9, z, i.e, the ordinary Cartesians are transformed to the polar 
system as regards the x, y plane, and the ^-coordinate is left 
unaltered. 

Taking r, 9, z and r+dr, 9+89^ z-\-8z as the coordinates of 
contiguous points P, Q on a curve, we have, since Sr, r S9, Sz 
are mutually perpendicular elements, 

PQ^=Sr^-{-{rS9f + SzK 



For if N, N' be the feet of the perpendiculars from P, Q upon 
the plane of x-y, we have, to the second order, 

Nm=^{rS9f+Sr^ 

and plainly PQ^—NN'^-\-Sz\ 

Hence, if the distance measured along the arc PQ be Ss, we 
have, to the second order, 

Ss^:=:,Sr^^(rS9f+Sz\ 

dr^^{rd9)^-\'dz\ 


whence 
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which wo may write in any of the forms 


* “jVL(<w) +''+(rfs) j*®' 

-lV[©^KTD’+>>. 


according as it is convenient to take 0, r or 2 : as the inde¬ 
pendent variable; or we may also write it, as in Cartesians, as 




in case r, d, z are expressed in terms of a fourth auxiliary 
variable L 

The most common case is when 0 is taken as tlie inde¬ 
pendent variable. 


717. Curves on a Right Circular Cylinder. 

When we are discussing a curve drawn upon tlie surface of 
a right circular cylinder of radius a, we have 

and 

and the rectification formula at once reduces to 


718 If we apply this to the case of the helix already considered, riz. 

y— asin 6^, ^ = «^taiia, 

we have r = z—aQ tan (x, 

s —+ tan% do—aO see a, a.s before (Ait, 712). 

It will be at once remarked, liowever, that in all cases of 
curves drawn upon a riglit circular cylinder, the length of the 
arc may as readily be considered by first developing the 
cylindrical surface into a plane, and in fact the formula above 
is merely the Cartesian formula 

for the developed surface, dx replacing ad0. 
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719. Ex. Find the length of an arc of the curve of intersection of the 

cylinders „ ? 

xe" ~ a. 

Putting ;r=acos 0, we have 

and 2 = rtlogsec6^. 

Hence ^ = atan6^ and ^^asec6>; 

dB dB 

whence 6' = agd“^6^ or if = a log tan 

In this case the developed curve is the Catenary of Equal Strength, 
viz. f~alogsec^, in which ^~a\p and s = agd~^i/' (see Ex. 5, Art. 519). 

720. General Polar Formulae. 

The general polar formula for rectification in terms of the 
radius vector r, the co-latitude 0, and the azimuthal angle, or 
longitude, 0, is easily obtained. 



Fig. 227. 

In passing from the point P(r, (f) to a contiguous point 
Q(r-\~STy d+S9y along an elementary arc Ss of a curve, 

the projections of the chord PQ in the three directions, 

{a) along the radius vector, increasing r ; 

(6) in the meridian plane, increasing 0 ; 

(c) perpendicular to the meridian plane, increasing 
are respectively Jr, r SO, r sin 6 Stp; 
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and these being mutually perpendicular elements we have, to 
the second order, 

gij^2 Q ^^2 

and as either r, 9, tp or a fourth variable t can be regarded as 
the independent variable to suit circumstances, we have 




j(ir, 

or 


or 



or 

-IV[©’+K 



721. Modification for Curves on the Sphere and the Cylinder. 

There are two important cases to consider. 

(1) If the curve under discussion lie on a sphere of radius a, 
r—a, dr~0, 

and s=a^^l + sin^ ^ 

or 5=a |9 d^p ; 

or if it be deemed desirable to use the latitude I instead of 

the co-latitude 9 




or 




-f- cos' 


(2) If the curve under discussion lie on the surface of 
a right circular cone whose semi vertical angle is a, and whose 
axis is the 0 -axis and vertex the origin, we have 

de=o, 


dr 


or 
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722. Ex. 1. “Rhumb” Line or “Loxodrome” on a sphere. 

This is a curve on the surface of a sphere which cuts all the meridians 
at the same angle. 



Let PQ be an element ds of such a line, zOP, zOQ meridian planes. 
Let a small circle of the sphere parallel to the equatorial plane .v-9/ pass 
through Q and cut the meridian plane of P in JV, Let I and cf> be the 
latitude and longitude of /’, a the radius of the sphere and a the 
constant angle NPQ. 

Then tan a —Lt — Lt —^ ^ 

or cot a d<f> — sec I dl ; 

wlience </> cot a=gd~*/, i.e, log tan 

which, with r = a, form the equations of the curve. 

8 = a 


Also 

Hence in this curve we have 


l+cos2^(^ 


dl = a sec a . 1. 


r — a^ I — gd(<f> cot a) and 5 = flriseca. 

Plx. 2. In the case of a spiral traced on a spheie and defined by the 


equation ^ = <;6tana, where d is constant, we have 

s=aj'^ 1 +cobh(^^J dl 
=aj vT+ cot^d cos'll dl 




a / vcosecV — cot'-^a sin^^ dl 




1 cos% mnH dl 


= a cosec a E{1^ cos a), 
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and the arc of this spiral is therefore expressible as an arc of an ellipse of 
semi-major axis c/. cosec a and eccentricity cos a (see Art. 5G7). 

Ex. 3. In the case of a curv(‘ drawn upon a conical surface to cut all 
the generators at the same constant angle a, we have, taking the origin 



at the vertex and the axis of the cone as the 
vertical angle of the cone, 


r sin dcj) 


=; tan a, 


■:-axis and for the semi- 


as in Example (1), foi' the sphere, and therefore 
“ = siii /? cot a d<f) ; 

whence 


where A is an arbitrary constant, determinable when some one point on 
the curve is specilied. 

The pi’ojeetion of the curve upon the .r-y plane is therefore an equi¬ 
angular .spiral of angle cot“^(sin jQcota). 


We also have 



+ siir 




Uin^adr — 



between limit.s rj, rg. 

If the spiral passes through the origin, and s be measured from that 

6 =rsectt, 


which is also obvious from the consideration that if the curve be developed 
upon a plane it will become an equiangular spiral of angle a. 



PEDAL FORMULA. 


745 


72.3. The />, r Formula. 

The jp, r formula of Art. 547, viz. s ~ 
for curves of double curvature. 

For, with the same notation as before, 

V . .dr 

^=sm«/> and cos0, 


f -, still holds 


(/} being the angle which the tangent makes with the radius 
vector from tlie origin ; whence 


ds 



r 


and 


S-- 


r dr 

s/r^- p^ 


Fur oases of oiirves drawn upon a sphere, the centre being at the origin, 
the formula is useless. For in that case, the tangent being necessarily at 

dr 

all points at right angles to the I'adius vector, —p = r tliroughout. 

In the ease of a curve drawn upon a right circular cone whose vertex 
is at the oi igin, we may use the formula with advantage ; but it is to be 
romend)cred that we aie doing no more than if we regarded the conical 
surface as developed upon a plane. 

Ex. For the case already considered of a curve cutting all the 
generators of a cone at a constant angle a, we have at once 2 ) —r sin a 

and «= f —^ =r sectt, as in the last article. 

J cos a 


There are but few curves of double curvature, however, for 
which the p^ r relation is known, with the exception of course 
of such as, having been originally plane curves, have been laid 
upon a developable surface. For such cases the formula is 
useful, as also of course whenever the relation can be readily 
found. 


724. Ex. Let BAA'B' be a strip of thin inextensible ribbon lying 
upon a plane. Lot OAA be a perpendicular from any point O of the 
plane upon AB and A'B' and OPP' any other radius vector from O. 

Let OA~l^^^ OP=l, PA^s. 

Then obviously 

Now imagine this ribbon wrapped tightly without folding or creasing 
upon a right circular cone of vertex O with OAA' avS a generator, the 
semivertical angle being a, the wrapping commencing with OA in con- 
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tact with the cone. When the wrapping has been completed, OP coming 
into contact and becoming a generator, let us unwrap the triangle from 
the cone, keeping OP in contact and starting the unwrapping with 



B' P' A' 

Fig. 230. 


releasing the generator OA^ keeping O fixed at the vertex ; when the 
unwrapping is just complete, the triangle has taken tlie position OYPy 
and is the same triangle as we started with, 0 YP being a right angle. 


O 



Fig. 231. 


It appears _ 

(1) that the arc AP upon the cone has a length ; 

(2) that the arc AP upon the cone is a geodesic ; 

(3) that the locus of Y in the unwrapping lies on a sphere of radius 

and vertex at 0 ; 

(4) that the r equation of this geodesic on the cone is p—loi for this 

is so on the plane from whicli it was constructed ; 

(5) the formula 5 = f - is merely 

J \Jr^ ~p^ 
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(6) the Y locus is an involute of the geodesic ; 

(7) taking a sphere of any radius with centre at O, cutting the axis OZ 

at M, the generator OP at L and OY the perpendicular on the 
tangent at N, LMN is a right-angled spherical triangle, where 

ML^a, LN=ta.n-^y and MLN='^-, 


whence cos MN = cos a cos LN 

A S ^ 

and sin a = cot LMN tan LN — j- cot LMN. 

If </> bo the angle between the plane ZOY and the plane and 0 

the angle ZO Y, we have thus shown that 

1 ^ 5 v'cos‘^a-cos‘-^(^ 

cos — cos a cos LiV, and therefore 




cos 


Now, if we take a circle on the plane OPY with centre O and radius 
OP, and consider the arc bounded by OP and OY produced, this arc will 
wi-ap upon the cone and will coincide with the corresponding arc of the 
circular section of the cone through P ; whence if x angle between 

the plane ZOP and the plane ZOA, 

Z sin a. ^ = Z X angle PO Y, 


and 

lienee 


X 


sin a —tan~^ 


Iq 


rA = V - LMN - — taii"^ f - tan“^, , 

^ ^ sin a Zo ZoSina 


/ 1 ^ ,N/cos^tt —COS'^Z^ 

— tan“^- 

^ sin a cosZy 


- tan- 


1 s! cos- a - cos^ 0 

sin a cos 0 ’ 


is the equation of a cone which by its intersection with the sphere of 
radius Iq and centre O gives the Y locus, which is also an involute of the 
geodesic on the cone. 


725. Inversion. 

The process of inversion may sometimes be employed with 
advantage. This is particularly the case when a twisted 
curve lies on the surface of a sphere. By inverting with 
regard to a point on the surface of the sphere, the spherical 
surface is inverted into a pilane and the twisted curve into a 
plane curve, and vice versa. 

Let 0 be the pole of inversion and k the constant, and let 
the diameter OA of the sphere meet the plane into which the 
sphere inverts at C. Then OA . OC~~lc^, 
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Let the element PQ, viz. Ss, of a twisted curve on the 
spherical surface invert into P'Q', viz. Ss', an element of the 
plane invense curve. 


Then 


P<2=F 


P'Q' 

OF.OQ'’ 


or ultimately 




Let CF=r. 

'J'hen ,s=FLi^- 5 , 

and if tin's integral for the plane curve can be found, the 
rectification of the twisted curve on the sphere will have been 
effected. 



The method may also be used to discover rectifiable twisted 
curves which lie on a spherical surface. 

726. Extension of Art. 230, Diff. Galc.y for Present Purposes. 

The angle between intersecting curves is unaffected by 
inversion. (Extension of Art. 230 of Biff, Calc.) 

If two planes QPP'Q\ RPP'R intersect in the line PP' and 
if PQ, P'Q' make the same angle with PP' in opposite directions 

as also PR and P'R', then the angle QPR~Q'P'R. For, take 
distances PN and P'N' equal to each other in opposite directions 
from P and P' respectively on PP' produced, and let two 
planes perpendicular to the line PR be drawn through N and 
N' to cut PQ and PR at Q and R, and to cut P'Q' and P'R in 
Q' and R respectively. 
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Tlum, from the coTi^riiciit pairs of triangles PNQ and P'N'Q\ 
and PNU and P'N'R' respectively, W(‘. have NQ- N'Q' and 

A A 

Nit -N'R\ whilst QNR ~Q'N'It\ and therefore the triangles 
QNR, Q'N'R' are congruent and QR^ Q'R' ; whence the angles 
QPR, Q'P'R' are also e(]ual. 

It follows therefore that if PQ, P'Q' ho the directions of 
the tangents at P and P' to inverse elements of curves in the 


Q q ! 



plane PP'Q'Q and PR, P'R be the directions of the tangents 
at P atid P' to inverse elements of curves in the plane PP'R'R, 
then, as in this case PQ and P'Q' make ecjual angles with PR 
in opposite directions, as also do PR and RR (as proved in 
Differential Calculus, Art. 229, for curves in a plane), it will 
follow that the angle between two curves meeting at P is 
equal to the angle between the inverses meeting at R. Hence 
the result of Art. 230 of Diff. Calc, is now extended lo any case 
of inversion, the curves not being necessarily plane, and the 
pole of inversion now lying anywhere. 

727. Stereographic Projection, etc. 

If we take as constant of inversion the diameter of the 
sphere, and the pole of inversion a point 0 on the sphere, the 
sphere inverts into the tangent plane at the opposite end of 
the diameter through the pole. 

If the constant of inversion be taken as 


diameter 

n/2 


i,e. s/2, radius. 


the sphere inverts into the equatorial plane of which the origin 
of inversion is a pole. 
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In all such cases the inversion amounts to a conical pro¬ 
jection with the origin 0 as pole of projection. 

When the projection is upon an ccpiatorial plane with 0 for 
pole, it is called a Stereographic Projection. 

In any of these cases, the angles of intersection of any spheri¬ 
cal curves project or invert into equal angles of intersection 
of the projected or inverted curve. Orthogonal intersection 
remains orthogonal intersection in the projected curves; curves 
which touch on the sphere project or invert into curves which 
touch; circular arcs which pass through the pole 0 invert 
into straight lines ; all other circles, great or small, into circles. 
Ex. Consider the rectification of the line of intersection of the sphere 

•^•2 p »2 ^.2 

with the elliptic cone ^+^"^2 * 

Inverting with legard to the origin, and with c for constant of 
inversion, the sphere becomes tlie plane ^ — and the cone remains 

^/Jr.2 (y2 

unaltered, but cutting the plane z — c in tlio ellipse 



If PQ, PQ' be corresponding elements ds^ ds' of the original and the 
inverse curves, f& 

^ere r is the central radius vector of the ellipse to the point P. 
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Hence, taking 0 as the complement of the eccentric angle of P'y we 
have for the ellipse, 

.r—asin^y, ^ = bcoaOy sin^O+ coq^ 6 y 

ds'‘^={a^cos^e-^b'^ sin^O) dO^ 

and 

, _ c® -J(t? cos^ ^ -f si d y, 

“ {c^ + ^ 

„ cos2 O-^-b'^fiin'^d 

= ---; ~r-r —_=-■ -rrr^ «£/ 

{(c^ + 6^) cos2 0 + (c^ + a‘^) silled)s/a^ cos ‘^0 + b'^ sin ‘^d 

— c2—T 61 + (r^ 4-a^)si ri^61) + + b^ +j^) 

{(c‘^ + b-) cus- ^ cos^d-i- &iu^0 

~ c2 r_ _ 4- : _:i =-.--1 • 

L a Vl — siii^ ^y c--hb^^ + sin*-^ 0 a sin^6yJ 

■ • *= - a *>+a • -6^+7^' ^ (^- PT7 j’ 

where e is the eccentricity. And thus the arc of this curve is expressible 
by the elliptic integrals of the first and third kinds. 



Fig. 235. 


728. Curves on Spherical Surfaces in particular. Formulae for 
the Rectification of Curves on a Spherical Surface, analogous to 
the p, r and p, \jjr Formulae for a Plane Curve. 

Let APP' be any curve drawn upon the surface of a sphere 
of radius unity. Let P, P' be contiguous points, and let 
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ai*c PP'=^Ss, Let 0 be any fixed pole on the spliere, and let 
PY, P'Y' be the great circle tangents at P and P', OYy OY' tlie 
groat circle perpendiculars to them from 0, and OAx a fixed 
great circle cutting the curve at A, the point from which s is 
measured. 

Let xOY^yfr, YOT^^Sx}^, OY=p, OY'=p + Sp, 

PY = t, FT = t-\-SL 

Let OP, OP' be the great circle radii vectores of P and P', 
and let OPY = 0. 

Then, from the spherical triangle OYP, we have 
cos r = cos p cos t and sin p = sin r sin <j>. 

Let PN be the great circle perpendicular upon OP'. Thus, 
as in plane geometry, we have 

dr 
ds~ 

dr 


= COS (f) 


^v,z. Lt 


and 


i.e. 


-1 


dr 

cos (fy 




'1 


sin^j? 
siif^ r 


s 


_ r sin r dr 
J \/sin^r-~si 


81 n*-^^ 


.(1) 


Let OY' intersect PY at Z, then, from the right-angled 
triangle YOZ, ^ tan YZ. 

i.e, to the first order, YZ — <5\/r sin p. 

Also to the first order, 

P'Y'=:PP^PZ^Ss^t-YZ 

i.e. St Ss-j-t — smp Sxjr. 

ds dt 


And in the limit. 


dy^r dxjr 


+smp, 


%,e. 


s—t -f j*sin j) c?\//.(2) 

Formulae (1) and (2) are analogous to 


for plane curves. 
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729. Convention of Sign of t. Closed Oval. 

Ill regard to i it is necessary to make a convention with 
regard to sign. It will be in agreement with the convention 
for plane curves, Art. 531, if we fix that i is to be reckoned 
positive when, as in the •case of Fig. 185, TY is measured 
from the point of contact in the direction opposite to that of 
increase of the arc 5. 

As in plane curves, it appears that if tlie curve considered 
be a closed oval on the sphere, i returns to its original value 
when integration is taken round the oval. Hence for a 
closed curve surrounding the pole, encircling it once, 

s = 1 sin p 
Jo 

If the radius of the sphere be a instead of unity, which has 
been taken for convenience, the absolute length of the arc 
will be changed in the ratio a : 1, so that if s and t' be lengths, 
" whilst p and r are measured by the angles subtended at the 
centre of the sjdiere, formulae (1) and (2) become respectively 

s' “ a — and 5 '—f«in p dyj/. 

Js/sin2r-sin2p J ^ ^ 

730. Ex. In the case of a Loxodrome caitting meridians at a constant 
aiiijjle a, let r, 0 be the co-latitude and azimuthal angle of any current 
point P upon the curve. 



Then —a and sin ^5 = sin r sin a. 

, f sin r dr 

Hence 

J \ sin‘^r - sin'^jt) 

a being the radius of the sphere, i.e. 

K.I.C. 3b 


a 

-r, 

cos a ' 
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Arc of curve uieasured from tJie pole — 


arcual radius vector OP 


. («) 


as in the case of the equiangular spiral upon a plane. (See also Art. 548.) 
We also have in this curve 

, ^ a sin r 

- — =tana, 

a hr 

(i-T 

i.e, ~ —cot addt 

sin r 



6 cot a, 


if r = ro, when ^ = 0, i.e. tan ^ .(5) 

which is another form of the property ^=gd(^^ cot a),.(c) 


already established in Ai*t. 722, a relation between the latitude and 
longitude analogous to that between y and x in a Cartesian equation. 

731. To find sinp. 

The expres.sion for sin p in terms of x/r whicli is required 
in the integration of Art, 729 may be found as follows. Take 
the 0 -axis through 0, tlie pole of the curve. Let C be the 

O 



centre of the sphere And F{x, y, z)~0 be the equation of the 
cone which cuts the sphere in the given curve. 

Then ^ is a homogeneous function of x, y and 0 . 

The tangent plane to the cone at the point x\ y\ 0 ' of the 
curve is 4 . 4 . 

The equation of a perpendicular plane COY through the 
0 -axis is xFy - 
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Hence 


tan y^r - 


^ cos\//' sm \/r * •• V / 

And the perpendicular P ( = OiV, Fig. 237), upon the tangent 
plane from the pole 0, whose coordinates are (0, 0, a), is 


.' ^ 

From F — 0 and equations (A) and (B), the ratios 
are to be eliminated, and there will result a relation between 
P and r/., say, P = a/(>/.). 


Again, 


= sin jp. 


Hence the relation required is 


732. Relation with the Polar Curve. 

Lei any curve be drawn upon a sphere of centre 0 and 
radius r. and let the cone with vertex O, and passing through 



Fig. 238. 


the curve, be drawn. Let a plane through the centre of 
the sphere, and therefore cutting the sphere in a great circle, 
roll upon the surface of the cone. The poles of this plane 
then trace out two equal loci on the surface of the sphere. 
Either of these equal and similar loci is called the polar curve 
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of the given curve. Tlie great circle arcs which are the lines 
of intersection of the sphere and the plane touch the curve as 
the plane rolls, and are great circle tangents. 

Let Q' be two positions of one of the poles corresponding 
to the great circles PT, P'T, intersecting at T and touching a 
curve drawn upon the sphere. Let the curve locus of Q 
be referred to as the curve Drawing the great circles 
PQi TQ^ TQ\ P'Q\ we have 

PQ = TQ, both quadrants, 

TQ' = P'Q\ both quadrants, 
and TQ = TQ\ both being quadrants. 

Hence, in the limit when P' and P are indefinitely close, 
T ultimately lies upon C^, and is the pole of a tangent plane 
to the cone with vertex at 0, which cuts the spliere in 
Hence the relation between the two curves is reciprocal. 
Each one is the locus of the poles of tangent planes of the 
cone which defines the other. If QRQ' be the great circle arc 
joining Q and Q\ T is its pole, and the poles of all great circles 
which pass tlirough T lie on QRQ' or QRQ' produced, that is 
the groat circle chord QRQ' of the arc QQ of is the path of 
the poles of great circles through T. 

The figure bounded by the arc QQ' of the locus and 
the great circle arc Q'RQ is thus the reciprocal of the figure 
bounded by the arc PP' of the locus and the two great 
circle tangents TP, TP', Also the angle between two great 
circles being the same as that subtended at the centre by 
their poles, we have 

Angle PPP' = 7r-(?0(3', i,e. 7r-QRQ\ 

733. A Theorem given by Schulz. 

Let a circumscribed polygon consisting of an infinitely large 
number of infinitesimal great circle tangents be drawn to the 
one curve and let the reciprocal inscribed polygon of great 
circle chords be drawn in Cg. Then, if the angles of the one 
be A, B, C, Dy ..., and the angular measures of the corre¬ 
sponding sides of the other be a, b'y c', d',,.., we have 

2 l = 7r—a', B^ir — h'y etc. 
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We have Area of the polygon ABCD,,,~-\^A-~{n~T)ir^f^ 
(Todhunter and Leathern, Spherical Trigonometryy Art. 129) 

-[2(7r-a')-(^”2)7r]r2 
=(27r—2a )r2 
= 2(7r~S>^ 

if s' be the angular semiperimeter of the polygon A'B'C'D '.... 



This remarkable relation is stated by Todhunter and Leathern 
as “ referred to” by Schulz, Sphdrik, ii., p. 241.* The author¬ 
ship does not appear to be clear. Proceeding to the limit 
when the sides are indefinitely small, if (Oj), (P^) be the area 
and linear perimeter of and (Cg), (Pg) the area and linear 
perimeter of C^, we have 

(C'i)-fr(P2)=27rr^~half the surface of the sphere, 
and similarly ((72)+^(-Pi)=27rr2, 

that is 27rr^—{C^)~-r(P2) and 27rr2—((72)=r(Pi). 

Thus when the area of the one curve can be found, the 
perimeter of the other can be found and vice versa. 


* See also Williamson's Integral Codcvtusy Art. 188, 
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It appears also that the area included between either curve 
and any great circle which it does not cut is equal to a 



rectangle of length the perimeter of the other curve and 
breadth the radius of the sphere. 

734. Formula analogous to that for the Area of a Plane Curve 
in Polars. 

It is a well-known result in the mensuration of a spherical 
surface that the area of any belt on a sphere is equal to the 
corresponding belt on the enveloping cylinder whose axis is 
perpendicular to the bounding planes of the belt. Let APA' 



be any small circle of a sphere of radius a. Let 0 be the pole 
of the circle and OP any great circle radius vector from O of 
length r, subtending an angle p at the centre. Then the area 
of the spherical cap cut off by the small circle 
==27ra(a~acos p)=27ra^(l-~C08 p). 

Let the azimuthal angle of OP be 9. Then we have for 
the area between OP and OP' for which 6 is increased to O+SB, 

Area OPP'=~ X 27ra^(l —cos p) 

=a2(l -cos p)S9, 
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analogous to the result for a plane (and indeed becoming 

V 

\r^S 0 when we put - for p and the radius a becomes oo). 

Oj 

Hence, taking p, d as coordinates, we liave for the area of . 
any portion of the spherical surface bounded by a curve on 
the sphere, and the meridians 6 = 62 , 

A~a^{ (l—cosp)dO, 

Jtf, 

in the same way as for a plane area (Art. 407). 

If the curve be an oval encircling the pole 0 once. 



Fig. 242. 


The area therefore between the curve and the eejuatorial 
plane of 0 is pn 

I cos p dd, 

h 

or if we use I for the latitude, i.e. the complement of p, and 0 
for the longitude or azimuthal angle, 

f2ir 

Area=a^i sin I d9. 

Jo 

If, then, this integral be evaluated for the polar or reciprocal 
curve Cg, the result will be aP^, i.e. 

r2»r 

Perimeter = P^~a\ sin ? dOy 
Jo 

(Z, d) being the latitude and longitude of a point on the 
reciprocal curve. 
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Illustrative Examples. 

Ex. 1. To teat this result in a known case, take Ci as a small circle 
with pole at 0 and of angular radius p. Its perimeter is obviously 

2;r« sin p. 

The polar curve is another small circle of angular radius ’^-p, and 

therefore the latitude of any point on it is p, in this case a constant. 
The formula gives 

= a / mnpdd — ^ra sin p, 

Jo 

which is in agreement with the stated result. 


Ex. 2. Find the length of the spiral, traced on a sjdiere, whose 
reciprocal is defined by the equation Ap~-8 corresponding to limits 
for 0 from 0 to 2r, p and (J having the meanings assigned to them in 
Art. 734. 

The area between tlie reciprocal spiral and the equatorial plane is 

plir a 

/ cos dd — 

Jo 4 


Hence the perimeter required = 4a, i,c, twice the diatneter of the 
sphere. (Fig. 243.) 




Ex. 3. To find the area bounded by any arc of a great circle and two 
spherical radii vectores. 

Let the plane of the great circle be at right angles to the plane of the 
paper and cut the meridian in the plane of the paper at a point A whose 
co-latitude is a. (Fig. 244.) 

Then the equation of the great circle is 


cos 0 = cot p tan a, 

from the spherical triangle OPA, right angled at A. 
Then we have 

fh 

Area -a^ (1 - cos p) d$ 

J0i 


COS 6^ cot a 
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and the integral 


COH 0 


I I 

J VCOt-ttCOS^^^-l J s/ 


d sin 0 


~ tan a 


•J cosec^ a — co t^ a sin^^ 0 
d sin 6 


h 


sJmd^a — mn^O 
= tan a sin“^ (sin 0 cos a). 

Hence the area between two radii making angles 0^ and 02 with the 
meridian in the plane of the paper is 

~ti^[sin“Xsin ^ 2 Cosa)-sin~^(sin cos tt)]. (See Art. 781.) 


735. The Case of a Sphero-conic. 

Def. a sphero-conic is the line of intersection of a cone of 
the second degree with a sphere whose centre is at the vertex 
of the cone. 



Let the equation of the sphere be and that of 


the cone 




(a > 6). 


The reciprocal cone has for equation 

Putting^ for the co-latitude and 8 for the azimuthal angle of 
any point, we have x=rfsin/o cos sin p sin z=^d cos p, 

and the equations of the sphero-conic and its reciprocal become 
respectively 

cot^p _ cos^^ , sin^f^ 

in p, 9 coordinates. 


and c^cot^p—a^ cos^d+sin*0 
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The area bounded by the arc of the sphero-conic 


cot^p __ cos“0 sin^0 
b‘^ 


and the meridians 0 = 0, = 0 is given by 

A^ = d^{ (1 —cos p) dd 


= dM 


a*sin^0 -}- h^coH^d 


{b^ + c^) sin^ 0-\-b^(a^-\-c^) cos ^0 ‘ 
= d^{d-Gl^\ say; 
and putting 

a sin 0 h cos 8 • l n ^ l 

—;-= —— , 'i.e. tan 0 = - tan y, 

sin X cos X a ^ 


1 dd 


d0 = 


ah dx 


whence 




T = r 

^ Jq —(a^ —si 


sin^x c^) — {a^ - 62)sin2^ 

^ jj / ja^ — b^ a^--b^\ 


and 

^ (XV 

and is therefore expressed in terms of a Legendrian integral 
of the third species. 

For the reciprocal sphero-conic c^coi^p — a^cos^d-^’b^sin^d 
the area A,^ bounded by the arc and the meridians 0 = 0 and 

0=^ is given by 


A^ = d^\ 

j* (l--cosp)d0 

n 


j cos^ 0 4- 6^ sin^0 

-rtj 

^ (a^ -j“c2)cos20 -f (6^ -j- sin^0 

= (i*( 

and putting 



de 


6 sin 0 a cos 0 


a 
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we have 
L ^Je 

whence 


c a^~b^' 

a V5^2> ^ 


) (Art. 388, Ex. 7); 


n {tan-igcot<?), 

c ja^~b^ 
aVa2-4-6^' 


aVa2+6^' J 

and the area of the same curve from 0 = 0 to 0 = 0 is 




where 11 is the same elliptic integral as occurs in the value of 
and 11^ is its complete value. 

736. Again, for the Rectification of 

cot‘^p cos“0 8in^0 
^.^62.» 

the tangent plane to the cone 

_z^ 

at any point P(x', y\ z) of the sphero-conic APB (Fig. 245) is 

’ .^ ' 

and the perpendicular plane OOY through the s-axis is 

.(2) 


giving 


tan^//'= 


where x//- is the azimuthal angle of the plane OGY, i.e. 

cos yjr sin >//'* 

Also the perpendicular ON (=P') from the pole 0 upon the 
tangent plane at P, viz. OPF, is given by 

c„ c /__ 

V54+I4+C4 \ 
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Therefore, if p be the angle OCY subtended at G hy the 
great circle arc OY, P'^^dsmp, and we have 

cos‘^i/r + sin^ , 

(a^ + c^) cos^\/r+ {b^ + c^) sin^\/^ ’ 

. 7 , tt/i ^ la^—y^ a^—b\ 

(Art. 388, Ex. 7.) 

Hence, if .s and t be the levgths of the arcs of the sphero- 
conic from P to B, and of the ‘tail ’ PY respectively (Fig. 245), 


s — 1-\-~ 


sinpdxir 

«('''■ I VjM-^ 


a^- y^ 


and t remains to be found 

Now t is the arcual measure of the gn^at circle arc PY. 

'rhe equations of CY, CP (0 being the centre of the sphere) 
are, from (1) and (2), 


? k' £Yf*, 

¥ zW'^b*/ 


X _y 
x~y'~'z'' 


Hence 


cos cosYCP- 


b^^^ by 
, Ix^ y'^ L . /x^ y'y 

j Ix'^ , y'^ Ix^ , 
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Also 


X 

a 


y 

b 


acosxir 6siii\/^ 


~sl a?- ( -f j cos^ x/r + 6“ (6“ + c^) ’ 

cos f-) =^ aWyU + bW.U J + ^ 

\d/ ^ ^ y td(cd+c^)coii^'i^ + h“(b'^-{-c^)iim^\]r 

Hence t is found, viz. 

—tiC 08 -i( /a^coc^^ ^// r^binV,- J 
- a cos |V<‘cos V' + '^ sin 

the negative sign being prefixed because J^Y is measured from 
r in tlic direction of the measurement of the arc increasing 
from P to B. (See Art. 729.) Finally then we have 

arc PB . r _ _,_ 

.—^———cos I ^ cos- xjr -f- sin'-^ xjr 

V a^(a^+c^)coH^\j/' + + (;^)sin^\//'/ 


+ 


‘^(662+<^^)co8^\// 4* b'^(b^ + (;^)sin^\//', 
^1__ n(x/ ^ 

av/6^4c2 aVp'+c^’ a2 /' 


737. Mr. Burstall’s Theorem. 

A remarkable property of the curve is established by Mr. 
Burstall, in vol. xviii. of the Proceedings of the London 
Mathemalical Society^ giving a result analogous to that of 
Fagnano for the ellipse. 



Let AB be the sphero-conic represented for convenience 
upon a plane, and let 24'!?' be an arc of the reciprocal 
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sphero-conic, A being an end of the major axis of the one 
and A' being the corresponding point on tlie reciprocal curve. 
Let P and P' be corresponding points of the sphero-conic and 
its reciprocal; and let A'RP' be the great circle chord of the 
reciprocal sphero-conic; and AT, PT the great circle arcs 
tangential at A and P. 

Then, since the areas ATPMA and A'LP'RA' are reciprocal 
areas, we have 

rf(Arc ^P-f tangentPP+tangent rJ)-2rf~areaof ^'PP'P^'. 

Now, putting A and A' for the spherical areas OA'LP' and 
OA'RP' respectively, A'OP'^O', and 
j ^ r_ l 

J v/( oF-^- ) cos^ ^ -j-- (-f 

the same indefinite Legendrian integral that has occurred 
both in the rectification above and in the quadrature of the 
reciprocal curve with specified limits, we have 

Arc AP + tang. PP+tang. TA ~ 27rt/— (A—A") fd, 

and 

A == dM (1 ~ cos p) do, where cot^ p = cos^ 0 + sin^ 9, 

-dHO'^O, 

whilst A' can be found free from elliptic integrals (Art. 734, 
Ex. 3). 



Fig. 247. 


Again, as in Art. 736, if Q be any point of the original 
sphero-conic, QY' the great circle tangent at Q, and OF' the 
great circle arc perpendicular to it, AOY' being 0", 

Arc AQ+tang.gF'-d./f', 
and Arc AP +tang. TP -f-tang. TA =2 '7rd-(A-A')Id 

=27rd+^-d.e'+d.lt'- 
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If then we take the angles AOQ(d") and AVP'{d') equal and 
eliminate the integral, we have 

Arc AP +tang. TA + tang. TP+d.O'—^ 


= 27rrf+arc.4Q + tang. QY\ 


or 

Arc AQ~arc AP~tang. TA +tang, TP—tang. QY'-]■ d.O'—A'jd 
— circumf. of a great circle, 

giving the difference of two arcs in terms of certain arcs of 
circles and A'. 



Hence we have the difference of the arcs APy AQ expressed 
in terms of elementary functions, free from elliptic integrals, 
which is Mr. Burstall’s result, and in its peculiarity resembles 
Fagnano s result for a plane ellipse. 


7 38. Artifices for the Construction of Rectifiable Twisted Curves. 

Some artifices for the construction of rectifiable twisted 
curves may be noted. 

1. If we take 

^/—\/2jnvdty z—jv^dt, 
where % v are any functions of t at our choice, we have 
+ and + 

Hence s= f(u‘^ + ‘i^)df=a:+z + const.* 


* For a very similar method, viz. taking 

y= Is/2/{x) dXy 2 = j/{x)dx, 
see Williamson’s Int. Ccdc.y p. 244. 
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E,g, consider the line of intersection of the cylinders 


Putting 

we have the case 
2. If we take 


dx ,o 

“,77 — 




r/^ ’ dt'~ di' 

n = and 5=.r+^ + coiist. 

X — jOf^ — ^’)(^ “ 

y — J(v- iv) (v — u) dfy 
j - "t) ci5^ 


where It, v, w are any functions of t at our choice, then. 


S -- V)- (// ~ IT)- ^ ( S 

we have 

d^ dx . d}f , (fz 

cw a/ dt dt 

and 

i{=:.r-fy + 2H-0. 

E.g, taking 

7 / = 0, t; = 1, 


t-'- £-■-'. I-'--'. 


<2 iX It 


* = i- " = 3--i' 


wh ence we have .v-\-y—t; x + 5 : - ; 

+y — 2.Vy 3 ( 2 +.r) ~ (.r+y 
the equations of the curve. 

And for the rectification, 

f.i /2 

s — ~.~ — + /4-const. =x-}-y 
«3 2 

and any specified limits may be taken. 

3. Again, if we take 

x=J(^- wfdt^ y—■“ z~j{%t - v)^dt, 

(^y - 2: (j’ - wf =2 (s «2 - swf, 

a=Vi ^ y S • - j '2,vte rf? J+const. 


we have 
and 




Vi 

and the values of w, v, w are at our choice, as before. 
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In all these cases if u, v, w be chosen as rational integral algebraic 
functions of b the equations of the curve can be found and its length 
between any specified limits. 

4. Similarly, other algebraic identities which express the sum of three 
squares as a constant multiple of the square of a fourth expression may 
be used in the same manner to construct rectifiable twisted curves. 


Hence, putting 

dt V 2tt / ’ (ft ^ dt ’ 

with any arbitrary choice of ?/, v, w as functions of /, we have 

s+^^afn^-dt. 

It will be noted that all these methods proceed with a view to making 
( 37 ) ”^(^0 perfect square and avoiding the necessity of 

integrating an irrational expression. 

5. One type more may be given illustrating the construction of a 
rectifiable twisted curve upon the same plan, but of non-algebraic 
character. Taking w, w any arbitrary functions of /, put 

^~^ sin V sin w dt^ y — sin v cos w dt^ ^^ 


Then 

E,g. taking 

Then 


ds ^du 
di^di 


and 5 = w + const. 


v — %v—t and u- 


'1 

"2’ 


sin^i, ^7 = ^ sin t cos <, ^ = f cos t. 

at dt dt 


dt 






the curve being 8.r=- 2^ sin 2t - cos 2^, 

Sy= -2t cos +sin 2/, 

z~ fsinf + cos^. 

Methods 1, 2, 3, 4 either give rise to unicursal twisted curves, viz. 
those in which the coordinates .r, y, z can be expressed as rational 
algebraic functions of a single parameter t or may be made to give rise to 
curves in which ?/, z and s are irrational functions of f, this depending 
upon the choice made for t/, v, w, 

E.I.C. 


3c 
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739. Generalised Formulae. 

If the Cartesian coordinates of a point x, y, z be expressed 
as functions of any other three independent parameters 

Uy Vy Wy US 

X=fi(u, V, w), y=f^(u, V, w), Z=f^{u, V, w), 

then dx — —du + :=~dv + — dWy dy = etc., dz = etc. 
du dv dw if » 

And if we write 


a== 





+ +, 


. ^ <3|/ ^ 02: j^'dxdx 

^^dvdw dvdw dt^drtv’ ^~~dw'du ’ ~~'dndv 
we have, for the element of distance da between Xy ?/, 2 and 
oj + dr, y’{‘dy, z-^dz, 

ds^ = a du^ + h dv^ + c dtv^ +2/ dv dw + 2g dw du + 2h du dvy 
and for two assigned relations between u, v and w, defining a 
linear path for Xy j/, 2 , we have the rectification formula 

8 = J[a du^ + h dv^ + c dw^ + 2/ dv dw + 2g dw du + 2h du dv'f, 

740. If one relation only between u, v and w be assigned, 
Xy 7/, z travels on an assigned surface. Let the relation be 

X(Wy Vy w) = 0. 

Then du + ^dv+^^dw = 0, 

du dv dw 

and this being a linear relation between du, dv, dw, one of 
the letters u, v, w, and one of the differentials du, dv, dw 
may be eliminated, and the square of the linear element da 
may then be expressed as 

ds^ = E du^ + 2F du dv + 0 dv^ 
where the forms of x, y, z are now 

The values of E, F, G derived from these equations are 
^ \duJ'^\duJ'^[duJ ' du^'^dudv’^dudv' 
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741. 

For 


The quantity EG—F^ is essentially positive. 


EG-F^^ 


^y/ 

'du 


'dz 

du 


+ two similar expressions 


dy dz 
dv * dv 


V r j , mx,y)Y 

d\n, v)) ?’)) v)f 


= say, and is positive. 


742. Eliminating d\i, dv from the eciuations 

dx = ™ du + dv, dy — du+^~ dv, dz = du + dv, 

du dv ^ du dv du dv 

we have J^dx + J^dy-\-J^dz^Q^ identically, viz. the differential 

equation of the surface on which the curve lies. 


743. Dr. Salmon (Solid Geom., p. 252) shows that the 
differential equation of the lines of curvature is 
I dx dy dz 


Jr 

dJ^ 


Jz 

dJo 


dJ Q 


= 0, 


and obtains in terms of u and v a formula for the evaluation 
of the principal radii of curvature. 


744. Now ds^ is the square of the linear element connecting 
the point u, v with the point u -\-Su, v-\-Sv, and lies on the 


surface 


X = <p^(u, v), y = ij>^{u, v), z = 4>^(u, v). 



If we travel along a line for which v is constant, we have 
d(Ti^>/Edu, and if we travel along a line for which u is 
constant, we have da^^jGdv, and ds is the corresponding 
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JEG-F^ 


diagonal of the infinitesimal parallelogram whose adjacent 
edges are dai, da 2 ,- Let <0 be the angle between them. 

Then ds ^= E du^ +2\/ EG du dv cos co+Gdv^; 

whence it appears that 

F , . JEG-F^ 

and that the area of the elementary parallelogram 

= dai da 2 sin w = JEG—F^ du dv. 

We therefore have also a formula for the quadrature of 

the surface, viz. rr ,_ 

S^\\jEG-F'^dudv 


-F'^ du dv 




+JJ-i-J^^du dv. 


When the two families of curves on the surface, viz. 
u = const., const., cut orthogonally, we have 
cos ( 0=0 and F~0, 

and 8 =^s/Edu^+Gdv^, S~^^sjEG dudv. 

This will necessarily be so, for instance, when const., 
?;=const, are the equations of the lines of curvature on the 
surface. 

PROBLEMS. 

1. Show that the equations of a Rhumb line on a sphere of radius 
r may be written as + + r\ 


(x^ + cosh tan*“^= 1 


2. Show that the curve of intersection of the cylinders 

z 

is given by $ = x-^z-\- const. 

3. A sphere of diameter K touches the plane of an ellipse of 
principal axes a, h at its centre C, A is the other end of the 
diameter of the sphere through G. The ellipse is projected on to 
the sphere by lines through A, Show that the length of the curve 
so described will be 

. ATVsin^ iji + W' cos^ , 


K/^ + a^cos^ <j> + 




[St. John’s, 1884«] 
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4. A curve is drawn upon the surface of a sphere such that 
(fi sin 6^ = const., 

(I> being the longitude and 6 the co-latitude of any point. 


Show that length of the arc between 

points where 0—0^ and ^ —^ 2 » ® radius of the sphere. 

Give a sketch showing the nature of the curve </> sin 0=1 upon the 
sphere r = a. 


5. Show that the line of intersection of the sphere 

T = c cos 0 


and the cone tan 6 — 

c 

is rectifiable, and that s = cO sec a. 

Also show that the conical projection of this curve on the sphere 
upon the tangent plane at the end of the diameter remote from the 
origin, the origin being the pole of projection, is an e(puangular 
spiral. Hence deduce the same result by inversion. 

6. Show that the curve of intersection of the sphere 

ic- -f + -2 _ 2arj = 0 

and the cone ( 2.c^ -f 2^- + = c- (x^ -f 

projects conically from the origin into a cardioide upon the 
plane z=2a. Hence obtain the rectification of the twisted curve. 

7. Show that the length of the arc of intersection of the cylinders 

x^ = 2y, 1 

) 

measured from the origin to any point x, ?/, is x + z. 

8. Show that for the curve 

60a; 3y _z_ 

^5 - - 12^4 "" 3’-T2 

the arc measured from the origin, is given by 

5 -f ic = ^sfz -f* const. 

9. In the curve for which * 

show that + 
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10. Show that in the curve of intersection of 

r = a cos 6 and cos 26? = tan^ </>, 
sin X cos; 


2s/2L 


/v sinxcosx l 

\ * v/2/ v/l - i 


where sin x = n/ 2 sin <j>. 

Show that the inverse of this curve with regard to the origin is a 
lefmniscate, the constant of inversion being a. 


11. Show that the rectification of the line of intersection of 
+ y- + z^ — cz and = icx 


is given by 



where 


tan 6 — 



and show that this curve can be inverted into a pirabola lying upon 
a tangent plane to the sphere. 


12. A Loxodrome is drawn on a sphere to entail the meridians at 
the same constant angle a; show that the area of the surface of the 
sphere, included between any arc of this curve and the two 
meridians through its ends, is 

, l+sinii', 

tan a loff -;—^, 

^ 1 +sirn/'2 

where and the latitudes of the ends of the arc and a is the 

radius of the sphere. [Ox. U. P., 1900.] 
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VOLUMES AND SURFACES OF SOLIDS OF REVOLU¬ 
TION, AND THEIR CENTROIDS. 

745. Volumes. 

Supposing the 0 -axis to be the axis of revolution, the 
typical equation of sucli a surface is 



It is formed by the revolution about the 0 -axis of the curve 
y^=f(z) which lies in the y-z plane. 

It was shown in Art. 24 that the solid contained by this 
surface and the planes z—z^, 0 = 02 , is to be obtained by the 
formula 


■■^vy^dz, 
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y being the perpendicular from any point of the revolving 
curve upon the axis of revolution. 

It is obvious that if we regard the surface as defined by its 
three-dimension equation we must replace the 

and the dx of Art. 12 by and dz respectively. The 

formula therefore will stand as 

F=7rf ix^+y^)dz, 
hi 

i.e. , ttJ f(z)dz, 

746. More generally, if the revolution be about any line 
AB in the plane of the curve, and if PN be any perpendicular 
drawn from a point P of the curve upon the line AB, and 
P'N' be a contiguous perpendicular, the volume is expressed as 



or if 0 be a given point on the line AB, 

V=:^^7r PN^d{ON), 

the limits being the values of ON which mark the terminal 
planes of the solid formed. 



VOLUMES AND SURFACES OF REVOLUTION 


777 


747. Illustrative Examples. 

1 . Find the volume formed by the revolution of the loop of the 
curve (Art. 403, Ex, 3) about the ^-axis, i,e, the volume 

bounded by the closed portion of the surface 

{ip- + z-){a x\a - x). 




x^^dx. 

a-k-x 


Here volume = 

Putting a-^-x — u^ this becomes 

r(Jir^(J±z^au 

Ja U 


"f( 


/2a3 


bcfi + 4au 


-“0 


du 




2a 

a 


= 2T(x3[log 2 - ^]. 


2. Find the volume of the spindle formed by the revolution of a 
parabolic arc about the line joining the vertex to one extremity of the 
latus rectum. 


Let the parabola be ^^=4:ax. 



Hence 252. 


Volume - 17rPN^d(AN) - ttJJ ix(y/a _ ^/I)2 ^1+ 2 ^ 1 -^ dx 


\/a\ J_ 


47r a^_ 27ra^\^5 
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748. Surfaces of Revolution. 

Again, if S be the area of the curved surface of the solid 
traced out by the revolution of any arc AB about a given line 
AF in its plane, let PN, QM be two adjacent perpendiculars 
from points P, Q of the arc upon the axis of revolution, 6a 
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the elementary arc PQ, SS the area of the elementary zone or 
belt traced out by the revolution of PQ about XY. 


B 



Let and greatest and the least of the perpen¬ 

dicular distances of points on the arc PQ from the axis of 
revolution. Then we may take it as axiomatic that the area 
traced out by PQ in its revolution is greater than it would 
bo if each point of PQ were at the distance fi'om the axis, 
and less than if each point were at a distance p^ from the 
axis, i.e, SS lies between 

27rp^ & and J.s. 

Also p^ and p^ differ by a small quantity of at least the 
first order from PN, Hence 27rp^ Ss and 27rj9., Ss differ by a 
small quantity of at least the second order from 27rPN Ss 
Therefore in the limit we have 


or 


~=2tPN 

as 


S=j2TrPiVd8. 


749. Various Forms of the Formula. 

If the axis of revolution be the OJ-axis, this may be written as 


£f=|27r2/d8, ^2iry^dx, 

^2iry^dr, etc., 
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the values of 


as may happen to be convenient in any particular example, 

ds ds ds , . , 1 , • 1 T 

~dx' dy' dS* being obtained according to 

the rules of the Differential Calculus, viz. 

dx~y '^\dx)’ do' 


i n, , /dry 


750. Centroids. 

The centroids, both of the surface and volume of a solid of 
revolution bounded by planes perpendicular to the axis of 
revolution, are plainly upon the axis of revolution, supposing 
the surface density and the volume density in the respective 
cases to be eitlier constant or some function of the distance 
from a point on the axis of revolution, i.e. so that the distri¬ 
bution of density is symmetrical about the axis. 

Take the aj-axis as the axis of revolution, o- the surface 
density and p the volume density, both symmetrical as to the 
axis, and functions of x alone, so that the elementary zones in 
the one case and the elementary discs in the other case, into 
which the surface or volume is divided, have their own 
centroids upon the axis of x, and we have, on application of 

~ Hmx 
the formula x = -^—, 
zm 

(1) For the Surface, 

^{(T2'mjds)x ^(jxyds 

J(o'27ri/ ds) Jcr2/ ds 

(2) For the Volume, 

^{p7ry^dx)x ^pxy^dx 

Ypvy^dx) ^pifdx 

It is to be noted that in the first case s is left as the inde¬ 
pendent variable; in the second case, x. 

If it be desirable to take x ot 6 as the independent variable 
in the first case, we must replace ds by 

'\jl + (^ydx or 






as the case may be. 
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In cases where p or or are constants, they of course disappear 
from the formulae. 

751. Ex. 1. Find the surface of a zone of a sphere bounded by parallel 
planes z — z~zi+/i. 

If a be the radius of the sphere, and 0 be the latitude of any point P 
on the sphere, we have (Fig. 254) 

H 2n-aco8^.ds and ds~adB 

= 2;r^e^|^sin 

= 27ra^[sin 6^2 ~ sin 

= 27 ra‘^ rfLlh^ _ tlH ^irah^ 

\_ a aj ’ 




r 

f 


r\ 


7 


V 

L 

tv 


Fig. 254. 


and therefore equal to the coiresponding 
belt intercepted upon the enveloping cylinder 
by the same planes, the r-axis being the axis 
of the cylinder. This is the result usually 
arrived at in a Newtonian nianncr in books on Mensuration. It has 
already been used in Art. 734. 

Ex. 2. Find the surface of a belt of the paraboloid formed by the 
revolution of the curve about the .a^-axis. 


Here 

and 


dx ^ X dx ’ X 

S — 2Trf 4 " dx— 47rsfa f Wx'+ a dx 

Jzi dx Jxi 

= - (■»! + »)^}; 

and since for the parabola the radius of curvature is given by 
p = ^(a.+a)«, 


we have 




where pi, pg ^1^® *'^dii of curvature of the generating curve at the 
points where it is cut by the planes bounding the belt. 

Ex. 3. The curve r=a(l+cos^) revolves about the initial line. Find 
the volume and surface of the figure formed. 

Here V ~ Trjf dx = tt sin® Bd(r cos 6) 

— irja^il + QosOf sin® 6 . ad (cos 0 + cos® 6\ 

the limits being such that the radius vector sweeps over the upper half of 
the cardioide. 
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Hence 



4- cos 0)^0 4- 2 cos 0) sin-^^^ dO 

4* 4 cos 6^ + 5 cos ‘^0 + 2 cos® 0) sin® $ dO 


= 27ra^ I (1+5 cos^ 0) sin® 6 dQ 


87ra® 

~3”' 



Again, 


^=27r ds~2T:J r sin 0^ 


dO 


~27rJ a(1 4 cos 0) sin ^ Va®(1 + cos 0)'^ +sin® 6 dd 

= 27ra® f (1 + cos 6^) sin 6^. 2 cos ^ dO 
Jo ^ 

.w 0 0 

— 167ra® J cos^ o f 

== 327ra® [^ ” g ^J ” 


Ex. 4. Find the centroid of the solid formed in the last example, the 
volume density being uniform. 

The centroid obviously lies upon the axis. To find its abscissa x we have 

__ [x.Try^dx 

x==^ —:-. 

J Tiy^dx 

The denominator has just been calculated, viz.=§7ra®. 

The numerator 

=^7rjr cos 0 . Bin^O d(r cos 0) 

=^Tra* f (1+COS Oy cos 0 sin®^ d(cos ^ + cos®6^), the limits being w and 0 
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- Tra^j (1 4* cos 0)'^ cos 6^ (1 + 2 co3 6^) si 

= 7 ra* j (cos 6^ 4- 6 cos- 6 + d cos^ 6^ 4- 7 cos^ 6* 4- 2 cos^|9) sin® $ d$ 

— 27ra^ f (5 cos® (94-7 cos^ 6) sin^ ^ dO 


-27ra^^ 2r(A) 2r(^) J 

rf) 2 2 7 2 2~] 32?ra^ 

L2‘5'3“^2*7’5J~ 15 




_ 32 rra^ I 


Ex. 5. Find the centroid of the surface formed by the revolution of 
the cardioide, as in Ex. 3, the surface density being unifo' m. 

Here 

^ j ^ 

The denominator was calculated in Ex. 3. 

The numerator = 27r / r cos B . r sin B •sn 
Jo 

n 

= 27r/ a2(l4- cos By^. cos B. wsin B . 2a cos ^ dB 
Jo ^ 

—32rrapJ cos® ^sin ^^2 cos^.^- 
cos'- cos®- 

= ='Vi?ira=>. 

Hence 

Ex. 6. As an example of the case when .v and y are given in terms of a 
third variable, consider the case of the surface of the solid formed by the 
revolution of a cycloid about the line of cusps. 

B 

Here .r=a(d4'sin ^), y=a(l-cos0), d8—2a coa-dB, and the perpen- 

a 

dicular from ,r, y upon the line of cusps=a(14-cos B), 

Hence S — 2j 27ra(l 4-C08 ^)2a cos|d^ 

^ISrra^J coa^^dB 


B 

= 327 ra 2 / c08®<^d<i, where <^=5, 
Jo « 

647ra® 

- 3 - • 
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752 . The Theorems of Pappus oh Guldin. 

When any plane closed curve revolves about a straight line 
in its own plane which does not cut the curve we have the 
following theorems: 

I. The Volume of the rivg formed is equal to that of a 
cylinder whose base is the revolving curve and whose height 
is the length of the path of the centroid of the Area af the curve, 

II. The Surface of the ring formed is equal to that of a 
cylinder whose base is the revolving curve and whose height is 
the length of the path of the centroid of the Perimeter of the 
curve. 

These theorems were given by Pappus, in his Mathematical 
Collections, in the latter half of the fourth century, and redis¬ 
covered by Guldin, and published in his Centrobaryca early 
in the seventeenth century.^ 

753. Theorem I. 

Let the ic-axis be the axis of rotation. Divide the area (A) 
into infinitesimal rectangular elements with sides parallel to 
the coordinate axes, such as PiP^P^P^ in the accompanying 
figure, each of area SA. 

Let the ordinate P^N^—y, 

Let rotation take place through an infinitesimal angle S9. 



Then the elementary solid formed is on base SA, and its 
height to first order infinitesimals, is ySO, and therefore to 
infinitesimals of the third order its volume is SA,y Sd, 

* Cajori, History of Mathematics, pages 09, 167. 
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If the rotation be through any finite angle «, we obtain by 
summation or integration, 

6A,y .a. * 

If this be integrated over the whole area of the curve, we 
have for the volume of the solid formed, 



Now the formula for the ordinate of the centroid of a number 


tmy 
'Em * 


of masses mg,, with ordinates ..., is ^ = 

Hence the ordinate of the centroid of the area of the 
revolving curve is 

{yiA \ydA 

and therefore jydA=Ay, 

Hence the volume formed = A (ay). 


But A is the area of the revolving figure, and ay is the 
length of the path of the centroid of the area. Hence the 
theorem is established. 

If the curve perform a complete revolution and form a 
solid ring, we have 

a=27r and V—A(2Try). 


754. Theorem II. 

Again, take the axis of revolution as the x-axis. Divide 
the perimeter s into infinitesimal elements, such as of 

length 8$, 

Let the ordinate PiNi be called y. 

Let rotation take place through an infinitesimal angle 8Q, 

Then the elementary area formed, PiP^Q^Qx* is ultimately a 
rectangle with sides Ss and y 8Q, and to infinitesimals of the 
second order its area is Ss.y 8d. 

If the rotation be through any finite angle a we obtain, by 
summation or integration, 88 , ya- 
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If this be integrated over the whole perimeter of the curve, 
we have for the curved surface of the solid formed, 



If y be the ordinate of the centroid of the 'perimeter of the 
curve in the plane of a:-y, we have 


Then 



and the surface formed—s(a^). 

But s is the perimeter of the revolving figure, and ay is the 
length of the path of the centroid of the perimeter of the 
revolving curve. Hence the theorem is established. 



If the curve perform a complete revolution and form a solid 
ring, we have a=27r, and its surface is 


Illustrative Example. 

The volume and surface of an “Anchor-ring” or “Tore” formed by 
the revolution of a circle of radius a about a line in the plane of the 
circle at distance d fi^om the centre {d>a) are respectively, 

Volume = ira^ x ^vrd=^ 2 r^a^dy 
Surface x'^Trd=^Ajr^ad. 

E. I.O. 3 D 
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In this tlie centi'oid of the perimeter and the centroid of tl^e area 
are at the same point, viz. the centre of the revolving figure. This of 
course would not generally he the case. 

755, Precautions. 

In these tlieorenis it has been stated that the axis of 
revolution does not cut the curve. If the curve consists of 
more tlian one closed oval, it is to be further noted that the 
whole portion to which the rules apply must lie on one side of 
the axis of revolution. 

When the axis of revolution cuts the curve, or when regions 
bounded by the curve lie on opposite sides of the axis of 
revolution, the theorems, both as to volume and surface, give 
the difference of the volumes or surfaces traced by the portions 
on opposite sides of the axis of revolution. 

756. Note by Mr. Routh. 

Again, it has been pointed out by Mr. E. J. Routh (Anal. 
Statics, vol. i., p. 293) that during any elementary rotation 
through an angle SO, the axis of revolution need only be an 
instantaneom axis of revolution. Let G be the centre of gravity 
of the revolving area A, G' a contiguous position of the centre 



of gravity, Ss==^GG', and let the plane of A be always at right 
angles to the tangent to the path of G. Let I be the centre 
of curvature of G'b path. The rotation through SO may be 
regarded as about a straight line through I perpendicular to 
the plane 6IG\ and the volume generated is 

Ax 10 SO or A 6s, 
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And integrating, the volume generated m 

Area x lengtli o£ the path of the centroid of the area. 

And further, for the theorem with regard to the surface; if 
the plane of the revolving curve be always at right angles 
to the tangent to the path of the centroid of the perimeter^ 
the surface generated is the perimeter of the revolving 
curve X length of the path of the centroid of the perimeter. 

Ex. A circle of radius c {<h) moves with its centre on the ellipse 
1, the plane of the circle being perpendicular to the direction 
of the tangent to the ellipse at the centre of the circle. The volume and 
surface of the ring generated are ttc-P and 2 tcP respectively, where P is 

the perimeter of the ellipse, i.e. 4aE(^, when —<?“)- 

In this case the centroids of area and perimcUr of the moving curve are 
the same point, viz. the centre of the (urcle. 

757. Axis not in the Plane of the Curve. Extension for the 
theorem as to the Volume. 

Consider next the case when tlio rotation is about a lino not 
in the plane of the area, but parallel to it. 



Fig. 269. 


Let SxSy be an element of the revolving plane, the a:-axis 
being taken parallel to the axis of revolution and the 2 ?-axis 
cutting it at R, and the area lying entirely on one side of the 
cr-axis. 


788 


CHAPTER XXI. 


Let P 1 P 2 P 3 P 4 be the element and let PjiVj, 

perpendiculars on the x-axis and P^^z perpendiculars 

on the axis of revolution, and let 6 be the angle N^P^M^ 

Let PiP^QsQi be the projection of SxSy on the plane 
that is, the normal section of the elementary 
ring formed, and let a represent the angular extent of the 
revolution. 

Then, to the second order the volume traced out by the 
revolution of Sx Sy about RS is 

P^P^QsQ.^iaP.M.l 

i.e. Sx Sy cos Ox (a or Sx Sy x aP^N^ , 

and is the same as that of Sx Sy about the x-axis. 

Hence, taking the limit when Sx, Sy are infinitesimally small, 
and integrating over any area which lies on one side of the 
x-axis in the x-y plane, we have the theorem that the volume 
generated by the area revolving about a line parallel to the 
plane of the area, but not in its own plane, is the same as 
would be traced out if the revolution were about the projection 
of the axis of revolution upon the plane of the area through 
the same angle. 

758. Axis not parallel to the Plane of the Area. 

Finally, suppose the axis of revolution not parallel to the 
plane of the area. Let the area lie in the x-y plane and 



Fig. 260, 

entirely on one side of the x-axis, and let the x-axis be the 
projection of the axis of revolution upon the x-y plane, and 
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the origin the point where that axis cuts the x-y plane and 0 
its inclination to the plane. Then the equations of the axis of 

revolution are ^ ^ 

-J— 

cos 0 0 sin 0* 

The perpendicular upon this from (x, y, 0), viz. is 

cofA^O—Jx^ sin20 + y^. 

The equation of the plane OMP^ is 

~X sin0 + -sin0F+^eo8 0=O. 

y 

The direction ratios of the normal are 


— sin0, 


+ ?sin 0, 

y 


4-cos 0. 


The direction cosines of the normal to the element P^P^P^P ^, 
i.e. 8y Sz, arc (0, 0, 1). 

The angle between these normals is 


cos- 


cos 0 


V 


=cos~ 


l + ™sin20 

y^ 



The projection of 8xSy upon the plane OMP^ is therefore 

y cos 0 


SxSy, 


P^M 


The volume generated by the revolution of SxSy through 
any angle a about OM is therefore 


{Sx Sy (P^Ma), i.e. (Sx Sy){ya cos d) 

to the second order, and is therefore the same as if the rotation 
took place about the projection of the axis of rotation upon 
the plane of the area, the angle of rotation being acos0 
instead of a. 

And integrating over the whole area, we have the theorem 
that the volume generated by tlie revolving area, the revolution 
being througli an angle a, is the same as, the volume generated 
by revolution about the projection of the axis on the plane of 
the area through an angle a which is multiplied by the cosine 
of the angle between the axis of revolution and the plane of 
the area (see Ex. I, p. 294, Anal. Statics, E. J. Routh); or, 
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wliich is the same thing, the volume may be found by 
revolution through an angle a about the projection and then 
multiplied by cosd. This supposes the revolving area to bo 
entirely on one side of the projection of the axis on its plane, 

759. Ex. 1 . A quadrant of the ellipse revolves ( 1 ) about its 

semiininor axis. The aim is The abscissa of the centroid is 

The volume traced out in a complete revolution is 



4a 

Stt 




(2) If the revolution were about a straight line outside the plane of 
j;-7/ but parallel to the minor axis, and which projects upon the niinoi' 
axis, the volume would still be ^^^ 2 ^ 

(3) If the revolution were about a straight line through the centre at 
right angles to the major axis, and making an angle d with the minor 
axis, the volume would be ^ira^^bcosO- 

Ex. 2. An ellipse revolves about its tangent 

x cos a -\-y sin a *= jt?, 



The volume generated is 

Tvah X 27 rj?, where ci^cos^a + ^^sin^a. 

If the revolution were about a line making an angle d with this tangent, 
and which projects upon the tangent, the volume generated would be 

TTob X 2irp X cos 6. 


PROBLEMS. 

1. Prove that the volume of the solid generated by the revolution 

of an ellipse round its^inor axis is a mean proportional between 
those generated by the revolution of the ellipse and of the auxiliary 
circle round the major axis. [I. C. S.» 1881.] 

2. Find the volume of the solid formed by the revolution of a 
cycloid round a tangent at the vertex. 
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3. The loop of the curve — - of revolves about the 

straight line y=^a; find the volume of the solid generated. 

[Oxford I. P., 1890.] 

4. Show that the volume of the solid formed by the revolution 
of the cissoid - x)~x^ about its asymptote is equal to 27r%^'^. 

[Trinity, 1886 .] 

5. Find the volume of the solid produced by the revolution of 

it 'Vr 

the loop of the curve tf — x^ - • about the axis of x. [I. C. S., 1882.] 

CL — X 


Prove that the areas of the oblate and prolate spheroids 
formed by rotating an ellipse of major axis 2a and eccentricity e 
about its principal axes are 


.'1 2/1 I ^ 1 1 

'Og,-; 


and 


27ra- ^1 - e- + 


o VI' e- 


1 - 


- sin~^e^. 


[Oxford II. P., 1914.] 


Prove also that of all prolate spheroids formed by the revolution 
of an ellipse of given area, the sphere has the greatest surface. 

[I. C. S., 1891.] 


Fiini the surface of any zone of an ellipsoid of revolution cut off 
by planes perpendicular to the axis of revolution. 

[Colleges a, 1888.] 


7. If the evolute of a catenary revolve about the directrix of 
the catenary, show that the area of any portion of the surface 
generated, cut off by two planes perpendicular to the directrix, 
varies as the difference of the cubes of the radii of its bounding 
circles. [Colleges a, 1892.] 


8. Find the volume of the solid formed by the revolution about 
the prime radius of the loop of the curve 

r® s= a® ^ cos 0 


between 0 = 0 and 6/ = ^, 


[Oxford II. P., 1890.] 


9. If the cardioide r = a(l-co6 6>) revolve round the line 
pasreos {0-y), prove that the volume generated is 
SpirW + -iTr^a^cos 7, 

assuming that the line does not cut the cardioide. [St. John’s, 1882.] 
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10. Prove that the area of the surface generated by the revolu¬ 
tion of a portion of the arc of a cycloid about the normal at one 
extremity is equal to the area of the cycloid multiplied by 

- y) sin P cos y + f cos + y) - iV cos (3/i? - y) - ^ cos 2y], 
where y and arc the angles of inclination of the axis of revolution, 
and of the normal at the other extremity of the arc, to the axis of 
the cycloid. 

Deduce the areas of the surfaces generated by the revolution of 
the whole cycloid about its axis and about its base. 

[Colleges e, 1884.] 

11. Find the volume of the solid formed by revolving a loop of a 
lemniscate of Bernoulli about the straight line in its plane which 
passes through the polo and is perpendicular to the axis. 

[Oxford I. P., 1901.] 

12. The lemniscate r- = a-cos261 revolves about a tangent at the 

pole. Show that the volume and surhice of the solid generated are 
respectively and ira-. 

13. A surface is the locus of points which have their distances 

from a fixed plane inversely proportional to the fifth power of 
their distances from a fixed point 0 in that plane. Prove that its 
volume equals twice that of the sphere which, with its centre at 0, 
touches the surface. [Oxford II. P., 1880.] 

14. Find the volume of the solid formed by the revolution of the 

curve {a -'x)7j-^ arx about its asymptote. [I. C. S., 1883.] 

15. Show that the rate of increase of the volume of an anchor 
ring when the radius of the generating circle is increased while its 
centre remains at a constant distance a from the axis of revolution is 

the diameter of the generating circle being d, increasing at unit 
rate. [Trinity Coll., 1881.] 

16 . A loop of the curve r = rtsinti^ revolves about the initial line. 

Find the volume of the solid thus generated, and verify the result 
by deducing the volume of the ring formed by the revolution of a 
circle about a tangent. [Colleges a, 1889.] 

17. If the curve r = a-f ^cos 0 revolve about the initial line, show 
that the volume generated is 


provided a be < 6, 


[Colleges a, 1884. 
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18. The curve r = ^(1 - ccos ^), when c is very small, revolves 
about a tangent parallel to the initial line; prove that the volume 
of the solid thus generated is approximately 

27r2a3(l +€2). [1. C. S., 1892.] 

19. The curve — a^coB 3^ revolves about 0 = 0. Prove that the 
loop in the third quadrant generates a volume 

8.‘ [Oxford I. P., 1902.] 

20. A loxodrome is drawn from a point on the earth’s surface 
to a point JJ. If Oj , </>j be the loiigitude and co-latitude of and 
O.j, f/)o the corresponding quantities for show that the area con¬ 
tained between the meridians of and B and the loxodrome is 

2 - 0^) log (cos 1<I>^ cos l 

log (tan I (/>i -r tan i’ 

the radius of the earth being taken as unity. [Sx. John’s, 1884.] 


21. Provo that the whole area bounded by the curve 
^4 ^ ^ 2axi/ 


Tra^ 


is —. Also show that if the area revolves about the a:-axis, either 

2s/2 

loop generates a solid whoso volume is When the area revolves 

about the y-axis, the whole volume generated is 


22. Determine the curve which generates, by revolving about the 

axis of .T, a volume proportional to the length cut off from the axis 
by the terminal bounding planes. [Thin. Hall and Maod., 1886.] 

23. The axes of two cylinders of radius a intersect at an angle a; 
show that the whole volume common to the two is 

-y’-a^cosec a. [Trin. H. and Magd., 1886.] 

24. Evaluate » taken over the surface of a sphere of radius a, 

p being the perpendicular on the tangent plane from a fixed point 
within the sphere at a distance h from the centre ; showing that 

[Oxford II. P., 1892.] 
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25. Show that the volume traced out by the part of the area of 
the curve r=f{0) which lies between 6=^^ and ^ = when the 
curve revolves about the line 0 — y, taking a>/3>yy is 






[OxFouD I. P., 1902.] 


26. In the case of any portion of a surface revolving about an 
axis, prove that the volume generated is the sum with the proper 
signs of the corresponding volumes generated by the projections 
of the surface on any two pianos at right angles to one another 
through the axis of rotation. [7, 1900 .] 


27. A point 0 is taken on a diameter of a sphere (centre C, 

radius a) so that 0C = c (c’<a) ; the radius vector of length r drawn 
from 0 to any point P on the surface makes an angle 6 with OCy 
and the radius CP makes an angle 0' with OC produced, dS is an 
element of area of the surface containing the point P ; evaluate the 
integi^al j cos 0 cos_^' 

taken over the larger of the portions into which the surface is 
divided by a plane, through Oy at right angles to OC. 

[Oxford I. P., 1901.] 

28. Prove the formula iTrJr^sin Odd for the volume of the surface 

formed by the revolution of a closed plane curve about the initial 
line. 

The outer loop of r^ = a^cos J0 revolves about the initial line. 
Show that the volume of the surface generated is 

l~7ra (j 2^1^' [OxF. 1. P., 1911.] 


29. Find the area of the finite portion of the surface = + 

cut off by the plane z == h. [Oxf. I. P., 1913.] 

30. Show how to find the volume of the solid formed by revolving 

the curve r==f(6) about the line it being assumed that the 

curve passes through the origin. 

Prove that the volume of the solid formed by revolving one loop 
of the curve cos 20 about one of the inflexional tangents is 

[Oxf. I. P., 1916.] 

Show also that the distance of the centroid of this solid from the 

... 4a 
ongin is 
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SURFACES AND VOLUMES IN GENERAL, AND THEIR 
CENTROIDS, ETC. DOUBLE AND TRIPLE 
INTEGRATION. 

760. Let the equation of a surface be y, z)=0 referred 
to three mutually perpendicular coordinate axes Ox, Oy, Os. 
Let us discuss the volume contained between the boundaries 
z=0, <t>{x, y, z)=0-, y=^0, y==F{x); x=0, x=a. 

Let planes X^x, X—-x-\-Sx, 

Y==y, Y=y + 8y, 

Z=z, Z:=z+Sz, 

be drawn. 



Planes X—x, X~x+Sx intercept between them a thin slice 
or lamina of thickness Sx, 
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Planes Y~y-\~Sy cut from this lamina a prism or 

tube on rectangular base 6x Sy. 

Planes Z=z, Z^z-\-Sz cut from this prism an elementary 
rectangular box or “ cuboid of volume Sx Sy Sz, represented 
in the figure as PjQiIiiS^F 2 Q 2 ^ 2 ^ 2 - Regarding Sx, Sy, Sz as 
infinitesimals of the first order, the volume of the slice is a 
first order infinitesimal, the volume of the prism is a second 
order infinitesimal, and the volume of the cuboid is a third 
order infinitesimal. Let the prism intercept on the surface 
a curvilineal quadrilateral figure PQRS, and on the plane x-y 
the elementary rectangle J>qrs, viz. SxSy. These areas are 
both infinitesimals of the second order. 

If we add up all the complete cuboids on base Sx Sy from 
to 0==the smallest of the values of 0 of the surface 
within the quadrilateral PQRS, we get the volume of the 
prism, less by a third order infinitesimal, viz. the portion of a 
cuboid bounded by a base SxSy for its lower surface, by the 
curvilinear quadrilateral PQRS for its upper surface, and by 
four plane faces parallel to the y-z or z-x planes. We may 
regard the infinitesimal Sz as having been taken not less than 
the difference of the greatest and the least values of z for 
points on the quadrilateral PQRS. This remnant of the 
prism is therefore less than one of the elementary cuboids 
forming the whole prism, and is therefore an infinitesimal of 
not less than the third order. 

Next let us add up all the prisms which lie between the 
planes X^x and X=--x-\-Sx, and bounded on its upper side 
by the specified surface from the plane F=0 to any definite 
value of F. The sum of these second order complete prisms 
differs from the volume of the lamina between the planes 
X=x and X=x + Sx by the sum of the third order infini¬ 
tesimal remnants of the prisms, and by a second order tubular 
element on a base less than Sx Sy at the end of the slice, that 
is by a second order infinitesimal, the sum of the complete 
prisms being of the first order. 

Finally, let us add up all the slices or laminae from X=^0 to 
any definite value of X. The sum of the portions of these 
laminae made up of complete prisms is a finite quantity. 
The sura of the remnants of the laminae is the sum of a set 
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of second order infinitesimals, and forms a first order infini¬ 
tesimal. Hence it appears that the sum of all the complete 
cuboids within the figure bounded by the coordinate planes, 
the planes Y=y^y say, and the surface, differs from the 

whole volume of that figure by a first order infinitesimal at 
most, and in the limit when Sx, Sy^ Sz are diminished without 
limit, we have the volume given by 

V=^^Yxdydz. 

The limits for z are from 0—0 to 0 —the value found from 
y, 0)—0 in terms of x and y, say z~f(x, y). 

The limits for y will be from y—0 to the value of y specified 
in any particular manner, say y^F{x). 

The limits for x will be such as to go from x~0 io x=^ a. 


7G1. Ex. Consider tlie volume of an octant of an ellipsoid 

n‘‘ />- z’- 


Here the limits for z are z=0 to z 




prism, to add up all the cuboids in the prism. 


for the elementary 

a- ¥ 



in the slice. 
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For x\ from x~0 to to add up all tho slkjes. 


And f I ^ f ^‘‘‘dxdydz— I 

Jo Jo Jo Jo Jo 

and taking [z] between its limits, this integral 


. =«/7" 

Jo Jo 


■-’•Vi- 

?/2 

1? 

dxdy. 

Write 


for 


Now i’V? 



2 

y.V- 

■^2 

i 

siii“ 

ir 

V. 


"26 

TT 

’ 2 ’ 



"6 4 

!?'{ 

-S) 

dx 







c 

^ /.2/„ 

\ 

c 

TT 


2a 

irabc 



'~h' 


3aV 


4 

• 0 

lf~ 



And the volume of the whole ellipsoid is 8 r= ^irahc. 


762. Obviously in cases where the volume of a slice can be 
written down at once, the labour of computation may bo saved. 

In the case just considered, for instance, the section at 
distance X^x from the plane of yz is an ellipse, viz. 


'^(‘- 5 ) -(- 5 ) 

1 — 5 , 

and the area of the quarter ellipst in the first octant is 

Hence the volume of the slice in tb, irst octant is 
i->rbc(l-~^Sx, 

to the first order. 

And the sum of the slices is 

f ® 1 7 /-I ^ \ 

(1 , 

as before. 


763. When the volume contained is all that is required, we 
may, in general, start with 



i.e. we may use the elementary prism on SxSy for base as our 
of volume. This amounts of course to integrating with 



VOLUMES. 


799 


regard to 0 in the triple integral formula dz between 

limits 2;™0 and 2 =^the ordinate of the surface under con¬ 
sideration. 

If the upper surface of the region whose volume is required 
ia y), and the lower surface be z^f^{Xy y\ instead of 

z=Oy 8iS taken in Art. 760, we have 

y)-Mx, y)}dxdy. 

764. Illustrative Examples. 

]. Tlie curve iu the plane z-x revolves about the 

axis of z. Find the volume in the positive octant included between this 
surface and the planes x ~(), x — a ^ ?/“0, ?/ — a. [Colleges c, 1883.] 

The equation of the surface generated is 


(aM-.r 2 + ?y®) 


V 


and 

Then 


y — { [zdx du~a^ { f - Write for 

J J Jo Jo (rr 4- 

I---- , where ?/ = 6 tan (y, 


-ll' 


^'coR 0 d$ 


Hence 


dj / 

JoOr2 + .rH 


/>* 

a 


^2 ^^2y!! (^2 4-.^ 2 ) V 2^2 4. j2i ’ 

* r ^ 

and we have to evaluate I~ - j^^-=^dx, 

Jo {(r^.v^)s'2d^+x^ 


Let x~as/^Ztm<f>. 
Then 


rtau-i-L 

Jo ( 


(a2 4-2a2 tan 2 <^) a\l 2 sec 

_ 

J cos2<j^4-2 8in2<^ 

j l4-8in2<^ 

= a^j^tan~^(sm </))J 

3 _j 1 Tra® 

= a® tan * -rz. =« -—: 

-Js b 

ira^ 

" 6 


Vg 
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2. Express the volume contaiiiod between the surfaces whose equa¬ 
tions are — z—a and the coordinate planes in 


the forms 


= ^jzdxdy, 




investigating the limits of the 


integrations and determining the value of V. 

(i) For the portion of the elementary prism on BxSy for base lying 
between the sphere and the plane z—a, the length is 





This is to be multiplied by hx^y and sumiuod for values of y from 
=0 to y—^d^-a^\ and afterwards the result is to be summed from 
=0 to x—a. 


Then "\a - --y^) dx dy 


—J i^asla^-x'^— 

sld^ - x^ 


w2 a^-x^ 

dx 




Via “xt 




dx 


H sJd^-x\a^ , ,x\ tt/ „ 


IT TT 2a^ 

""2 * 2 4 ’ ~3 


12 ‘ 



MOMENT OF INERTIA, ETC. 


(ii) If we use the foriuula V — j integrating with regard to y 

first, we have for the length of the prism on base 6?/82 intercepted 
between the cylinder and the sphere until the 

prism ceases to cut the sphere, l e. from ?/=0 to — and after¬ 
wards the length of this prism is from y — sJcC^~~z^ to ^=a, and 

the limits for z are from 0 to a. 

Hence 

V— I f {s/d'^ - -\/d^~ - ?/) dzdi/+ f f \ld^-y'^ dzdy 

Jo Jo ' ' Jo JVii^-t^ 

~f C/ ~ j vtt'--5“—y“cf//Jdj 

=i„ 2 - 

= (”{ 2 "- 2 - 

““4 jo ^*'“""■'■4 3"""12 ‘ 

(iii) If we use the formula F— Jj.rdydzy integrating with regard to z 

before we integrate witli regard to y, we have the same peculiarity as 
before, viz. that the prism is of length sja^-y^- sfa^—y^-z^ from z~0 
to —y^^ and of length sJor — y^ from z — s/d^ -y- to z~a, and 

V— ( f ^ (v^a- -y/2 - sld^~y^ - z-) dy dz-\- ( ( sJd^ ~y^dy dzy 

Jo Jo ‘ * Jo Jvi^yt 

ttO^ 

which, as before, = — • 

7(>5. Mass, Moment, Centroid, etc. 

If we regard the space bounded as described in Art. 760 to be 
filled with matter of specific density p at each point, the Mass 
of the elementary cuboid Sx 8y Sz is p Sx Sy Sz, where p may 
be either a constant or a variable. And following the same 
argument as in finding the volume, we have for the mass of 
the body thus enclosed, 

M = IIJp dfa? dy dz. 

766. In the same way, if the Moment of this mass be 
required about any line whose equations are known, say 
x^a _ y — 6 _ g —c 
I “ m ^ n ' 


E.I.O. 
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I, m, n, being direction cosines; then, if p be the perpendicular 
from X, y, z upon this line, viz. 

^2 = (ir —a)2 + ( 2 /— 4-( 2 ^—(a; — a)+m(^ — 6) + 71 (0 — 6*)] ^ 

the moment of the solid about this line is 

dz. 



767. To determine the coordinates of the Centroid, we have 
only to translate the expressions 


- _ Unix - _ ^my ^ _ '2mz 
^~Ym 


into the language of the Integral Calculus, And ni being 
p Sx Sy Szy we have 


^^^pdxdydz jj|p JJJp drrdi/ 


768, If the Moment of Inertia about a straight line bo 
required, and if p be the perpendicular from (^r, y, z) upon the 
line, we have Moment of inertia = 2 myA 
i.e, in the language of the Calculus, 




pp^dxdydz. 


Thus, if A, B, 0 be the moments of inertia about the 
coordinate axes Ox, Oy, Oz respectively, 


B = 


^^^p{y^^z'^)dxdydz, 
do: dy dz. 


c= + y^) ^ 2 :. 


769. Similarly for '‘Products of Inertia, i.e. for quantities 
such as D—^Xmyz, E^'E'mzx, F = Xmxy, 

we have 

i)s= dxdydzy E == JjJ pzxdxdydz, F = ^^^pxydxdydz. 
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770. The integi-ation in all such cases takes the same course 
as in tlie finding oi' a volume, first as regards the proper 
assignment of limits, and second as regards the successive in¬ 
tegrations ( 1 ) with regard to z, ( 2 ) with regard to 3 /, (3) with 
regard to x. 

The order of integration may be changed to suit circum¬ 
stances, the several limits being suitably changed to ensure 
that the elementary cuboids into which the specified region is 
divided are thereby all added up. 

As in the case of finding a volume, in some cases one, or 
perhaps two, of the integrations may be avoided by taking 
the elementary privsm, or the elementary lamina described 
above, as the primary element, as was done in Art. 762 in the 
evaluation of the volume of the octant of an ellipsoid. 

771. Ex. Ill the case of a sphere, viz. x* 7 } ^ let ua find the 

mass of an octant of the sphere, the density at any point bein^j^ 
ii^kxyz. 

Here f j f xyzdxdydz. 



The limits for z in the positive octant are 

3=0 to ; 

from 0 to 
from jp=0 to a?=o. 


for 
for a?, 
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Hence 


M-r-h 


Jo Jo Jo «y^d=cd;,dz 

h. p rVZFi^i 

^ 2.4 Jo xy{a:^-x^-y’‘)da:d>j 

~ \ I x(a^~x^fdx 

o Ja 

^ r ^ 2aJ^x* ^1'* 


(jJo 


Jca^ 

"48’ 


If D be the density at a specific point, say the centre of the surface 


of the octant* i.e. where x- . we liave 

’ Vs’ 

qtS 

D~k and M = Da^slz, 


Examples. 

1. Establish the following moments of inertia for uniform density, M 
representing the mass in each case : 


(1) For an elliptic disc 

about the x axis,. 

about the y axis,. 

about a line through the centre perpendicular \ 
to the plane,./ 

(2) For a rectangle of sides 2a, 26, 

about a line through the mid-points of sides 26, 

about a line through the mid-points of sides 2a, 


4 ’ 
Ma^ 
4 ’ 


Mhl 
~ 3 ’ 

Ma^ 


about a line through the centre perpendicular \ + 6^ 

to the plane,./ 3 * 

2 Jlfa^ 

(3) For a sphere about any diameter — -z —, a being the radius. 
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(4) For an ellipsoid of aemiaxes a, 6, c, viz. 

4- + z^!c^ — I, 

h'^ -f" 

about the axis of length 2a, - - - - M —; 

about the axis of length 26, - - - - M -^—; 

about the axis of length 2.C, - . . - M —. 

o 

2. Obtain the position of the centroid of 

(1) the quadrant of an ellipse, 

(2) the positive octant of the s])here, 

x^ + y^-hz^ — a^ ; x—y — z~^ \ 
o 

(3) the positive octant of the ellipsoid, 

x^/a- + r/^^4-z^/c^ = l ; 

3. Show that in all the above cases for the whole elliptic disc, rectangle, 
sphere or ellipsoid, the products of inertia with regard to two axes of 
syrninetry are zero. 

Dr. Routh gave the following useful mnemonic rule for the 
moment of inertia of the circular or elliptic disc, rectangle and 
sphere or ellipsoid ; viz. 

Moment of inertia about an axis of symmetry 

__ ^ sum of squares of perpendicular semi-axes 

3, 4 or 5 

according as the body is rectangular, elliptical or ellipsoidal. 

772. Element of Surface. 

In estimating the element of surface SS cut from the surface 
S by the elementary prism on base Sx Sy, we may note that if 
y be the angle the normal at P makes with the z-axis, 
SxSy^itOHy SS to the second order of infinitesimals, 
for SxSy is the projection of SS upon the x-y plane. 

The equations of the normal are: 

X—x^Y~y_Z—z 

0a; <i>y 0^ 

where 0*^“, etc. 

^ ox 

0. 

■>/0a;^+0j/®-h0l8^ 


Hence 


cos y- 
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Then ciy, 

when we proceed to the limit and sum the elements by 
integration. 



If the equation of tlie surface be thrown into the form 

s=A*. y), 

and if we use the ordinary notation 




00 


this equation becomes jJVl -f 

We may note in passing that the equation Sx Sy~SScosy 
also gives another expression for the volume, viz. 


V ="11^ dy=jz cos y dS. 


We have taken, as is ordinarily the case, x, y as the independent 
variables. 

If this be inconvenient, we should have 

or ^ S~jjVl4(g)’+(|')**<fe, 

according as y^ zor z, x be chosen as the independent variables. 
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773. We may note that the coordinates of P, Q, S and P, 
the coordinates of the curvilinear “parallelogram’’ bounding 
SS are: 

forP, X, y, z] \ 

for Q, y, I 


for>S, a?, 2/+02/, ^+^^27’ 

fori?, x+Sx, y+Sy, 


) to the first order; 




Fig. 267. 

and the projections of this curvilinear parallelogram upon the 
coordinate planes are parallelograms of areas: 

(1) upon the x-y plane, 6x Sy ; 

(2) upon the y-z plane, 


± 

V’ 


1 

= dt 

2/> 


1 


y. 


1 


0, 

dx ’ 

0 


y+^y, 


1 


^2/» 


0 

(3) upon the 

z-x plane. 






± 



1 

= ± 

X, 


1 


x~\~ Sx, 

z+^6x, 

1 


Sx, 

dz 

Sx, 

dx 

0 


X, 

1 jf 

1 


0, 

dz 

0 


and the area SS is the square root of the sum of the squares of 
its projections upon any three mutually perpendicular planes 
(C. Smith, Solid Gemn., Art. 33). 
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Hence + (|)'+ (g)'], 

giving S= ipr -\- 2 >^+q'^dxdyy an before. 

774. Element of Volume for Cylindrical Coordinates. 

Instead of taking as our elementary volume one defined as 
bounded by planes parallel to three coordinate planes, other 
choices may be made. In some investigations it may be 
desirable to employ cylindrical coordinates, viz', ordinary polar 
coordinates 6 in the x-y plane, retaining the Cartesian 



2;-coordinate, An elementary prism, with this system, will be 
on a base r S9 Sr with a height s, and to the second order its 

volume is rSOSrxz, and the volume will be ^^TzdSdr, taken 

between suitable limits. If for any reason it be desirable to 
subdivide this elementary prism by planes perpendicular to 
the 0 -axis, our expression for the volume will be 


!■ 


r dB dr dz. 


Such a necessity would arise, for instance, if the mass of 
the solid be retjuired and the density be not a constant, but a 
known function of r, 0, 0 , when the mass of the elementary 

prism is rSQSr^p dz, r and 0 being regarded as constants during 

this integration, so as to add up all the elements of varying 
density through the elementary prism before summing the 
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masses of tlie several prisms tliemselves. 
write the intcirral as 


Mass= 




dr dz. 


We should then 


775. Spherical Polar Element of Volume. 

Again, a spherical polar element of volume may he em¬ 
ployed, using r the radius vector, 6 the co-latitude and <p the 
azimuthal angle as coordinates. 

Here the element of volume has three of its edges, mutually 
at right angles, Sr, r SO and rsinOSc/), and to the third order 
of infinitesimals its volume is sin 9 SO S(Jj Sr, the difference 



between this and the actual volume being at least of the 
fourth order of infinitesimals. 

Upon integrating successively with regard to r, 6 and (p in 
any order, the accumulated difference after the three integra¬ 
tions between the volume of any space required and the sum 
of these elements will be a first order infinitesimal at most, 
and therefore vanishes when the limit is taken. 

Hence we have for the volume required 


111" sin 9 d9 d<p dr. 
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Further, if it be required to integrate any function of 
(r, d, (j)) throughout the volume, say /(r, 6, <p), that is to 
add up all such elements as /(n 0, r- sin 0 S0 S<f> Sr, the ex¬ 
pression for the result will be 


JJj*/(r, 0, 0) sin 0 (10 dr, 


the limits being 
elements 


sucli as to include in the summation all the 
f(r, 0, 0) r^ sin 0 SO S(f> Sr, 


which are included in the region under discussion, and no more. 


776. Ex. If we apply this formula to find the volume of a sphei’e whose 
centre is at the origin, 

the limits for r are from 0 to a, the radius of the sphere ; 
for 6 are fiom 0 to tt ; 
for cj} are from 0 to 27r ; 

and io 0d0d(f)dr 




27ra^ 

.'o 

ioT 

-Jn 


_2ra^j~ 


(77, Elements of Surface. Cylindrical System. 

In the cylindrical vsystem of coordinates the element of 
surface SS, viz. the curvilinear parallelogram PQRS, Fig. 270, 
has for its projection upon the x-y plane the polar element 
r SO Sr. Its projection upon the meridian plane through P is 

?>z 

to the first order, an oblique parallelogram of area Sr • ^ S0, 

O0 


for one of its sides is the change in 0 due to increase of S0 in 

dz 

the independent variable 0, i.e. ^^S9, and tlie perpendicular 

between this side and the parallel side is Sr. 

And the projection upon a plane through P parallel to the 
0 -axis and at right angles to the meridian plane, is similarly 
00 

rS0:^8r, for rS0 is the height of this parallelogram, and 
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— Sr is the change in 0 due to an increase Sr in r, keeping 0 

constant, viz. the difference o£ the ordinates parallel to the 
0 -axis o£ the points P and Q, 

Hence 

SS^==Sr^ (r Sdf + (Sr ■ SoJ + (r 88 8rf 


and taking the square root, proceeding to the limit and 



Fig. 270. 


Similarly, if it were found preferable to take the pair^ and 
0 for the independent variables, or the pair r and 0 , we should 
have in tliese respective cases, 



/dr^ 

\00/- 

H 

doJ 

'dzde .(2) 

and S^jj-^l+rq 

'd9\ 

,dzJ 

2 

~/W 

[dr 

^ dr dz .(3) 


To establish (2) an element is taken on the surface bounded 
by lines on the surface along which 0 is constant and 0 const., 
viz. 0 , 0 -f (? 0 , 0, 0-\-S0y and projected upon the same phtnes as 
in Case (1), the areas of the projections being 

rsesz, r8e(^^8^ and Sz(^^88). 

And to establish (3) an element is taken on the surface 
bounded by lines on the surface along which const, and 
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0 -—const., viz. r, r+Sr, z, z-^SZy and projection is made upon 
the same planes as in Case ( 1 ), the areas of the projections being 

Sr&Zy 

The figures are, however, somewhat troublesome, and we 
shall deduce these formulae from a more general result later. 

778. In the spherical polar system of coordinates let the 
meridian planes 0 and 0+^0 out the surface in the curves 



PQ, SR, and let the cones 0, + cut tJie surface in curves 

PS, QR. Then PQRS is our element of surface. Let the 
coordinates of the points P, Q, R, S be respectively: 
forP, r, 0 , 0 , 

for Q, r+^Sd, 0+S9, 

0 /* 

for/S, r+^Sef,, e, ^ + % 

iorR, r+^^S9+^S^, 9+89, <p+ 84 >. 

The projections of this elementary area upon 

(1) a plane through P at right angles to the radius vector; 
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(2) the meridian plane through P ; 

(3) a plane through P perpendicular to these two planes 
are respectively, to the second order, 

r . r sin 0 r SO . S<^ and r sin d Scj) . , 

and to tlic fourth order we have for SSr tlie element of area 
= [rasin'-*+ ; 

whence, extracting the root, taking the limit and integrating, 

+ . 

779. If it be more convenient to take r and 6 as the inde¬ 
pendent variables and </> dependent, elements must be chosen 
on the surface bounded by r, r-j-Sr and 6, 0 4 S9, and the 
resultant expression for the elements will be 

the areas of the projections on the same planes, as in Case (1), 
being 

'i SO . Sr, ^r sin ^ 0 ^ dO^ . Sr, 

and the formula for S being 

j*J'\/^,‘*sin2/9(^“--^ d-r^ + r^sin^^^ ^dd dr .(2) 

And in the same way, if we wish to regard r and 0 as the 
independent variables and 0 dependent, an element of surface 
is to be chosen bounded by r, r+Sr, </>, 0 + (S0, and its pro¬ 
jections upon the same planes, as in Case (1), being 

(r sin 6 S<p). (r ~~ (5r^ , (r ™ S<p^ . Sr, {r sin 0 S<p ). Sr, 
we have 

,S=||/y/j^r*8in*0(^^j +r’‘8m^d d^dr....(3) 


and 
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But the figures required are, as in tiie Cases (2) and (3), for 
cylindrical coordinates some what troublesome, and we propose 
to deduce these formulae from the more general result of 
Art. 790. 


780. Areas on a Spherical Surface, the Origin being at the 
Centre. 

Let a be the radius of the sphere. Then, putting r-~ a, the 
general formula 

ll^r^siu^^^ + r^sin^dl^^) d9d(j> 

reduces to >S=a2j*j*sin 0 dO d(j> 

—a^J[—cos d^d(j>. 

If we apply the result to find the area bounded by two 
meridian arcs and some specified curve, 0-^f((/>), the limits 
for 0 are from ^—0 to d~f{(p), and 

_cos/(0)] d<p, 

the result of Art. 734. 


Cor. For the whole sphere /(</>) = 7 r, and 
S = 2 a 2 j dejj = 


781. Spherical Triangle. 

Ex. Let ii.s apply the formula obtained to the case of the area botmded 
by a great circle and two meridian arc.s, the radiu.s of the sphere being a. 

Take as the plane of xz that through the centre which cuts the great 
circle perpendicularly, and let p be the spherical perpendicular from the 
pole upon the great circle arc. The equation of the great circle is then 


Then 

and 


C08<^ = 


cot 9 
cotp' 


Area 




sin<l)d<l> — 
cos 6)d(l>~a^ j 


cosec" 6 ^ 0 ?^ 
cotp ’ 

(1 - cos 0) comedo 


dd; 


Area , cot 0 

.3 “=^ 008 “^ — 

cotp 


sin j? 
sin d 


where x is the angle a meridian makes with the great circle and c/> is the 
azimuthal angle. 
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If we take liinita <ji~a to <l>‘=a + A, the limits for x will be tt- C to B 
where ABC is the H])herieal triangle formed by the meridians AB, AC 
and the arc BC. 



This area is therefore a^[A-\-B ■ (w ~ C)] 

=^a-[A + B + C-Tr] 

=^a^E\ 

where E is the spherical excess, a result readily established in an 
elementary manner. (Girard’s Theorem. See Todhunterand Leathern, 
Sph, Trig., Art. 127.) Other illustrations have been given earlier. (See 
Art. 734.) 


782. Case of a Solid of Revolution. 

In the case of any solid of revolution about the 2 ;-axis 
(p varies, but r is independent of (p and depends only upon the 
revolving curve generating the solid. 

The general formula 

now reduces to 

S=||r sin d6d<p 

=27rj'ir sin ^id=2ir|r sin 6 ds, 

in conformity with the result of Art. 748. 
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783. In the case of solids formed by the revolution about the 
of circles whose planes pass through the ;:;-axis, centred at 
the origin, but of varying radius, r is a function of ^ alone, and 


780. 


J|r^/r2sin26^+(^) d6 d<l>. 


entre. surface may be pictured as somewhat resem¬ 

bling the hermit-crab shell. 


Ex. Let the surface be r — ae*K 


S—a-jj i -f siiV^ 0 dd d<f>^ 
and Oj (jy are independent, 


Let 



X- 


S^ -^' -Asin^X^X 

va * - 

=a-\^2 ^ sji ~ I sin^x ^X 

—- \/'J -- ) El ; mod. ^; 

and if the area be taken from r—0, i.e, - cc to any value of r, 
S=r^\l^ Ei\ mod.-/;-- 


784. In the case of an area of a portion of a right circular 
cone, vertex at the origin, axis the s-axis and semivertical 
angle a, the general formula 


reduces to JJr sin a d(j) dr=—J[r^] d(j). 


And supposing the area in question to be bounded by some 
curve drawn upon the cone, say r—/(^), and two generators, 
we have M=={/(^)}^, the lower limit being r===0, and 
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785. The formula in obviously the same thing as 

sin a), 

which is the area of the portion of the cone developed upon 
a plane, the angle between two generators so developed and 
corresponding to azimuthal angles 0 and 0 + <50 on the cone, 
l^eing S(j} sin a. 


786. Or again it is the same thing as 

~ J(r sin a)^ diji — S sin a, 

i.e. the area of the projection upon the x-y plane, all elements 
of the cone making an angle ~— a with the x-y plane. 


As a particular and elementar}^ case, the area cut off by a 
plane perpendicular to the axis and intercepting generators of 


length I is 




r27r 

Jo 




where a is the radius of the base = // sin a and I the ‘'slant 
height,” the ordinarj^ mensuration formula. 


787. In the case of any cone with vertex at the origin, the 
equation is of the form ^ = /(^^), r being absent from the 

equation. Hence ^^ = 0. The general expression 

= j dB dr 

in this case reduces to 


^lr^l+sin-e0^dddr, 

i e. S = dO. 

Hence, if a surface cut a cone whose vertex is the origin, 
viz. the area of the cone between two of its generators 

and the curve in which it meets the surface is 

3f 


K.l.C, 
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788. Ex. The eijuatioiis of a cyliudcr aiul a cioiie are 
r Bin 0=0 and cot d — siidi <^>. 

If ^3 be the areas of the coue from (/>~0 to ^ = ^ —a, fS aiul 

/?+a respectively, then will 

^1 +Jig=2.4 2 cosh a. [Math. Tripos, 1875.] 


In this case - cosec20 = cosh </> 


de' 


= -a“c.«l. V.# V' 

= (*osh (/> c?(^, 

and [sinh 

Hence ^l+^^!iE!LgE?+ ^ iji ^J “^2coBha. 


789. Generalised Results. Orthogonal Coordinates. 

If f{x,y,z)=z\ be any surface, it is required to find the 
normal distance between the surface and the contiguous sur¬ 



face \ + SX at the point {x, y, z). Let the normal at P to the 
surface A cut the surface A + ^A at Q, whose coordinates are 
y-^8y> z-\-Sz. 


A® At/ 


The direction cosines of the normal are 


1? 


where 


suffixes represent partial differentiations and /i^^ = Aa!^-f A/d-A/. 
Then projecting the broken line 8x, Sy, 6z upon PQy we have 

p«-''»r+^*'T+*r-F 
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Let fi(x,y,z)==\, f.^(x,y, s) = y, J.^(x,y,z)^v 
be three mutually orthogonal surfaces. Consider the small 
element of space whose faces are the three surfaces X, /w, v 
and the contiguous surfaces X + < 5 A, /x + o/x, 



Let P be the point (X, /x, v), PP' the diagonal through P 
of the element and X + (^X, yu + <5yw, r + (5r the coordinates of P'. 
Let the edges of this element be PA, PB, PC, P'A\ P'B', P C 
etc., PA being an element of the normal to X, etc. This 
elementary space is ultimately an infinitesimal rectangular 

parallelepiped or ‘ cuboid.’ Its edges are ^where 

= Xa:^ + -f 4- 


Its volume is 


^X Sfiji Si/ 

/^3 


Moreover, if (Z^, 

direction cosines of the elements 


irio 


77 / 3 ), be the 


^X S/ii Sv 

K K K 

<5X 

^Zj=the projection of PA upon the a^-axis 

—the small change in x due to increase of X to 
X +A, /X and v remaining unaltered, 





'dx 

^BX* 


hence 
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•, , s\ ?)y 30 

Similarly 


hence we have 


Sfij 3® 0 . 


to X, IJLy Py 


T * 3*k 

1 '^y 

7 


m2=/i2~, 

n -h - 

, j dx 

li 

j dz 

3(x, y, z) 
3(X, fi, v)’ 

the Jacobian 

* of X, y, z with regard 





mj, 


^2» 

mg, 

n.. 

^S> 

m^, 



= ±-j 


(See C. Smith, Solid Geometry, Art. 46.) 


Thus the volume of the elementary cuboid is ±J SX SjuSp, 
and F, the volume of any region which is divided up into 
elements by this system, is given by 

The ambiguity of sign disappears when the limits have been 
suitably assigned for the evaluation of the whole volume 
under consideration. 

Cor. (1). In the Cartesian system 

X — 37, ^ 1> 

and the formula reduces to 

V^^^^dxdydz\ 

the formula of Art, 760. 

(2) In the cylindrical system X = r, fx^9, r = 0 , a7==rcos0, 
2 /=rsinQ, z^z, and the elements are 8r, rSO, Sz, 

1 

Aj=l, 


See Diff. Calc., Art. 634. 
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and the formula reduces to 


V^ > 


the formula of Art. 774. 

(3) In the spherical polar system \^r, 

x~T sin (9 cos y=:=^T sin 6 sin 0, z=^t cos 0, 
and the elements are Sr, r SOy r sin 6 S({>y and 


K==ly 



and the formula reduces to 


K 


_ 1 

r sin0^ 


F- 


- JJJr^ sin 6 dd d(p dr. 


the formula established in Art. 775. 


790. Element of Surface. 

Suppose the region bounded by any surface S to have been 
divided up in the manner described by three families of ortho¬ 



gonal surfaces whose distinctive parameters are \ ju, p; any 
pair, say /m, p, with their contiguous surfaces fx+S/m, v+<5r, form 
a tubular region within S, Suppose this tube to cut the tangent 
plane at P to the surface in the plane P'RPQ, which may in 
the limit be regarded as an indefinitely small parallelogram 
element of the surface. Its area is an infinitesimal of the 
second order. We may take it as axiomatic that the difference 
between the area of the intercepted portion S8x of the surface, 
and the area of this parallelogram is at least of the third 
order, on the supposition that the curvature is finite and 
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continuous over the portion considered. The area of the 
parallelogram P'RPQ is readily found from the fact that the 
square of any plane area is the sum of the squares of its 
projections upon any three mutually perpendicular planes 
(C. Smith, Solid Geom,, Art. 33). Let the cuboid element of 
the jji-v tube, for which PP' is a diagonal, be constructed as in 
Art. 789, with PA, PB. PC for adjacent edges through P and 
P'A\ P'B', P'C' for opposite edges through P' (Fig. 275). 
Let QN and RM be drawn at right angles to PA. Join C'N 
and B'M. Thus the parallelograms PBA'C, PQB'M, PRC'N 
are the projections of PRP'Q upon three mutually perpen¬ 
dicular planes. The areas of these figures are respectively 

PB.PC, PC. PM, PB.PN, 
and it will be observed that PN—RC'—MA, i.e. 

PM+PA=P^. 

Now, as we have taken fi{x, y, z)—\, f^ix, y, z)-=^fx and 
f^{x, y, z)~v, we can express x, y, z in terms of X, y, p, and the 
equation of the surface S may be expressed in the form 
F(X, /jL, p)~0 by substituting for x, y and 2 ; these values. In 
fact X, yix, V form a new system of coordinates; and of these 
we are regarding jj. and v as independent and X depending 
upon them. When /x and p change to and p-\-Sp, the 

total change of X is SX=^ + 6p to the first order. 

® OjJ. op 

Now, in our Fig. 275, PM represents that part of PA which 
depends upon S/j., and MA, that is, PN represents that part of 
PA which depends upon Sp, i.e. 

PM=^}-~S/ui and PN=^~S^, 

Ofx hi op 

sx 

the two making up the total length of PA, i.e. 

'H 

We thus have, to the fourth order, 


or 


SSx^^iPB. PC)^+(PC. PM)^+(PB. PNf 

_/Sfx SpV .{Sp 1 0X„ NV/V 1 
■~\ A, ■ hj + y/3 ■ r, ■dim + \/t2 ■ h, dv 'V 
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Similarly, if we had taken i/, X or ^ as the independent 
pair of parameters and constructed the corresponding tubes, 
we should have had 






VW’ 

<5*v L'a l-/i +'-1 \it2i, 2hz< 

and any of the three surface elements SS^, intercepted 

by ijL-v tubes, r-X tubes or X-/x tubes respectivel3% may be 
taken as an element of the surface for integration for the 
Whole. 

Thus we obtain, when we proceed to take the square root 
and integrate, 

4 du 


/v+vi 

(|) 

1 +/^3^ 1 

(i; 


\3»/y 

1 +/tj2i 

(fr 


dv d\ 




791. Cor. 1. If the Cartesian system be taken, 
\=x, n=y, V=z, 
and the elements are 6Xy J?/, SZy and 


S 



Z 

1 -f-' 

g) 

2 

1 dydz 



r+ 

p' 

\dX/ 

\2 

) dzdx 

2 

dxdy. 


p) 

Kdx/ 

vi 

?dz\ 


viz. the formulae of Art. 772. 

OoH. 2. If the cylindrical system be taken, 

X=^r, yu—0, v=^Zy 

x==^rco 8 0 , y=r sin 0 , z==z, 
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anil r, 0, z forui an orthogonal system, the elements being 
(Jr, rSO, Sz and Aj—1, h^=l; 

SSr’‘={r S9. Szf+(Ssf (|j SdJ+{r68f(^^; SzJ, 

W=(&. Sry + (^r)-^ (r g SzJ + {Szf (r || Srf, 

<5<S^2= {Sr. r SO)^ + (r S9f (|? Jr)" + (Sr)^ (|| J^)", 

according as r, 9 or s is the dependent variable, giving the 

formulae .. ,-r; —- 

S-{{jr"- + {^) +r^{~)d9dz 




which are in agreement with those of Art. 777. 

Cor. S. In the spherical polar system, 

X = r, /uL^O, p = (p 

and X = r sin 0 cos 0, y = r sin 0 sin 0, = r cos 6^, 

and r, <9, <f> form an orthogonal system, the elements being 


(Jr, rS9, ruinOSd) and ^1 = 1, /4 = —r 


whence 


rsin^ ’ 


SSr^=r’‘S9<‘. 1-2 8in23 S<l>^ + r^ .sin*^ S<p^ Jd)" 

SSg^ =r* sin* d J^2. Jr* + Sr^ ^ 

+ r* 8in*d J^i* ^r ^ Jr) ’ 
+r* Jd* ^r sin d ^ Jr) 

-p (Sr* ^r sin d ^ Jd) . 


J5**=Jr*r’Jd* 
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giving the fornnilae 



according as r, d or <j> is taken as the dependent variable, 
formulae in agreement with those of Arts. 778 and 779 . 

792 . Change of the Variables. Form of Element of 
Area. 

Supposing the coordinates Xy y of any point in the plane 
of x-y to be expressed in terms of two new variables u, v, let 
us consider the nature of the figure bounded by the four 
curves obtained by assigned values of n, v, viz. 

u, u+SUy Vy + 

Let the figure thus bounded be PQRSy 

Su being zero along PS, 

Sv being zero along PQ. 



O ^ 

Fig. 276. 

The several Cartesian coordinates of the four corners are, 
to the first order, 

for P, X, y\ 

for <3, x+^Su, 
forS, x+^Sv, 

forfi, x+^6u+^Sv, ,j+^6u+^Sv. 
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The direction ratios of PQ and SR «re ^ Su, 

du du 

and of PS and QR ^Sv. 

dv 


Hence the chords joining the corresponding points are such 
as, to the lirst order, to form the four sides of a parallelogram 
whose area is 


Bcc 'dy 
"du du 
dx dy 
dv^ dv 


SuSv or 


d{x,y) 
d{u, V) 


Su Sv, 


This then is, to the second order, the area of the elementary 
curvilineal “parallelogram’’ PR, the difference between this 
area and that of the chordal parallelogram being at least of 
the third order of infinitesimals. Hence, taking the limit and 
integrating between any assigned limits, for u and v, we have 


Area=||^|"-~cZ'i4(ii;==JJ/ dudv^ 


where J is the Jacobian of x, y with regard to u and v. 

It will be remembered that if J' be the Jacobian of u, v 
with regard to x, y, we have JJ'—l {Diff. Calc,, Art. 540). 

And in cases where u and v are already expressed in terms 
of X and y, instead of x, y in terms of u and v, this rule will 
often facilitate the calculation of J. 

Similarly, if we wish to integrate any function of x and y, 
say f{x, y), over the area considered, i.e, to find 2/(^r, y)8A 
where SA is an infinitesimal element of the area, it is only 
necessary to express x and y in terms of and v, and then to 
^ transform the function f{x, y) so as to express it as a function 
of u and v, say F{u, v), then to multiply it by J8u Sv, and 
integrate, the result being 


v) J du dv. 


798. Illustrative Examples. 

1. Find the area of the Carnot’s cycle bounded by the isotheriiials 
•ry=ai, .r^ = a. 2 , and thc3 adiabatics 
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Putting take an elenieiit of the area bounded by the 

curves w, u + v + ?)v. 


du 

d'V 





"dr 

— 


du 

_0r 



Y- 1 




.r, 



= (y- i) ■^ = (y-l)v, 

■ J= J_.i. 
y-1 v’ 



r^2 I I 

and Area required— / / • -dudv 

Ai ./0i 7 - 1 r 

= 

2. The portions of the curves xy~a^y :r*-y* = 6*, which lie in the 
positive quadrant, are drawn intersecting at B, The former intersects 
the asymptote of the latter in C', and the latter meets OX in A. If every 
element of the area OABG be multiplied by the square of its distance 
from the origin 0, the sum will be equal to [Colle(3ES a, 1884.] 

794. Change of the Variables. Form of Element of 
Volume. 

Again, let the coordinates x, y, z of any point in space be 
expressed in terms of three new independent variables u, w, 
the surfaces '?-t=const., t^—const., t(;=con8t., not necessarily as 
in Art. 789, forming an orthogonal system. 
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Let us consider the nature of the figure bounded by the 
six surfaces obtained by assigned values of u, v, w, viz. 

u, u+Su, Vy v-i-Svy Wy w-{-Sw. 

Let the figure thus bounded be PQS'RP'Q'SR', 

Sio being zero over the surface PRQ'S, I 
Sv being zero over the surface PQR'S, j 
Sw being zero over the surface PQS'R, ] 



Fig. 278. 

The several coordinates of these eight corners are, to the 
first order, 

for P, X, y, 3?, 

fora <c+'^Su, y+'^Su, z+^^Su, 

for/?, y+^Sv, z+^Sv. 

for 5, x+^Sw, y+^Sw, z+^S^, 

for a. ®^ 

tovR, a5+^^to+^^w, etc., 
for R, ®+^ ^■«'+^ ®tc., 

forP', x+^Sv,+^ Sv+^Siv, 
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The direction ratios of PQ, RS\ Q'P\ SR' are 

?)x . 'dy . 'dz ^ 

— ~Su, —Su] 

du da du 

those of PR, QS\ R'P\ SQ' are 

^Sv. ^-iv. 

dv dm dv 


and those of PS, RQ\ S'P\ QR' are 

30 


&w, 

dw 


dw dw 


Hence the cliords joining the corresponding angular points 
are such as, to the first order, to form the eight edges of an 
oblique parallelepiped, whose volume is 


dx 

dy 

dz 

du 

du 

du 

dx 

2iy 

dz 

dv’ 

■do’ 

dv 

dx 

'^y 

dz 

dw' 

dw' 

dw 


Su Sv Sw 


9 ( a:, y. z) 

d{u, V, W) 


Su Sv Sw, 


This is, to the third order, the volume of the elementary 
solid PP\ the difference between this volume and tliat of 
the oblique parallelepiped being at least of the fourth order 
of infinitesimals. Hence, taking the limit and integrating 
between any assigned limits for u, v, w, we have 


where J is the Jacobian of x, y, z with regard to Uy v, w; and, 
as noted in Art. 792, it is to be remembered that if J' be the 
Jacobian of u, Vy w with regard to x, y, 0, we have JJ'=1 
(Diff, Calc.y Art. 540). And for cases where Uy v, w are 
expressed as functions of x, y, 0 , instead of x, y, 0 , in terms 
of Uy Vy Wy tHs Tulo will facilitate the calculation of J. 


795. Ex. Find the volume enclosed by the six hyperbolic cylinders 

zx^h^y 
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Putting 


J'^ 




0, 


yz 

If 

X 

0 


~ ?/., zx ~ /», xnj ™ 

I ^ zxy+yzx — 2 s/uvw ; 


] r<^r r^T /"«a‘ 

^>1* i*!* A* 


6a» l-caS ^udvdw , . , . . 

== 4(a^ - aj) (62 - 6i) (cg - Cl). 


796. It follows that if we wish to integrate the function 
f{x, y, z) throughout the volume bounded by surfaces specified 
by two specific values of u, two specific values of v and two 
specific values of w, 'Le. to add up all quantities of the form 
f{x, y, z) X an element of volume at x, y, Zy 
we have only to express Xy y, z in terms of u, v, tc, and sub¬ 
stitute these values for Xy y, 0 in /(a;, y, 0 ), obtaining, say 
F{u, V, %v)y as the transformed function. Then taking, as 
before, the same element of volume, viz. J Su Sv Sw, the 
integral required will be 



u, Vy w) J du dv du 




797. Thua, if we wished to obtain the ])rodnct of inertia with regard 
to the ;y, ^ axes in the above example (of Art. 795), each element of mass 
pj Su Sv Sw is to be multiplied by yz, i.e. n, and assuming a uniform volume 


density />, the product of inertia required is J j ditdvdv\ or 
1 ///dv dw=f,p (a./ - a,’’) (62 - fi,) (cj - c,) 


= g-W+^iOj + o/), 


where M is the mass of the solid in question. 


798. If we wish for the .r-coordinate of the centroid of the solid, 

du dv dw 




pxJ du dv dw j j V 


mv 

u 




j j j pJ dudvdw 


du dv dw 
y/uvw 


II) 

fdu dv dw 
' 2u 

III 

i^du dv dw 

2^uvw 


, (l og«2- log^l )(^>> *^ - V)(C2^-Ci^) 

8 {a,2 “"<3ti)(/>2 ~ \ ){^2 ~ Cj) 


--1 <^1) 
8 flt2 “ c^i 

and siniilaily for other integrals. 
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799. We consider next tlie case in whicli the three co¬ 
ordinates X, y, z are expressed, or expressible, in terms of two 
independent parameters u and v, and therefore the point travels 
upon a definite surface. Consider the four points P, Q, S, R 
on the surface defined by the values 

{% v), (u + Su, v), (u, + Sv), (u + Su, V + Sv), 

i-e. X, y, 2 ;; 


x+fju, = 

*+^<5^. 



The direction ratios of PQ and SR are each 

By 


m, 

Bw 


"du 


SUy 


and those of PS and QR are each 


3x 

dv 


dy 


dz . 
— 

Bte 


B 2 ; , 


Sv, ;^Sv, :^Sv, 


dv 


dv 


and to the first order PQRS is a parallelogram. Let its area 
be SS. 

The coordinates of the projections of P, Q, S, R on the plane 
of x-y are ^ ^ dx .. , 


yl (: 


x+ 


du 


Su, y+^6u 


)■ 


etc., 


and the area of this projection is 


x+l*., 


1 


dx 

du 

Su Sv=^^f‘^’ 2^1 Su Sv, 
d(u, v) 


y+^sv, 

1 


dx 

dv' 

By 

dv 


Xy 

y> 

1 
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and similarly its projections upon the other coordinate planes 
are z) . d(z, x) . . 

d{u, V) d(u, v) 

whence its area SjS is given by 




d(u. 




Hence, proceeding to t)ie limit and integrating, 

-S 




\?i{u,v)j ^13(m, r)/J 


dudv 


%.e. 


where 


S 


_d{y. z) 


J/dudv. 


Jo—etc.y J3=etc. 


d(u, v) 

Also if the surface integral of any function f(x, y, z) be 
required, /(cc, y, z) is to be expressed in terms of u and v, 
as ?;), and the surface integral required is 


If we write 


v)\/Jdu dv. 


” \^u/ \duJ ^ \duJ ’ du dv du dv ?ni dv ’ 

we have, from the algebraic identity, 

(mn' ~~m'n)^ + (nV—n'l)^ -f 4- (H' -+- -f )‘ 

—n^) (Z'^H m'^+n'^), 
Ji^+J2^+Js^===-EG~F^] 
the surface integral may be written 

j*j0(w, v)jEG-~F^dudVf 
as shown otherwise in Art 744. 


800. Results connecting SV and &8, 

If SS be an element of the area jS of a surface, and P be the 
perpendicular from the origin on the corresponding tangent 
plane, we have for the volume of the cone whose vertex is at 
the origin and base dS, SS, 
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Hence the volume of any region bounded by a given surface 
and a cone with vertex at the origin, and gcner-ators passing 
through the perimeter of any closed curve drawn upon the 
surface, is ir 

or, which is the same thing, if I, m, n bo the direction cosines 
of the normal to the element so that 


F = lx-i-'rnf/ + ^iz, 

is the equation of the tangent plane, we have 


V — 7 ^ J (lx -\-viy + If} z) (is. 


801. If the equation of the surface be written as z=f(x, y), 
the equation of the tangent plane at x, y, z is 
Z-z^jf)(X-x)+q(Y-y), 


where 


^2: 




By’ 


and the perpendicular P from the origin upon it is 


Hence the formula for the volume, viz. ^Jpd/S, becomes 
l^jj{px+qy-z)dxdy, 

SxSy = SScosy = ^l^^, 
where cos a, cos/S, cosy are the direction cosines of the normal, 
i-e. V=:^^^[j)x->rqy-f{x,y)]dxdy. 


for 


802. Let the inward drawn normal at a point P on a surface 
make an angle x with the radius vector from the origin, and 
let p be the perpendicular from the origin upon the tangent 
plane at P, r the radius vector from the origin to P, and SS 
an element of the surface about P 


Then 2 s-=cosxj formula for an element of volume 

forming an elementary cone with vertex 0 and base viz. 
becomes IrcosxSS. 

£. 1 . 0 . 


3g 
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Hence we have another expression for the volume bounded 
by any curved surface and a cone whose vertex is the origin 
and passing through the perimeter of the region defined by a 
given closed curve drawn upon the surface, viz. 



r coaxes 



Fig. 280. 


s>r again, seeing that this element of volume is 

^3 

-^sin^^0 S<f>, 

y3 

= — sin 6 S9 S<f> 

S = sin0 do d(j>. 

803. Ex. Find the surface and the volume of the solid formed by the 
revolution of the cardioide r=a(H-cos^) about the initial line. 


we have 
and 



Fig. 281 . 



6 
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Here 


, p~r COM X~2acos' 


^0 


S 


Also 


n '-itr M 

sill 6 dO d(ti 

• (Si 

= IGrra-^ f cos'* f- sin ^ dd 
7o ^2 

= lGrra2- 1 COS& I J - Tra\ 
V— j j jr^ sin 0 dd d(f} d7\ 


the limits for r being 0 to a (1+cos 6^), 
(/) from 0 to 27r, 

6 from 0 to tt. 


Hence 


F==- 


( (14- cos Of sin 0 dd 
Jo 


751^ Ex.S.) 


-Jo 


804. Tetrahedral Volume. 

An expression for the evaluation of a volume for a surface 
given by a tetrahedral equation may be obtained in the same 



way as that adopted for an area in areal coordinates (Art. 461). 

For let Fo be the volume of the tetrahedron of reference, 
and let a, l3,y,S be the tetrahedral coordinates of a point P, 
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and X, y, z be their Cartesian equivalents with reference to 
some given rectangular system of axes; then x, y and z are 
linear functions of a, ^ and y, for we have a + /3 + y + ^ —!• 

Hence V^^^^dxdydz=K 

where K is some determinate constant (Art. 794). 

To determine K, apply the formula to the fundamental 
tetrahedron itself. If we integrate first with regard to a for 
the tube bounded by two given planes /3 and + and 
two planes y and y 4- ^y, keeping ^ and y constant, the 
limits for a will be from the point at which this tube cuts 
the plane a=0 to the point in which it cuts 5=0, i.e. from 
a=0 to a=l—)8~y. Then we have 



Next, integrating this with respect to /3, keeping y constant, 
the limits for will be from ^=0 to the point where a=0 
and 5=0, i.e. where /8=1—y, and 

Lastly, integrating from y=0 to y=l, Vq^ 

Hence jff=6Fo; therefore the formula is 

V=QVo^^^dadpdy. 


K 

" 6 ’ 


805. Surface generated by the Revolution of a Tortuous Curve 
about an Axis. 

Let a curve of double curvature revolve round the 0 -axis; 
it is required to find the surface generated. 

Let PP' be the element ds of the curve. 

Let revolution about the 0 -axis be made through the angle 
do, and let the perpendiculars PN, P'N' turn into the positions 
P,N, P/N'. 

Then PP^^NPdB, 

FP{^N'Fde--NPdd 

to the first order, and NP^Jy^ + y^, and the area of the ele¬ 
ment PP^P^P' is NPdO . (fo sin X to the second order, where x 



REVOLUTION OF A TORTUOUS CURVE. 
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is the angle between P^P and P^P^y i.e, between directions 
whose direction cosines are 

dx dy dz , x ^ 

(IS ds ds sJ‘3^-\-y'^ \J -j- y'^ 

Hence cos x = slW+f 

and sin X = V + V')- (*|f - 2/^^ 



Hence Area of element PP^P(P' 

= kIx^ + y^ ddsldx^ -f dy'^ + dz^ ^(x^ + y^) ~ (x — y^^ jslx^+y^ 

=^dSsl{x^ + y^)(dx^ + dy^ + dz^)~{x dy—ydx)^ 

= dd s/(x dx 4- y dyf + (a^ -b y^) dz^. 

Hence, for a complete revolution the area traced out is 

27r j* J{{xdx + y dy'f + {x^ ^y^)dz ^}, 
or in cylindrical, (p, 0, z), 

^%Tr{pJdp^+dz'^ • 
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That is the area of the surface described is the same as 
would be traced out by a rotation about the tlirough 

the same angle, of a new plane curve constructed by first 
swinging back each point of the tortuous curve from its 
actual position without alteration of its distance from the 
axis of rotation into a corresponding position upon the initial 
plane. 

And if ds be an elementary arc of this new curve, 

= dp^ + dz^, 

and therefore Area = 27r J p ds. 

806. Ex. Let us employ this formula to find the surface of a hyper¬ 
boloid of revolution included between two planes perpendicular to the 



axis, the surface being regarded as generated by the revolution of a 
straight line about the axis, which we take as the ^-axis, the line making 
a constant angle with the ^-axis and not cutting it. The equations of the 
line are 


Hence 

and 


.vr=a cos tan a sin 6?, 
^f/==asin O+z tan a cos 0, 

x'i 4.^2 _ ^2 ^2 

xdx-^^ydy — z dz tan^a; 

. S=‘27rJsjz^ dz^ tan^ a + {a^ + tan a) dz^ 

~ Stt tan'-^a sec'^a dz 

=27r tan a sec a f a/ z^ + a'-* ~ dz. 

J ^ Bin^a 


ANNULAR ELEMENT OF SURFACE. 
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Hence 

S—TT tan 

807. Case of an Annular Element of Surface. Surface of the 
Ellipsoid 

/yA n fit /tfi 

^.+1+^ = 1 {o>h>c). 

Legendre’s Formula. 

The equations of the normal at y, z are 
X~x Y -~y Z — z 
X y ~~ z ' 

and its direction cosines are where p is the central 

perpendicular upon the tangent planes at x, y, z, viz. such that 

of c* * 


0 

a sec a 


„ . .jCos^a a^cos^a . , t -ssin 

H-— siiih“'-; 

sin^a 8111'^a a cos 


sin g 
jos'^aJ*,’ 



Let a cone be drawn whose vertex is at the origin 0, and 
cutting the ellipsoid at all those points at which the normal 
makes a constant angle 6 with the 0 >axis. Its equation is 




Let & be the area of the ellipsoidal cap cut off by this cone. 
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If WO eliminate z between the equation of the cone and the 
equation of the ellipsoid, we obtain the projection of this 
curve of intersection upon the plane of xy, viz. 


sec®^ 


\ a2 


viz. an ellipse of area 
A = 

Va^ sin^^+c^ cos^^ \fh^ sin^tl + cos^d 
If we increase 6 to ^^+(5^5 we increase S and A respectively 
to S-f-6/S and A+SA. Now SA. the difierencc between the 
areas of two ellipses, is the projection of SS upon the x-y plane. 
And when S:) is indefinitely small, all elements of SS cut off 
by contiguous meridian planes make the same angle B with 
their projections, which are the corresponding elements of SA. 


Hence 


SA = SS cos B and SS = 


and taking the limit and integrating 

dA 

] cos 6 


JA_ 

cos 61’ 


S 


Jcc 

clA 


To effect the integration of-we shall change the variable. 

® cosB ^ 

We have 

___si n^^ 

n / O 2 — C^J coh^B s/h^ — (/;2 — (.2^ 0Qg2 0 


A = 'rra^h^- 


Put cos^ = 


x/a2 


Then 


. ^ sin ib , 

sm 0 = . , where c = a cos v. 

5 ^ sin y ^ 

j ^ sin^ 0 

_sin^y_ 




^ irah sin^y—sin^f/) 
vsin^y cos (f>Jl—k^H\x\^<p 
_ ainV -sin^ f -c«) 

“sinV cos^.A ’ 6V-c^) 


which is <1, and A^=l-“/::^sin*0. 
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And d>S = siny~; 

* ClI 


dA 


= sin y d - 
' L SI 

= sin y 


sin 0 

A _ ^ ,, 

sin 0 8 m 2 0 




TTUb 
sin y 


w4 7r(d) sin^y—-sin ^0 
sin ^ "^sin^y A cos 0 * 

L \A sm 0 cos 0 / A sin 20 


__ Trah /sin2y--sin2 0\ 
sin y L \ A sin 0 cos d)J 


, sin^y , 


Now 


d., k^cos,^(/) 

(Acot 0 )-~ ^ ' 


deft 


A sin 2 0 
A 

sin20 

-/c^-fl-A^ 1- /.^sing0 

A Asin2 0 

1 


d(k 

~~A 


....{!) 


4 - 


A sin 2 0 ’ 


Hence 


sm y L \ A sm 0 cos 0 / 

+sin 2 y (Q - a) d</>-d(A cot 


Trah 
' sin y L 


L V A sm 0 cos 0 ' ^ / 


- si n^ yA c?0—cos^ y — J 

— r ^ (1 __^2 81^20 sin^y — 1—^2 sin2y) 

sinyL I A ^ ^ ' 

— sin^ y A d<j> —cos^ y — 


where 


1—A;^sin2y=l 


• “^2 




and the limits for 9 are 0 to ^ for the upper half of the 

ellipsoid, and the consequent limits for 0 are y to 0 , and 
double to take in the lower half of the surface. 
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Thus for the whole surface 


d0' 

X. 


= 27rc2+?r^'[sin2y£(y, *)+coa2y-f’(y> *)3> 
c 

where co8y = -, a form due to Legendre.* 

808. Gases. 

In the case of the oblate spheroid, a = b, k = l, and the 
elliptic functions degenerate. 


and 


£! becoming | Vl—sin^^ sin y 
F becoming ^=logt.an(|+j), 


giving S=27rc* 4 -|^[sin 8 y H-cos^y ]og tan (|-f 5 )] 

= 2 xa 24 - log tan -f t) > 

^siny ^ \2 4/ 

and for the prolate spheroid 6=c, k=^0,E=y and F—y, giving 

S—27rG ^-\—;-. y 

Sin y ' 

==27rc^ fl -{--- 
\ sir 

27rac 

sin y 


sin y cos y/ 

or —- (y + sin y cos y). 

809. Another Method for the Surface of an Ellipsoid. 


From the formula 


S-~ 


=f~ 

Jcos6^ 


ilA 


we may deduce anotlier form of expression for the area of an 
ellipsoid. Substituting the value of dA, we have 
1 , 1 


dS^ira^h^ 


Put cot 6^- 


v/A 


cos e ^ y/(a^ +6*2 cot 2 ?)( 62 ':[- cot20) ’ 


* See Sorret, Calcnl Int^graly pages S3B-342; Legendre, Exercicea du Calcvl 
lnt6gralt p. 193. 
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Then 

dS ^ 1 

ira^b"^ JX .^(a2“qrx)'(62qpxj 

= r_i _ 1 1 d\ _ 

' + ^Va* + X'^?>"+V2v\(a"+X)(S2+X)(c2+X) 

_. _ 

2 Va*+X^6* + X c^ + xJ jxia^+X)(b^+X){c^+X) 

_1 / I I__1_1\_ XdX __ _ 

2 Va2+X+62+X+c2 -( X X/ v/M^^-^Tx) ( 62 + X){c^ 4'^’ 

and the limits of integration for the upper half of tlie ellipsoid 
are d=0 to 2 .e. X=oo to X=0. The result must be 

doubled to include the lower half of the surface. 


Now 




+ 


] 


-+- 


'+X X/ 


JXdX 


+x^ 62 +x^c 2 +; 

d VX 


=-i" 

- 2 [: 


dX v/(a24-X)(62 + X)(c2+ X) 

J=o, 

Jo 


v/(a'^+X)( 62 +X)(c 2 +X) 
dX 


_V(t(-2 + X)(62+X)(c2 + X)- 

(See Art. 363, Ex. 5.) 

_ _ _ _ dX _* 

*+x'^ 62 f x‘^c 2-+ x/v'M«^^^'"Txy(^x)’ 

for the whole area of the surface of the ellipsoid. 


Hence 
S~7ra^b^c^ 




4-4: 


810. Wo now revert to the consideration of the generalised 
system of orthogonal coordinates discussed in Art. 789. 

It will be remembered that we there obtained expressions 

S\ S Sp 

for the direction cosines of the elements in terms of 

partial differential coefficients of y, z with regard to X, v. 

We may also readily express the same direction cosines in 
terms of partial differential coefficients of A, /x, v with regard 
to X, y, z. 


Mathematical Tripos, 1896. 
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Regard 7 -, as the directions of a new set of three 

tl^ ^2 "z 

coordinate axes OA, OB, OC. 

Referred to such axes the direction cosines of tlie original 
axes are: for Oa:; Z«, 

for Oy ; 7n^, in 2 , 
for Oz] n^, n^; 



then l-^Sx is the projection ol Sx upon OA 

=a small clement oji OA due to an increase of 
X to x~i 6x, y and z remaining unaltered, 


Similarly 


1^ OX 

?)X 


Sx, 




and 


/ J? 1 o 


etc.; 

and we have the system of equations 


, 1 

dx’ 

1 SX 

1 3X 

m,=^- ;5-, 

dz 

7_i?M 
* h^dx’ 

1 3m 

to 

II 

j _i 
® Aj dx’ 

1 dv 

1 dv 




whence it follows that J\ ie. 




h 

7711, 

^ 2 ’ 

mg, 


m 3 . 
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m 


which might have been anticipated from the theorem 
Calc., Art. 540). 

We thu 8 liave the following relations between the Several 
partial differential coefficients, by comparing with Art. 789, viz. 


h 2 

-dpT-dx’ 


dx’ 


* 3\ 


^ dv 


SX 
'--dy' 

l, 

2 a/x"92/’ 

3 a^“32/' 


3\ 

h^--- 
3 3^ 


ax 

'''dz' 

01 / 

' 0 ^ 3 ’ 


and 


— ^^x +2/x^+ 

2 /^ 2 + 0^2 


Similarly 


hf 

] 


_ —/»• 2 


V+ 2 /^ +^M 


2 ?/v H~ 


811. It is plain that the areas of the three faces of the ele¬ 
mentary cuboid which lie on the surfaces X = const., jx = const., 
i/ = const., are respectively 

SfxSv Si/SX SXSjui 

^2^3 ^1^2 

and that the infinitesimal distance between x, y, z and x+ Sx, 
y + Sy, z+Sz, viz. the diagonal through P of the elementary 
cuboid, IS «•.. o ? 2 jp 2 

[See Todhunter, Functions of Laplace, Lame and Bessel, pages 
210-233 ; also E. J. Routh, And. Statics, vol. ii., Arts. 109,110.] 


812. Elliptic Coordinates. 

The most remarkable case of these orthogonal surfaces is 
that of the three confocal conicoids, (a> 6 >c), 

^ ^ ii-i ^4--4-~i 

a*-fX"^6®4-X'^c*+X"~ ’ a^+ij/^ ^ a^ + v ’ 

viz. an ellipsoid, a hyperboloid of one sheet and a hyperboloid 

of two sheets respectively, so that X is <t — c^, /x between 

— and — 6 *, and v between and - a* 
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To express x, y and z in terms of the parameters X, v, we 
resort to a well-known algebraical device, viz. 

Consider the equality 




where x, y, z have the values obtained from the above equa¬ 
tions. This is either an equation to £nd 0, or it is an identity 
true for all values of 6. 

If an equation, it is of quadratic nature; for 0^ disappears 
upon multiplying up by {a^ + 0) {h^ + 0) {c^ r 6), Hence it 
could not be satisfied by more values of 0 than two. This 
equality, however, is obviously satisfied by B = 8 jx and 

d = v, i,e. more than two values. Hence it is not an equation, 
but an identity and true for all values of 8. 

Multiply then by 8~\~a^. 






yi 


b^+e c^+e 


V« 2 _L 

)ia . 


In this identity put 6——a^', hence 


Similarly 
and 
Hence 
that is 

and similarly 


2 ;i= = 


^2_(A+«")(A‘+al(*'+a=‘) 
(a='-62)(aa_c2j ■ ' 

y — (62-c2)"(62-o2) 

(X+c®)(;u+c®)(>/4c2) 

(c2-a*)(c2-62) 

9r 

'd\ (a^-¥) (a2- c®') a® + \ ’ 

a'dx _ X 

'^^“o®+X’ 

9^_ y 

a\ 6®+x’ 


2 ^ = 


ax c®+x 


Again, if we differentiate the identity (A) with regard to d, 
we obtain another identity, viz. 

a:* , , z* _ iX-dH^-e)(v-e) 

(a®+d)*‘*‘(h®+d)®'^ (c®+0)® ~ (o®+d)(6®4-^)(c»+^) 

ri, 1 1 1 1 11 
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and putting X in this result, 

4 (I)+(I)-KS)’]= 


(X—/u)(X—><) 


*.e, 




(o*+X)(62+X)(c=‘+X)’ 
Ax 


(X —/x)(X—I/)’ 
where Ax = (a®+X)(h®+X)(e®+X), A|^, = etc., A„setc. 
Hence 

2 ^-r- , 2 




t ^2 -- -- — - 

n/(i'—X)(X —yu) \/{\~fl)(/J.— li) 


h-y 


2 


V-A,. 


v/(/x--»')(</—X) 

We thus have for an expression for a volume divided up 
into elementary cuboids defined by the faces of the three 
confocals X, //, v, and the three contiguous confocals 
X + ^X, fx-^-Sfx, 

F= d,ydr 

JJJ \/—A^A^A,/ 

813. In case of integration throughout the volume contained 
by the ellipsoid, 

the limits are: for X, from X=0 to X==— 

for /X, from ijl=—c^ to fi= — b^; 
for p, from v—~b^ to v——a^. 

814. If any function F{x, y, z) is to be integrated through 
any specific region bounded, xsay, by confocals Xi, X 2 , juL^y 
^ 1 , 1 ^ 2 , we must convert F into a function of X, /jl, v by sub¬ 
stituting for X, y, z their values, obtaining, say, -Fi(X, /x, v\ 
and then the required summation will be 

5 JJJ„ *■ 

815. For instance, if the function to be integrated be 
J —Ax AyiA, 


Fi(X, n, i/) = 


X/ttr, 


we have 


J= 


(m— r)(v—X)(X— m) 
1 

^ J Xi J J ><1 


\fxv d\ djix dv 
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816. In particular we may gather from the known volume 
of an ellipsoid, viz. %irahc, that the value of the definite 
integral 

Jo J—c*J~'6“ n/ 


dX djuL dv is irdbc. 


817. The elements of surface of the three confocals at a 
point of intersection are respectively 

SjulSv 


dS,- 


SX 


= Un-v) 


= K>'-A) 


v/(^ 

s/A^a/ 
J A„ A\ 




. J{fx—v){^\) 

"2 \/AxA^ 

818. We may thus, for instance, express the area of any 
portion of the ellipsoid X=0, bounded by confocals jui, /Ug, 




as 




819. The distance Ss from X, n, v to X+(5X, ju+^/x, r+di/ is 
given by Ss^ = 8x^ f Sy^ + 


6\^ , S/j.^ , 




X)(X-m) 


Ax 


(JX2+ + 


1 


And 


In the case where the line lies on the ellipsoid X = 0, 


1 f 

2jl A, 


•') 




A„ j 


And when the curve on the ellipsoid is further defined by 
a relation between /x and v, further reduction may be effected. 
For instance, along the line of curvature which is the inter¬ 
section of the intersection of X = 0 with /x = const. = /uo» say, 
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or writing: 


+ = + = — = — = 


we have 




for tlie length of a specified arc of a specified line of curva¬ 
ture upon the ellipsoid. 

820. If we write 

X + a"=-Xi2, /uL+a^=/Jii\ 

X-(-c2--=Xi2~c,2, 

the conicoids become 

I ___•, ^ ^ , 

X 2 + X 2~7> 2~^X 2 -C 2”^ ’ ,/ 2 '■ . 2l_//2+rXITT^'—^’ 

Ai A]- Ui Aj Cj 

♦ />.2 /iy2 /<>2 

^-__l__j__..-] 

—?)|2 jy^2—yi^2 ’ 

and we have a certain amount of simplilicatiori of the 
formulae, but with a loss of symmetry.*’' 

Thus we obtain 

•" ■■ ■’ ^ ■ (v--v)v . 

y_ff|'_ (luxdv^ _ _. 

and for the volume of the ellipsoid 

I I 

V 

the limits are: for X^, from to \; 

for y ^, from to c,; 
for rj, from 0 to ?>i. 

Hence it follows that the value of the definite integral 

_(mx" Zli") {vi^~ \^){\^-iii,^)d\dy,dv, _ 

is i. iTr\ s/V^ Vn/V-c,% 

being an octant of the ellipsoid. 

^ This is the notation acioptod by Todhunter, Functions of Laplace, Lami 
and Bea^tl ; Bertrand* Calc. Int. 

E. i.o. 3 H 
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The suffix has been retained to prevent misconception as to 
the meanings of the several letters, but may now be dropped. 
For this and the values of other definite integrals of similar 
nature, see Todhunter, Functions of Laplace, Lam4 and 
Bessel, Chapter XXI. 

821. Solid Angle. 

Let C be any closed curve, plane or twisted, bounding any 
region upon a surface, 0 a fixed point, and S a sphere of 
unit radius, with centre O. Let a cone with vertex 0 and 
generators passing through the perimeter of C, isolate on the 
unit sphere an area «). Then w is called the “solid angle'’ 
subtended at 0 by the portion of surface bounded by C. 



The area of a sphere being 47r x (radius)^, it follows that 
the solid angle subtended by any closed surface at a point 
within it is 47r ; at a point upon it Which is not a singularity, 
27r; at a point outside, 0. The solid angle subtended at a 

corner of a cube by the rest of the cube is ~ = ^. At a 

o 2 

point on the line of intersection of two planes cutting at right 
angles, each of the regions into which space is divided by the 

two planes subtends a solid angle ^ = 7 r. At the vertex of 

a right circular cone of semivertical angle a, the solid angle 
is the area of the portion of unit sphere, centre at the vertex, 
cut off by the cone, i,e. 2^.1. (1—cos a), i.e. 27f vers a. 
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A circular disc of radius a subtends at a point 0 on the axis 
whose distance from the plane of the disc is h, a solid angle 

2x [l -CM (tan-.“)] - 2,r (l -j—)- 



822. In the spherical polar system of coordinates, the face 
of the elementary cuboid r^sinO S(}> Sr, which is at right 

P' 



angles to the radius vector, is sin 6 Sd S<f)y and if Sw be the 
solid angle subtended at the origin 0, we have 
sin 0 SO Stj)_ 

i,e. the area pqrs, viz. So), intercepted upon unit sphere by 
radii vectores to the boundary of the element whose face is 
PQRSy viz. sin 0 SO Sej), is given by 
Sw == sin 0 SO Sip. 

The element of volume r^sin^^^^^^r may therefore be 
written as P Sw Sr, and 

F == Jj*r®c?a>c?r==~Jr®d!ft). 

In the case of the sphere r is constant, and 
. = Jr®. 47r = 
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82*i. Let the inward drawn normal at any point of a 
closed surface make an angle x with the radius vector r to 
the point, and let SS be an element of the surface about the 



point; then the projection of SS upon a plane cutting the 
radius vector perpendicularly is SScosXi the limit 

when SS is intiiiitesimal, we have 


SS cos 
Soo ""P 


SS~7'^ sec X Sou, 


to the second order; whence 

S = j*r^ sec X dco. 

Also, if p be the perpendicular upon the tangent plane at 
the point r, 8, <p, we have 

p=zr cos X and J ^ 

Obviously it follows also that 

and if the closed surface surrounds the pole 0, this gives 

If 0 lies at a point on the surface where there is no 
.insularity, 

If 0 lies outside the closed surface, 

If 0 lies at a conical point of solid angle w, 
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These theorems are of great importance in the theory of 
attractions, and are due to Gauss. (See E. J. Routh, AnaL 
Staticsy vol. ii., Art. 106.) 

824. Solid angle subtended by a triangle at a point not in its plane. 

Let ABO be a triangle of sides a, 6, c lying anywhere in a given plane 
XYy let O be a point not in this plane, and let OAy OBy 00 be respec¬ 
tively Py q, r. Let the planes OBO, 00Ay OAB intercept on the unit 
sphere, centre O, the spherical triangle A'B'C' of sides a'y 6', c', and let p* 
be the great circle perpendicular from A' on RO\ and let w be the solid 
angle subtended by ABO atO, and £?'the spherical excess of the triangle 
ABC, 



Then <u is measured by the area of A'B'O'y i,e, 

u)=.E'^A' + B' + 0'-7r. 

Hence it appears that triangles bounded by planes such that the 
sum of the angles between them is constant subtend the same solid 
angle at 0. 

Cagnoli’s theorem gives 

. E' Vsina'sin («'-«') sin sin 

Y T 7 F U’ ’ 

2 cos “ cos “ cos ~ 

2 2 2 

or, which is the same thing, 

sin a' sin b' sin O' 

7 F~~a' 

4 cos cos ^ cos “ 

2 2 ^ 

[Todhunter and Leathern, Spherical Trigonometry, Art. 132.] 

Now let the volume of the tetrahedron OABO be called F ; then 
J. sin a'. p sinp' == F, 

t*e. pgr sin a! sin 6' sin C *= constant «= 6 F. 
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Again, = 2qr cos a\ 

i*e, (g H- r)^ - ^ ® ^ 

and if II^ represent [{q-^rY-a^[{T-{‘pf-~¥'\[(p + qf--c:^^ we have 
n'-* == 64p2gfV2 cos‘^ ~ cos^ cos‘^ ~ and n = Spqr cos ~ cos ~ cos ^. 

Hence sin 

Also, if ^ be the distance of O from the plane of ABC and A the area 
of the triangle, . 

V~\hA and sin^=4^^. 

If then the triangle moves in its own plane in such manner as to make 
[(g + rf - a2j [{&^] [(jp + q)^ - = constant, 

the solid angle at O will remain constant. 

If the triangle ABC be a fixed non-conducting lamina uniformly 
electrified, this equation will determine the lines of equal density of 
electricity induced upon an infinite parallel plane conducting and 
uninsulated. 


825. Illustrative Examples. 

1. To find the volume of the portion of the paraboloid 

■^+•^ = 2 . 

a 0 

cut off by the plane 



The difference of the ^:-ordinates of the plane and the paraboloid is 
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The projection of the cur ve of intersection upon the x-y plane is 


, Jx-\rmy-'p 

--+_ + 2 ---. 


^0, t.e. an ellipse. 


The problem of finding the volume required is that of finding the mass 
of this elliptic lamina with a surface density We have to evaluate 

jj idxdy 

over the area of the ellipse. 

Keeping x constant, we have 

^ = / [ - £) - 2^ - lb - J'-’)] 

where yj, ^2 ordinate.s of the ellipse on the x-y plane for any 

given value of x. 

Now, the quadratic for y being 


we have 


2m 1 

2lv 


ho, 

h— y + 

—I-- 

- 


^ a n 

n ) 


2mb 


(x^ . 

2lx 

"ir» 

yiS'2=6| 

u+ 

n 


n / 


Hence the subject of integration is 

fr - ..-ir -Viy-i ,(Pi+»2f «/2“ + y2.Vl+?/,'q_ O/i-J/a)’ 

(!h - .'/i) L “ IF +~b 66 J — m~ • 


where 


al‘' + bm^-{'2np , . I 

I ---r and P=.r + a-, 


and the limits for ^ are -c and +c. 

Hence F= (c'- d^. 

To effect the final integration, let ^ —csin 0. 

Then the limits are ^ double. 

Hence ^.=2. cob40<W 

_ 1 ^ 15: 

"66 • -"42 2 

jr 5^ „ (dP + bm, ^ + ‘‘2 npy‘ 

“"4 ■ a4’“ \ i 

/ 


We might elect to do the same thing by taking laminae parallel to the 
plane Ix-^my+nz—p. 
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The area of such a section is 

{aP -f hm^ + ^pn) 


[C. Smith, Solid Geometry^ p, 99.] 
The thickness of a slice is ^p. 

The slice of zero area is duch that 


al^ 4 - hm^ + ^Ippi — 0 , 


Pi being the corresponding value of p. 

The limits of integration with respect to p are from pi to p. 
rsjfih 

Ji’i 


Hence 


/ {al^ + bn- 4- 2pn) dp 
Jpi 

[(of'' + bn^){p-pi) + n {p- -yj")] 


IV 

TV slab 
TV 


trslab^ T-Jab, 

-.-^,-[p~p,yn= ^-~{p-p,y 


as before. 


We may note that frusta of finite thickness whose bases are parallel 
to a given plane are such that their volumes vary as the squares of 
their thicknesses ; also that frusta of given thickness are such that their 
voliiriies vary as the squares of the secants of the angles which the 
normals to their bases make with tlie axis of the paraboloid. 


2. To calculate the value of 


/// 


^{lx-\-mfj-\-nz)dxdj/dZj the integra¬ 


tions being conducted through the volume of the ellipsoid 

4- //‘V b^ 4* z^/c^ = 1, 

I, m, n being such that 

Let Ix-hmy-^nz—S. 


The area of this section of the ellipsoid is 



where p^=+ hhrp 4- c W. 

Consider the ellipsoid divided into thin slices parallel to this plane. 
The volume of such a slice is Ad^ to the first order, being the tliick- 
ness of the slice, and ^(8) is, to the first order, constant through the slice. 
Hence 
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3. To calculate the value j jj + + integra¬ 

tions being conducted through the volume of the ellipsoid 


a^jd^ -f- y^jh^ -f z^jc^ = 1. 


Take 


^2 ^2 


-~s. 


The volume of the ellipsoidal shell bounded by the similar ellipsoids 5 
and S + d 8 is d(i 7 Tahc 8 ^)=^ 2 -abc 8 ^d 8 , 

and <f>( 8 ) is constant throughout this shell. 

Hence jjj cl}^K^ + ~-\-'^^dxdydz==^ 2 nabc j </)(8)VSci?8 


4. Find the mass of a thick focaloid,* i.e. a shell bounded by confocal 
elli])soid.s, the layers of equal density being confocal surfaces, and the 
density at each point inversely proportional to the volume contained 
by the confocal through the point. 

Let -- " - v 4-i-Tr“-T -f - o"..v ~ = 1 be the confocal through the point, and let 

a-*-f A 6“ 4-A 4-A ® ^ 


. 4 .^. 4-: 




be the outer and inner surfaces of the shell. 

The volume contained by the ellipsoid A is 

F = >J{d^ + \W 4- AHc2 4*~A). 

The volume of the layer between the surfaces A and A4'<'ifA is 

rfF=iW(aq:X)(TOKTO)(-4^+,,V^^ 

The law of density is 

p = ^/^7r\^(<^‘^4-A)(62 4 -A)(c2 4-A), k being a constant. 
Hence the mass of the layer is 

^ ^2 (zPTX ■'■FTa c^) 

and the mass of the thick shell is 

= § log dW -1 log a’^{b^+ a'2 - a^) (c^+ a'^ - a^) 

= 7clog-?~. for a2-a'2=6'^-6'2=c2-c'2; 

^ ah c- 


and if D be the density of the outer layer, 


Hence 


^Trabc 

M = ^^ahcD\o^ 

aoc 


*For this term see remarks by E. J. Kouth, Anal, Statics, voL ii., p. 97, and 
Thomson and Tait’s l^aturod Philosophy, 
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5. Consider the region bounded by 

(1) a sphere . 

(2) a right circular cylinder x^-Yy^~hx (a<^6) ; 

(3) the two }>lanes /y — io; tan a. 

We shall first find the volume enclosed by these surfaces in the positive 
octant of space. 

Take cylindrical coordinates r, 6^, z. 



The elementary prism on base r 60 6r has volume rz60 6r to the second 
order, and 

V=ll rsdOdr 
= / j r^d‘ — r^dddr 
de, 

and the equation of the trace of the cylinder upon the xy plane being 
r—bcoBO, the limits for r are 0 to 6 cos 6?, whilst the limits for $ are 
from 0—0 to 0 —a. 

Hence C 0)^}dO 



Writing and u —in the integral. 
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where 


''-t-{hK)4{U!-iy‘^‘04 


and by Legendre’w formula (No. 10, p. 399), 

/ A'^d</) = --“ Asm</>cos<^ + —- E--^F; 

Jo ^ O O 

and if be the real quarter periods, we have 


where '^1and 






And for the irWe volume of the sphere included between the specified 
boundaries, we have four times this quantity. 

When the cylinder just touches the sphere, i,e. h = a, the elliptic 
functions degenerate. 

We then have for the volume in the positive octant 

(1 -sin^D)de 

— y- f4a - 3(1 - cos a) + J (1 - cos 3a)] 

u * 

= (12a - 9 vers a 4- vers 3a) ; 

ot) 

and in the case where the planes y~ 4rajtana coincide with the y~z plane, 
i.e. tt—", tl 
r=aco8 0 is 


i.e. tt—", the whole volume cut out of the sphere by the cylinder 


4F=J(67r-8) = ™(3a-4). 

To find the surface of the sphere thus bounded in the positive octant, 
we have ^ r 

S~ / j^ecy.rdddr^ 

y being as usual the angle the normal to the sphere at r, z makes with 

% . , . z •*!0^ — T^ 

the i;-axis : that is cos y — --. 

• a a 
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Hence 


'-//vJ 




dO dr 


ra p -|6costf 

“"“io L''“^Jo ^ 

fo ; 

and putting as before 0 = ~ - and cl=^~— fS, 

2 j 


S==a^(~~ /i'j+a^j^ '\Jl-^^aia^<l>d<t> 


..■(l-/))+.>(j;’-f)Vi-|.i..>i* 

..<{l-/))+.-{®(ft|)-j(.(|, 5)}i 

and when 6=a, we have 

8~a^j^ (l~&m$)dO 

=a^(a-versa) ; 

and for the further particular case when a=:^, 

And in each case the whole of the surface of the sphere intercepted in 
this manner is four times the portion which has been found. 

6. At every point of an elliptic lamina a straight lino is drawn 
perpendicular to the plane of the lamina and of such length that the 
volume (p, say) of the rectangular parallelepiped formed by this length 
and the distances of the point from the foci of the elliptic boundary is 
constant. Given that a and h are the semiaxes of the elliptic boundar}', 
show that the volume of the solid thus formed is 


TT/X, « + & 

~i- log- 

Taking ar+tj/=c cos (6*+t</>), we have 


[COLLBOES, 1891.] 


x~cco8$cmh<j>^ -csin 61 sinh <#), 
and the loci <^ = constant, = constant are the confocal conics 




y‘ 


_1 and 






c2cosh2<j5) c^sinh^c/j ^ c^cos^^l casin'* 61" 

and the focal radii ri, ra ai'e such that ri+r 2 = 2ccosh 2ecosi9. 

Let the elliptic area be divided up into elements by confocals in this 
way, taking the element bounded by 61, 6^ + 861, <^>, cJ) + S(^ as a type. 

Now 11 P{x, y)dxdy= jj Fi(0, <l>)Jd0d<jy, 

where Fi is the equivalent of F in terras of 6, <j>. 
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Also 




d(.v, y) 


= —CHiii 0 cosh (/), ccos^ysinh 
“ c cos 0 si nil (l>f -c si n 0 cosh 
— c^(si 0 cosli'-^ <p 4* cos‘^ 0 sinh^ cj>) 


</> 

</> 


=c'^ (cosh^ - cos*-^ 0 ) 


= \{{rx+r,y-(r,-r,y}=ryr, 
and by the condition of the question fx^zr^r^. 

Thus 

Vojurne=F=JJ zdxdy=jj J~.r,r.2dOd(t>=/j.[e2l(l>'], 



Thus 


Fig. 294. 


F=M|8inh---,.^L 


TT, h + a 


= log 


a~h' 


7. 


In the evaluation of such integrals as 



taken over the 


surface of an ellipsoid of semi-axes a, 6, c, where the surface is S and the 
volume F, p being the central perpendicular upon any tangent plane, 
consider three points 1 \ Q, ll on the surface, which are the extremities 
of three semi-conjugate diameters. Let S»S'], ^ 82 ^ ^^*^3 elements 

of the surface about the three points and pj, 'Pz corresponding 

perpendiculars. 


Then 


^ CdS^ [dSo fdS^ 

“ 3 ; 


Now suppose these elements of area 6<S',, SS 3 to have been so 


chosen that 


p«-‘- 


SS 3 

pr~ 


as, &5? 
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'Fhen, since 

Pi Pi Pi 

we have 


i.e. 

we also have 

/_j =. dS=^7^V, and Iq — S ; 

whence w'e can 

readily infer the values of Jj, / 2 , /s, 


, 1 , j\” 

S '' ‘SV 3'‘W 6-^ cV ‘ 


PROBLEMS. 

1. Find by integration the volume of a frustum of 

(1) a pyramid on a triangular base, 

(2) a pyramid on a square base, 

(3) a cone. 

2. Find the volume of the portion of a sphere bounded by planes 
dirough the centre which cut the sphere in the sides of a given 
spherical triangle ABC. 

3. Show that the volume cut off from the paraboloid 

4- 2/2 = 4az 

by the plane x-\-7j + z — a 

is 1 Swa^. 

4. Show that the volume of the solid bounded by 


IS 


2/ 

02 ■*■’62 
471 


271- -4 1 


rrabc. 


6. Show that the volume bounded by the surface 


y 

52^62 




Cn 


and the planes 
is 


^ = 0, z^h 
27rabh ni\^^ 


271-f 1 \c 


6. Show that the volume of a slice of the ellipsoid 


J.2 ^ 
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bounded by the panillel planes 

lx + my nz ~ 
lx + my + nz = 8^, 

is ^p'(Si-82)(3i>*-V-S:82-V). 

where p is the central perpendicular upon a tangent plane parallel 
to the faces of the slice. 

7. If A be the area of a central section of an ellipsoid parallel to 
the tangent plane at the elementary area 8S, show that 


the integration being taken over the surface of the ellipsoid. 

8. Provo that over an ellipsoid of semiaxes a, h, c, 


^pdS = 4 irahc, 


p "3 


(he ca ah\ 

7r( - , 

\ a h c J 


(IS S(\ 1 1 


[dS^S( 1 

J y ~ '3 U- 


+ Tii + -.7 h 

c-J 


dS being an element of surface, and p the central perpendicular 
upon the tangent plane. 

(dS 

Investigate also the value of j . 

9. Apply the formula + c/aS to find the volume 

of an ellipsoid, o’, y, z being the coordinates of any point on the 
surface, and /, w, n the direction cosines of the normal there. 

[Colleges a, 1881.] 

10. If the ellipsoid of semiaxes a, c be very nearly spherical, 
then its area is, to the first order (inclusive) of the small quantities, 
represented by the difference of the axes 

ATTO^h^c^. [Trinity, 1891.] 

11. Show that a portion of a spherical surface (radius unity) may 
be bent into the surface of revolution defined by the equations 

x^kcospeos^, y = ^cos^sin|, z = jE'(p, ^) (= J sjl sin-^p dp ); 

and explain the geometrical theory, distinguishing the two cases 
^<1, A;>1. [Math. Tripos, 1887.] 
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12. The curve z = f(x)^ y = 0 revolves about the axis of Xj and the 
surface thus formed is intersected by the right cylinder //“</> (a:), 
which is symmetrical with respect to the axis of x: prove that the 
cylinder cuts off from the first surface a portion the area of which 
can be determined by the evaluation of the integral 

between proper limits. [Oxford II. P., 1888.] 

13. Show that the cylinder {x - c)^ + =’ (a~ cy cuts off from the 

sphere + + — a portion of which the area is 

8a {a cos”i - c^{a - c)^}, 

a being supposed greater than c. [Oxford II. P., 1888.] 

14. Prove that the volume cut off from the paraboloid 

x^ y^ 2z 
^ iy'~ c 

by the plane z~px~^qy’{-T 

Trahc h‘^(y 2r\^ 

"4" V c ) ' [Oxford TI. P., 1902.] 


15. Show that the volume enclosed between the surface 

{ {x^ + + Cry - 4A-} = 

and the cylinder ^ ^2 

is (7r-2)rA [Oxford II. P., 1886.] 

16. By application of the formulae P~ |* ;c: cos y rZ^S' 

to the evaluation of the volume of an ellipsoid, establish the results 

— v^) dji dv 


(1) 


17.?,^:-. 


')(c2-vV^-p2)(;x2-Z>2) 


TT 

' 9 ’ 


(2) ff 

Jft Jo 


2 ox (<'’® - j J 2/ 2 


s/(J* - - 7,2) 


(See Art. 820 for the notation.) [Lamk.] 

[Tod HUNTER, Functions of Laplace, Lam6 and Bessd, pages 21G, 217 ; 
Bertrand, (7aZc. Int,, pages 424, 426.] 

17, Show that the volume bounded by the surface 

T/2 




and the planes 
is 


/;2' 


2?« 0, « = 


27rdb 
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18. A cavity is just large enough to allow of Ihe complete 
revolution of a circular disc of radius c, whose centre describes a 
circle of the same radius c, while the plane of the disc is constantly 
parallel to a fixed plane, and perpendicular to that in which the 
centre moves. Show that the volume of the cavity is 

19. If (9 be a point without a sphere of radius a and centre 0, 
and r the distance of any point of the sphere from (9, show that, 

integrating ^ over the surface, we have 

j = -—2 ' I 

and 27r - log -—- if n = 2. 

c ® 6‘ + a 

What will be the results if 0 lies within the sphere 


20. A surface is o])tained by making the diameter 2a of a semi¬ 
circle move parallel to itself, the path of the centre being perpen^ 
dicular to the initial j)lane of the semicircle, whilst the plane of the 
semicircle rotates round the diameter; and when the plane has 
moved through an angle 0 the distance which the diameter has moved 
is c sin 0. Prove that the volume of the w hole surface so generated is 

+ lir^ca^, [Trinity, 1890.1 


21. Use the theorem 


V— ^// 

to find the volume of the parallelepiped enclosed by the planes 
ax -H hy -t- cz 0, c-^z = 0, -f -f- = 0, 

ax + by + cz ^ d, a^x + + c^z = c^ = d^. 


22. Prove that the area of that portion of the surface 
(m2 - 1) (a;2 + y-) ~ z^^ 
which is cut out by the surface 

z == 

where a and h are positive, is 

+ *)• £Ow*D II. P., 1890.] 

E.I.O. 31 
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23. Show that when f(x) is a slowly changing function, 

I /{^')dx 

is approximately equal to 

+ +/(»)} 

Prove that this formula may be used to calculate exactly the 
volume cut from a hyperboloid of one sheet by parallel planes 
meeting it in elliptic sections. [Colleges a, 1881.] 


24. Prove that the volume included in the positive octant between 
the surface ^>2 (,^.2 + ^ 24 . + 2 a 2 ) 2 n a^n-\-A ^2 

and the planes a; = 0, y = a, y==oo 

Tra^ 1 . 3 . 5 ...( 47 ^- 3 ) 

“ 2«+tw2.4.6...(4»-2)’ 

71 being a positive integer. 


25. Show that the area of that part of the sphere r= 1 , enclosed 


by the cone tan ^ == ^3 cos <^, is tt. 


[Colleges a, 1881.] 


26. Show that the volume of the solid, the equation to the 
surface of which is 32 + + 28 x 1 / + = 2 nz, 


47r fjfi 

3 [Colleges, 1882.] 


27. If in the tangent plane at the vertex of a paraboloid two 
ellipses be described whose axes are in the principal sections and 
proportional to their parameters, the cylinders whose bases are these 
ellipses, and whose generators are parallel to the axis of the 
paraboloid, will intercept on the surface a portion whose area is 
proportional to the difference between the radii of curvature of 
either of the principal sections at the points where it intersects the 
bounding curve. ' [Colleges, 1892.] 


28. If the density of a tetrahedron at any point vary as the 
power of the sum of the distances of the point from the faces of the 
tetrahedron, show that the mass of the tetrahedron 

^ ^ ^ _V'__ 

(r+ 1 )( 7 ’ + 2)(r+ 3) -Ps)(Pi 

where Fis the volume; Pii PziPs^P^ a-re the perpendiculars from the 
comers upon the opposite faces, and k the density at the centroid of 
the volume. 

Examine what happens in the ease of a regular tetr ahedron. 
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29. Find the volume contained between any two planes perpen¬ 
dicular to the axis of x and the surface whose equation is 

-f ~ (a‘^ -f ^x) + {a‘^ -f ji'x) z^, 

[St. John’s, 1884.] 

30. Show that the mass contained between a paraboloid of revolu¬ 
tion and a sphere, with centre at the vertex and diameter 2a, equal 
to the latus rectum of the paraboloid, where the density at any point 
varies as the square of the latus rectum of the paraboloid containing 
it and having the same vertex and axis as the bounding paraboloid, is 

f^(7-4s/2)aV. 

where p is the density at the external surface of the paraboloid. 

[Colleges 5, 1883.] 

31. Find the volume between the surfaces 

x(y2+«2)i' = ai, f + = y = b^z, 

*(?/- + ~T = “2> f + y = b^x. 

[Colleges 5, 1881.] 

32. Prove that if a, />>, c be any positive quantities in descending 
order of magnitude, the solid angle of that part of the cone 

ax^z^ -i- {hy- - CZ-) (x- y^) == 0 

which lies on the positive side of the plane xy is equal to 



[Colleges 1891.] 

33. Prove that the volume common to a sphere and a circular 
cylinder which touches it, and also passes through the centre, is 
1 2 

of the volume of the sphere. [St. John’s, 1891.] 

2 OTT 

Also show that the sum of the two spherical caps cut off by the 
cylinder forms ^ ^ of the area of the sphere. 


34. A sphere of radius a is cut by two diametral planes so as to 
form a lune of angle a, which is itself cut in two by a plane inclined 
at an angle (3 to its edge and passing through one end of it, and 
equally inclined to the two faces of the lune ; show that the volume 
of the pointed part is 


3 


a^sin P 


a') 


(2 + coa^/3) tan"^ (^sin P tan - ) -f 

^ 1+si 


sin /3 cob^/3 tan g 


sin^/Jtan^ 


[St, John’s, 1881.] 
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35. Prove that the moment of inertia about the axis of z of the 
part of the paraboloid 2 ^ = H- cut off by the plane 

lx + wy + nz = jp, is 

- - —r {pP + anP + 2piiahY{hP{a + 7i) + amPlJa^h) + ^priahia + 6)}, 

UiP{ahy 


the density being taken as unity. [Math. Teipos, 1890.] 

36. If A'¥B + G~0 and the coordinate axes be rectangular, 
prove that 

B, C, D,E,F i X, y, zf x {A', B', C, V, F, F ^ x, y, zf) rfo. 
= {A A' + BB' + CC + WD' + ‘iEF + -IFF), 


where the integration extends over the whole surface of a sphere of 
unit radius whose centre is the origin of coordinates. 

[Colleges, 1892.] 

Also show that the unconditional result is 

^ [A'i^A +B + C) + B’{ZB+G + A) + C'(3C'+ A + B) 

+ iDD' + 4:EE' + 4.FF]. 

37. A flexible envelope is in the form of an oblate spheroid, such 
that e is the eccentricity of a meridian section: the part between 
two meridians, the planes of which are inclined to each other at the 
angle 2;r(l -<?), is cut away, and the edges are then sewn together. 
Prove that the meridian curve of the new surface is the “ curve of 
sines,and that the volume enclosed is changed in the ratio 

8^ jTST. John’s, 1889.] 


38. A surface is such that ABCD being any rectangle in the plane 
of or, y, with its sides parallel to Ox, Oy, and AP, BQ, CR, DS being 
drawn parallel to Oz to meet the surface in P, Q, P, S, the volume 
of the solid ABCDFQRS is equal to the base ABCD, multiplied by 
the arithmetic mean of AP, BQ, OR, DS. Prove that the surface 
is a hyperbolic paraboloid. [Math. Tbipos, 1876.] 


39. Show that the integral 


taken over the volume of the ellipsoid 


nf 




Z‘ 


.2 f 


'W 


18 




[COLtHGES, 1885.] 
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Prove more generally that 


W' 


W-f-wjH-n* 




over the volume of the ellipsoid 
^irahc 




{h cosh k - sinh k\ 


and find the values of 

JJJc^ dx dy dz ; JJ ^ dy dz 

through the same space. 


40. On a closed oval surface of volume V and surface /S', whose 
curvature is everywhere finite, rolls a sphere of radius a; the surface 
of the envelope of the sphere is S\ Prove that the volume of the 
envelope is ^ ^ _ y^^3 [Math. Tripos, 1886.] 


41. Show that the volume of the pedal of an ellipsoid taken with 
the centre as origin is less than that taken with regard to any other 
origin; and that the sum of the volumes of the pedals, taken with 
regard to the extremities of three semi-conjugate diameters, is six 
times that taken with regard to the centre. [Math. Tripos, 1887.] 

42. Show that the moment of inertia of the ellipsoid 

ax^ + hy^ + cz^ + '2Jyz + 2 gzx -f 2 hxy = 1 
about the axis of x is 

\M{ca - 172 + h^)(abc + 2fgh - a /2 - bg^ - ch^)'-\ 
where M is the mass of the ellipsoid. [Trinity, 1890.] 


43. Find the envelope of the conics 6 -y^taxied —a\ where 

0 is the variable parameter. Show that in addition to certain lines 
it consists of a curve whose asymptotes are x=^ ± a. Also, if the 
area between the axis of x, an asymptote, and the corresponding 
branch of the curve be A, and the volume generated by the revolu¬ 
tion of this branch about the axis of x be F, prove that 

» 

F= vaA = (sin <l>)^ d<f>, 

• ^ Jo^ ■ [Colleges/3, 1890.] 

44. Show that the value of 



xyzdxdydz 

-f 4. J52 * 
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taken throughout the positive octant of the ellipsoid 
a--x^ + = I 

a^b'^c^ bC’¥ca + ab 

15 (6 + c)(c + a)(a +^)* [Oxford II. P., 1888.] 

45. Prove that the mass of a sphere of radius a, whose density at 

Ic , 

any point P is where Z; is a constant and ^ is a fixed point 

distant f {> a) from the centre of the sphere, is equal to 

4 Trka^ 

3 * [OxF. I. P., 1914.] 

46. Prove that the volume which lies within the sphere 

^ ^ 

•and the ellipsoid , 

x^siii‘'^tt cosec-/? 4 - y-cos“a sec^/iJ + 
where 0 <a</?<^ 7 r, is 

|a^(7r - 2/^? 4- 2a sin 2^ cosec 2a). [Oxp. I. P.. 1916.] 

47. P is a point of abscissa ic (> 0 ) on the parabola 

= 2ay, ^ = 0, 

and Sa^ is the area of the segment bounded by the arc OP atid the 
radius vector OP; the straight line PQ of length 2 AS'a is drawn 
parallel to Oz, The locus of Q being a curve which passes through 
the origin, prove that 

( 1 ) the length of the arc OQ is ; 

( 2 ) the cylindrical area bounded^by the arcs OP, OQ and the 

straight line PQ is 

fP/45 + {3x- - 2a2)(x2 + [Oxf. T. P., 1916.] 

48- Show that the two cylinders x^la^ + z^jc^^-l and y^~2b{c- z) 
intercept on the plane z=^k (where k^c c-), a rectangle of area 

4a (1 -klc)\/2b(c-{-k). 

Show that the volume cut off from the cylinder x'^/a^ + z^Jc^ = 1 by 
the cylinder —2b(c- z) is 

V/W&. [Oxp. I. P., 1917.] 

49. The sphere + y^ + ^2 = a® is intersected by the cylinder 

a;2 ^2 ^ 

Prove that the ratio of the spherical area cut off by the cylinder 
to the cylindrical area cut off by the sphere is 

7r-2:2. 


[Oxf. I. P., 1916,] 
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50. Integrate 


' [OXF. I. P., 1916.] 


51. Find the value of Jj" taken all over the plane 

x,y, p being greater than unity. [Oxf. I. P., 1916.] 


52. Find the four points where any line parallel to the axis of z 
intersects the surface yx^y'^). 

Prove that the volume enclosed by that part of the surface which 
lies above the plane 0 is [Oxr. II. P., 1916.] 


53. If the coordinates of a point on a certain surface be expressed as 
x — a sin w, y ~ a sin i\ z — a cos u + a cos v, 
prove that the area of the portion of the surface bounded by 
w=:0, u-l-TTy v-Oy v-Itt, 


IS 


TraV \ 

iV'T 3 5 7“ *'•/ 


— 


(2r-l)(2r~3)... 
2r(2r- 2)';:. iT 


where 


[Oxf. II. P., 1915.] 




ANSWERS TO EXAMPLES AND PROBLEMS. 


VOLUME I. 


62-.a2 12 . 


CHAPTER 1 
Page 12 . 

2 . 


2 ’ 3 * **' 

5, Gradient at .ir = 15, 36° 20'; slope — ’735. Slope at 1)’5 is 

rm 

In square units. 

Page 15 

2. L 1, 1, ^/2-h 


1 . 


1 1 1 


1 


2’ 3’ 6’ n+1 


3. I I log 2, e-1. 


Page 25. 


1, ^7ra6^. 


- m-j-1 

3. :r=— -xa. 

j?i + 2 


4. Mass. a^. 

in 4- 3 


6. Using paper ruled to 10^^® and 5 inches to represent unity on each of 
the axes, the area= *78500. As this should be we have the 
approximation TT —3*1400, the true value being 3*141592..., showing 
an error of about *05 per cent. 

Page 28. 

1. Harmonic oscillation. 2. / ydx. 4. 5. 2r:ah?. 7. d\L 

JXQ 

10. Mean by trapezoidal rule with unit increments —23*78. 

True result = 23*026 (Unit increments are, however, too large 

for a very exact result.) 

C” 10a;-«flte = 20-6; 

10.r-* »• Ar=23 ; 10x->«A»=22. 
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13. About 141,550 cubic yards. 

14. (1) I (2) :i 

,, , ,,a^ !- Mom. In. 

Mom. In. = Jz ; I 




} 


where Jf == mass, 
a = length. 


16. if po = density at the edge. Mom. In. Ma\ 

71 + 2 r» ^ o 7^ + 4 

17. About 213 tons. 20. 13,863 foot-lbs., 10,574 foot-lbs. 

26. Taking ordinates at 10° intervals and four figure tables, the 


29. 


trapezoidal rule gave ’250177, the true value being -• 
Area a^)+| (c^ - a^) + C(c - a). 


where A=-:>:{b-c)yJYl, C'=-Z%./n, 

II == (5 - c) (c -a)(a~ b). 


30. True values (1) =257r and (2) 100+2577. 33. 59 c.c., q.p. 

35. ^ a^c + (6 - a) ac + ^ c (5 - a)2 cubic inches, 3438’3 cubic inches. 


36. Binomial Expansion to 3 terms gives ’1204, q.p. 

Graphically witli ^\> = 1 linear inch, the trapezoidal rule gave 
•1178. When this was corrected for curvature of the arcs by the 
approximate addition of small square.s, the approximation was 
•1203. 

40. 8465-7 41. Perimeter = 30'1026 cm., q.p. 


42. The true value is This will appear later. 

V V 

43. When t is large I becomes ^ and Q becomes 

44. § = oZ + ^~-cf, V=a/i + bL + (bR-2cL)t-cKf^. 

M o 


VL 


46. In the ‘Otto Cycle’ of operations there is one explosion for two 
revolutions. About 16 h.p. 


46. Weddle’s rule gives -1-08873; true value -1-08870. 
48. miles. 63. '821, q.p. 


CHAPTER II. 
Page 61 . 

1- C, 


7»+l 


2. |a.77^ + 26j7^, -^ax '' +—'— 
3 /? + ! 


p-i 

hx ^ , 


aa;+ 61 og^--. 

p^-q^pq P + 1 g+1 ^ X 
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3. ac^+6(a+c):r+(a^+6‘‘+c2)log^-|(a+c)-^, 


-log(a-x), 



(g -.'g)'-*’ 

p-l 


. , a+x 1 / , \ 2^ , 

6. fj. 2^=1-894..., f ( 5 ^- 3 ^), Jlog|. 6. 832421|. 


7. ~ (7+log 4). 8. In 5 seconds at a distance of 25 feet. 

9. 4001og,2. The integration is that of finding the work done in 
allowing a gas to expand according to Boyle’s law from v=10 to 
=20. If p and v be in Ibs.-wt. per sq. foot and in cubic feet 
respectively, the result is in foot-lbs. 

10. 8JJ, 8JJ. The portions are alternately^ above and 

below the .r-axis. 


(a.v^ + hc^y^ 


n (a0* + 5)”+i c, , ^ . ,x 1 / . 

n+i{^-^x+V > n + 1 

12. log («"*+«**), ^ log sin 2^7, log cosh .r, - 


13. logtairtr, 


n+ 1 


w-1 (tan-bry*"^’ 

14 1 1 111 (log log log .rV"” 

14. log log .r, log log log .r, —, —YZn' 


, log sin^br, log vers~*^.r. 


Page 53. 


1 , log(a;-t-l), 2 a log (.r-fa), ^ log(. 7 ; 3 +a 2 )^ llog(.^’ 2 -f a^)-}-tan~^-, 

Z Z (X 

|log(a7’+a3), llog(4;” + g”). 


„ 2* „ „, X* . ^ 

„ a?+sina? o^-sin^ 


5* 

3 ’ 4 ^log 3’ log 6 2 log 6 * 3 log d' 


-j log tan log sin a: — cosec .r. 

jt . ,.v ....r iiO^lx i^li 3 + .rP .v-Z 

4. am-i-, sinh-“\~, cosh-^-, ^tan-i-, ^log^—~ =;,tanh“i^, 


3’ 6 ^3-.ii?“3 


3* 6 


5. isec^i^, co8h~i‘l+^sech”^ g, -av/c^-^r^ + dsin*"*’^, 

as/x^-c^-^b cosh~* a -f + 6sinh“^ 
c' c 

6. sin-i(2.«-l), -^sec-*|, a?-4tan-«|, 





ANSWERS TO EXAMPLES AND PROBLEMS. 


876 


7 . (i) -icosec‘^.r, (ii) logtan.jp, (iii) —> 

3(n + 1 ) ~^(ax'3 + 6.r+c)"+*. 

8 . (i) logtau->^, (ii) (iii) - 2 ^^,. 

9. (i) logj. (ii) A- 

1 9. 7)2 _ 1 7, 

11 - (i) 4 («^-l). (ii) ^(«’“-l). (iii) e-e"', (iv) —^+-]og-. 

TT 1 

12 . (i) 1, (ii) j, (iii) g, (iv) sinlidj+sin^. 


13. (i) I, (ii) v/2-1, (iii) (iv) I 

14. (i) — 4--+ —f , 

^ ^ 71 7i - 1 7i - 2 1 


(ii) Last result + log (.v - a\ 

.2 - y .2 


(“') ■5 + 4 '+3 ^ + 7+3+^ + « + log(-*'-l). (v) 


Page 56. 

.i /,N 1 (a + ft + c) ah + hc'\-ca ahc 

1 . (l)log^-^--^• 

( 2 ) -{a + h)^^+{a^-ah + b^)x. 

(4) log(a sin x 4- h cos x 4- c). 

(6) i(tan->|y (7) log tan :r. 

(9) -cot |. 

(12) tan .r 4-log sec .jp. 

(14) a sec x-h cosec x. 

(16) J tan®.t; 4-" ^“ tan ^x 4- ah tan x, 

(17) tan~Uog X 

nf^ /vA ryQ nfSt 

(19) f+1 +|+.r + 21og(^-l). 

18. J of a mile. 19. ; about 9 feet. 


(10) -coh(,i'+^)- 


(3) X . 

' ' a -f 1 log a 

(8) — cosec .jp 4- log si n x. 

(11) tan.r — tan~^.r. 

(13) sec .jp + log sec x, 

(15) — 2 (cosec X 4* sec x). 


(18) sin log A). 

(20) ^tan~^(a6^). 

z. 

20- 


^=tlie ordinate PQ ; ^~^ — ta,ngGnt of angle the tangent at Q makes 


with OK: ?/=asec2-. 

a 

x-h 

23. ,^=a« , ?/==14-778.... 

24. Approx, value given by formula *122422. True value *122416. 

26. 27. True value of integral=7r. 

41 Jo (w -1) I 
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28. (1) -Wfslog^; 

'ySi /rS />^6 

nn f\9y.c%K _ za.^ no .. _ • . 4t 


V). 


9. 97*25 units. 


33. 




where z~ 


1 -a: 


37. 


sin sin 


38. /(,r)^l-|',+|'^-...^cos^. 


42. 


cos* 6/ C08^6/ C<>s2^ 

- 16 -^- 8 - 12 —^- •■'^■""2 - 


] 




CHAPTER IIL 




Page 75 


1. 

(i) log(l+.r^), (ii) Un-*^, (iii) 

(iv) tan-(?^) 


(v) tan"**^™^™^, (vi) Jtan^.r, (vii) ™tanh?/i.j;. 

2. 


3. (i) 

Tra^ 

(U) 

4. 


f> ^ 

27? 4- 1 oA 

f rjQ \2»fl 


6. 

5 tan^ 

7. § tan^.77. 


8. 

(i) ^ sec~^.^r®, 

(ii) - Jsech“^;r‘'^, 

(iii) “ J cosech""* vT' 






(i) 


far 4--) 

9. 

(ii) tan“*^ «.r4-~ 1 

, (iii) L-^ 

7? 4-1 


. 1 . a-hbjc' 

(v) le«tan-i* 

(vi) 

^ ' a 


, ... log(a“co8“.r+6^sin‘'®ir) 

10. (i) <^>(a;)^(z-), (iO^j. (iii) tan-«</,(4.), 

(iv) «<#»(«), (v) e"'^(®)log<^(^). 


1 1, 34-.r 

1 . glog 


Page 98. 
1 I 3 + 2.r 1 , a:-2 

3-^' 12 4 


1 , 3a;~2 


^+2’ 12 ^3.r+2* 


‘I \/l6 - 9jr‘^4-1sin“^ | \/3u7^ - 5 - g \/3 cosh“"^ 
|V3^*T^2 + —sinh*i(-2|^-). 
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2. 2 cosh“’ 


sinh“‘ (jc— 1), 


Vf’ 


sla;^ + %ax - ^cosh 
2 2 a 


3. -^\/9~4.2;2, ^(sin~^a7~^\/l 

1 . T__ 

-^2-gsinh 

4. I + a^)§, I (.a?2 + -f | ^a;{x- -f oP)^ + si u h " ^ ^ J, 

aslaP + + h ainh“^ -. 

c 

■I n+2 1 n+-2 I n-f2 

6. ^ - A'*-*, g8inh”^^+-~^\/^+l, 

2 2 2 2 

15 . , 2.r4-l , 2jr+5 /-g-T—. 

— sinh ^ — 7 ^ H-- \/x‘'-i-x+l; 

o v3 4 

^ :?.. 'i l j -—+ cx -f *f Q (86 — 4rf - 4ac + Sc^) sinh"* 

4 o yj Ad — c^ 

if c^<Ad^ with a similar result if c^>Ad. 

7. 4- 4.r + 5 + ^ sinh~^ (x +2), - ■ ^ - v - + 4.r 4- 5 + ^ siir ^ , 

—i 4r4‘54-sinh“^ 

4 2 

^X-l /—r-r> . T - V ^ . 3 . 

—-—V ~ 4a,’^4-4*r4-54-r, 8m ^— 

4 2 V6 


- j; . ^ ,-j—- . .X ,774-2a /-jj- 

8. v.77^ - a2 4 - cosh“^ - , a sin ^— \la^-x\ — sin *-— va- - 

a a z a z 

(a;+a + 6) - 6* +1 (2a + 6) Coali-' + 

9. ^ log tan ^ log tan ^.r+l^ I'”8 tan ('^+0 
i log ton (a:+^I log tan .r. 

eosar). 

13. log {cosec ^ (1 x/l - sin^^)”}. 


2, ~i , 7r6® 


3. \/e2*.4- aeP+a log (\/c*+«+ n/?). 
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ANSWERS TO EXAMPLES AND PROBLEMS. 


. ... . 2.r+3 .... ] 

4. (i) sin ; (u) ^cos 


n/§ 


^ 12 — . 
ba; 


(iii) ^ + 3;t-’ H~ 4 + sinh“^ ; 

2 4^2 \/23 

(iv) -1 - 2 cosh ^ ; {v) 3 sl.v^ + 2.r 4- 5 + sinh“i 

v2 ^ 

1 , Vl+a'"-1 


„ 1, Vl+a'"-! ^jx-\ 

7. (Oglog .^ - ; (n) VjlH- 


9. >/e*« + e®+l 4 J sinh“i 


Airk 


x+ ] 

.sinh-i?-C±i. 


n/3 


n/3 


10. Ma8s=—where density =/tr” and a is the radius. 

714o 

(i) Mass = 47ra^ ; (ii) ^ir^k. 

11. a being BC and p the perpendicular from A upon BG. 

12 

13. log .r = ± ^ Va2 + />y + const. 

--^cosh”^ (b^<aCy a+’®), 

s/a sac-b where/2™ a 008 ^^ 4 -26 cos ^ + c ; 

(ii) -yir-sin-1 (f*-”), -^sinh-i-^y^^ (62>ac, a + 

v-a Vo--ac va slb^-ac 


-^cosh-i ( 62 <ac, a 4 *"*X 

va V ac — 6^ 


(iii) -7—8111-1'^^=^ “7^ sinh“^ , - 

s! — c s! b^ — rzc \/c ^V^ — ac 


where i2 = a8in‘-^04-26sin 0+c; 
s/cft 


(b^>ac, a 4-”), 


cosh-i (h^<ac, 

VC Nac- where/2 = c tan2^4*26 tan 04*^; 

(iv) —^sin-i (a - ”). - sinh"’ (l?>ae, a + ”), 

V-a Va ^Jb^~ac 

- -L cosh-* (6*<ac, a+”), 

Va Vac where/Es a 0012 04-26 cot 04-c ; 




\/a4- 

if t>e 4-’"*, and a modification (Art, 77) if be 
a4'C ' ' a4-c 
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6. (i) I* j^3 8in-> I - ~ + 3a2) ; 

provided positive, with a modification (Art. 89, 17 and 18) 


if negative. 

9 h 

17. (i) 48; (ii) |?-(3ac-262): (Hi) 


sJc-^-x-~s/c~a 


22 . ^'V— («>c); -7— log7= (a<c); 

v« —c ’a —c isjc~a sJc + x + sjc — a 

~'da V«“e} = “^rfc {7^-0*^“ * V^}- 

.... ^ 1 , asin<f» 

75^1- 

26. (i) sinh"^ i (ii) -7=^ sin*”^ 30. — - - 

-s/2 1-x^ V2 1+^^ sin a cos a 


OHAFl'ER IV. 
Page 113. 


1. ~~ (3:r - 1), -^- (a^v^ - 2ax + 2), 


- e-* 5.4x3-f 5.4 . .3.^-2 + 5.4.3.2.r + 5.4.3.2.1), 

X sinh X — cosh x, (x^ + 2) cosh x - 2.x sinh x. 

^ . , /x® 5.4,x3 , 5.4.3.2x\ . „ 

2. xsinx+cosx, (-^—I- ^ -lsin2x 

. /5x^ 5.4. OX’S .5.4.3.2.1\ 


» \2 23 ^ 2*^ jsinjx 


^+1 (2,x2- l)sin 2x-|-~cos2x, 


ir o/co8 2x cos4x\ /sin2.r sin4.r\ /cob2x cos4x\n 

^ 4 ” /~^V ”2 ^8 '/ V 4 ;r 2 jj 

X /cos2x , cos4x cos6.7;\ 1 /sin 2.x sin 4.x sin e.r\ 

“8 V~T~'*'"''2 3 /■'■IcV 1“ 2- S'- / 

3. i«*8in(2x-tan~i2), cos(2a;-tan-*2), 


COS (2x - tan“^ 2), 


: sin (2x - tan~i |^ <?3* sin (4x - tan"^ ^), 


s p 1 I 

L+J+;j^ COS ( 2x 4* tan“^ fcos (4x+tan-^ |) 

- cos (6x+tan”"^ |) J 
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AIJSWERS TO EXAMPLES AND PROBLEMS. 


^4 


[ (l‘'g„fi log ; 

[ (log (log + (log.r)- J^,]. 

sin |(^ + r-;?).r- tan~^ 


- + two similar terms 


*1 


sin |(p + 3H- >•).»■ - tan-' —™ j | 
|"cos I(^ + r - ^d) ^ - taii“^ ?ir P | 

V(g' + r-p)2 + a2 


- + etc. - etc. - etc. i 


6 . 8 sin; 3 a:‘sing.rcos 2 r.^^ = 2 co.s(p-^).^'’ 4 -cos( 7 ?- q-^2r).v 

+ cos ('p-q- 2/’) . 1 ? - 2 cos {p-\-q) -i' - cos (p + q-\- 2r) - cos (p + q — 2r)x. 


Then apply rule for Jc"*cos Nxdx to each term. 

+ ^).r + 2 cos (; 
a;-f cos(3(]'+:/)' 

— taii”^ ^ 


8 cos px cos qx cos'-*(p 4-g) :r ~ 2 cos (p + (^).r 42 cos {p-q)X’\- cos (p 4?)^ 
4 cos 3 (p 4 q) x 4 cos (3p 4 ?) ^ 4 cos ( 4 p) = S -1 cos Nx^ say. 


Then 


Integral —2]-‘'1 * 




7. tt; }('r=-8): 


8. X sin”"^.r 4 V1 - x‘^ \ — ^ - siu~*.?? - }.r V1 - x ^; 

8 .r ^-3 . , , .r( 2 ,r 2 43 ) ^*. 1 + ->i 

-—— 8 in- 4 r 4 ^ V 1 - .r 2 ; ^ 4 s tan~i.r. 


32 


32 


2 ' 2 


Page 114. 

1, e*(^ -6a*®46.-6.5.4a^46.5 .'4.3^'-^ 

- 6.5.4.3.2.r 4 6.5.4.3.2.1), 
(;r® 45.4a^45.4.3.2a) cosh x - (5a^45.4. 3 ^ 24 5.4.3.2.1)sinh x, 
a® , sinh 2a /a® , 5.4a3 ^ 5.4.3.2a\ 

^ Vi 23 + 2 # j 


2 . !( 7 r«- 8 ); 


£^ 3^2 3 

128"^ 32 “s' 


cosh2a/5a4 5.4.3a2 6.4.3.2.1 
2 V 22 2 ® ' 2 ® 

TT® Stt^ 3 
2 «""^“^ 4 ' 


3 ir»-20ir3+120ir; ~(2ir«+16jr*-45); -«-8e“*+6. 
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128 


(a° + 6'^) - 3 — - 4) ; a/log3-5; 


5. i\j(«5 + 2); 


96' 


Page 130. 


1. ( 2 .r ~ sin 2.r)/4 ; (cos Zx - 9 cos 2 or - cos ^ -f - ^ 
(12.r - 8 sin 2.r+sin 4 jp)/32 ; 

5 


24 


1 / cosTxr 5 „ \ 2 1 ^ 

^ 4 - ^ ^ "^3 ~ ^ ~ c‘os'^.t: — -- cos^x ; 

_ I gi^ 4.7 gin 4 ^. _ 28 sin 2x 4- 35.r^ ; 

1 / CO 

2"« A 


>sx^ 


cos 9x , „ cos 7x „ cos 5.^- . . cos 3x , 

+ 9 ' ^ - 3G + 84 -1 2G cosx 

, . cos^.^: ^co 8 ®.r . . cos".t; cos^^a’ 

or ~ cos 4 --6 - 4* 4 —--— ; 

*i o 7 9 

( - 1)» rail! 2 jm; _ 2 „ ,, a in(2»-2 )x .-1 • 

2“"-‘ L 2 ™-2 +•■•+ 2 ' 

( — !)"■'■* rcoa (2;i +1) .■>; 

— 2 a.. • ■ [_ = 


2„+, - “'•^*<7.+... + (-1)« 


, COS' 

or --cos.t^4- C/^ — 




1 / sin 4.r\ . 

sr "4 j’ 


sin^.r 


-( 3 ^ - si n 4.T 4- J sin 8 .r) ; 


cos^r , cos^'.r ^ sin'.a? sin'^.r 


1 rd 

'¥ L 


sirilO.r sin 8 .r sin 6 .r ^ ^ 1 

--^-- 4-2 sin 4.r4-8in 2.r- G.r . 


3 . J tan^.^ ; - J cot^/r ; tan x - cot .r ; 


4. (t-2)I8; 43v'2/120; (15x+44)/192. 

1 r2 cos ax cos (a 4- 2b) .r cos (a - 2/>) .r”| ^ 


. J _ 3 . + 3r + *""A. 

3 tarr,r tan x 3 


- 1 r 2 cos 


a4'26 

I sin^.r - J sin‘‘a7 4- sm^'.r ; 


a —2b 


1 r 2 cos 7ix , cos {v + 2) X , cos {n - 2 ) .r“ 

1 L n~~' .. 


7l-\r 2 


n — 2 


Page 131. 

(i) X cos"“^r ~ Vl - ; (ii) X sec*"* x ~ log (^r 4 - *Jx^ - 1); 

(iii) —tan~* + 4 “ ^ J ^ ) 


(v) .27 sec . 3 ? “ log tan 4- »’ 




(vi) 
B.I.O. 


- 1 og (ex4rd)- (cj? 4 *- ~^{hc--ad) x ; 

3k 
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(vii) tan“^ f—; 

v2 sJl 

(viii) tan“^jc'+^ J0^24* § log (14-.*^) ; 

(ix) {a 4* x) tan*~^ -slax) (x) 1 - Sa^) cos“^ ^ ^ 

(xi) (2a+^)tan-i V^-v/S^j (xii) [l„g.r-^-^J. 

ga sin ^ * __ 

3. (i) cos(sin“^ x -cot~^ a) ; (ii) .r-vl -sin ~^x ; 

(iii) ^(8ec04-co3^)~sin6/-logtan^^ + “^ where a:=sin 

4. (i) ~ e”"® ; (ii) “f “ tan“^ 7?i); 

w vl4-Wi‘' 

(iii) ^ j ~+ 4=^ COB (26i- tan”’ —H : 

'■ ’ 2 \»i s/,rt^ + 4 V in}) 

2"-’‘L n/,F-+1F-1> 

cos I — 3) 6> ~ tan~' —? I 

4-”“'0i _1-1- _JlJ.4-.. 

where tan .t*. 

i*}*^ / / f)r\ 

5. (i) .r “/ - coh( ax - tan”"*, ) - -o-—77, cos ( ax -2 tan ””^y ); 

^ v/a^4-6- V W + V 

g«* / ft\ 

(ii) ^-r sin ( 6.r - tan“^ - I - 2.r-^r~y.> wn (l>x -2 tan~* - ) 

g»a / 

4*2 „ sin( 6.^7 ~3 tan~'~); 

(a2^ 2,2)1 \ a/ 

(iii) J e* [^.r - 1 - ^ cos (2;r - tan~^ 2) 4- i cos (2;r ~ 2 tan~^ 2)J. 


/ • \ «*(<*- cos 4- (o^ 4- 6) sin (>.r 
(,)«--; 

1 A2a—b)x Jbx /»—**-1 

(‘») i[ra+krs+Tr+V]‘ 


g(a + &)x 


. cmhx , 1 e' 

(iv)-55- + 


26 2V4a2+6» 

(v) 3’(/’sin4.r-(2cos4a:), where 


sm( 6 x-tan->A); 


„ x^cosefi 2xCOB2<f> , 2C08 3<^ 

;;2 ^ 


<?- 


.ar^sin 2 j? sin 2j> 2 sin 3<^ 

y.2 ^ 


and <^)—tan~'(4/log 3), r^*=4^ 4- (log 3)®; 
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(vi) cos (b log tan-‘ftj; 

I [r^6y+r^6r*]= ^• 


7. (i) 


x+l ’ 


(ii) e*tan|; 


(iv) cosh tan 

4 U 

(vi) +6“* + ^ ; 

8 . (i) ^i;(loga')*-2^1ogii: + 2^; 

fx^ 1 


(iii) -e^cotg; 

(V) -log(l+e-«); 

(vii) 


(ii) |(iog^0^+(f-^)log^-(|+y: 

(iii) - - tan"“^.r+log.77-log>/l+4?^; 


(iv) X log (x + sja^ + x^) - + x ^; 

(v) log {x + Jx^ + a^) -^s/x^ + ; 

. .. 2 .r 2 + 3a.r4-2a‘^ — 2 . 

(vi) - - -sinli-^ ~; 

(vii) i^g (X’{-a)^(\bsV'^-l2ax-\-AZa^) ; 

r x'^ / i)\ 2i5p f 

(viii) e“* —^-rsin(6.r+c-tan“*- )- ,,,. ,, sin(6:g+c- 2 tan~* 

l-(62+(,2)i \ a/ b^ + c^ \ 

^-^—r sin f 6 . 2 ^+c - 3 tan“* - )"|; 

(J 2 +(, 2 )I \ a/J 

(ix) - 9 [jV cos COB ’2^0 JS cos V 51 _ jg cos e 

. +,|!^cos'’2 ^6 »-Acos^2 '6I], 

where 


9. (i)f-| 

X COS j 

(6 - c) .a? - tan“^ - j 

■ cos|(6-c).r--2 tan~^ 




(6 - c)^ + 


■V ' ' 

3 ((6 4- c)x— tan“* ) cos ((6 + c)^; - 2 tan~* ) "j 

(b+cf + a^ J ’ 


—■ - ■■ „ ■ -Jfj— == sin I(6+2c)X- tan“* \ 

v'«* + (6 + 2e)2 V ' a f 

- -;,; | ..v5'";:;=^: sio 1(6 - 2c)JC- tail"* - -^)• 

v/a’*+(6r-2c)* r a J 


►O 1 
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12 . ylog(l-^) + ilog[^-|(^-+0 

13. -§cot*^: -|co8*^. 14. 

15. 


U ^ V ^ w 
u\ v\ w' 

1 , 1 , 1 

J\ ~x 


20. -78343. 22. tan-Ly - 

O 224: 


27 /"’?—>!-- dx=^\ ta,n^rf^=21og 

k xj'\-x h 2, 




33. 2 sin 


An-I 


dcoB^d. 


35. 2"+ia" 


2n-l 27^-3 

2 n 271 - 2 


1 TT 
■ 2 * 2 * 


2. 29 

34. n^Tra^, 

39. 


CHAPIER V. 

Page 143. 

1 ^ I *1 1 

1. Jlog(.r2 + 2.r4-3)~^|tau-^-^. 2. log(.t'+1)+^;-^. 

3. 41 og (^2 4.4^_j.5j_tan-i(^4.2). 4, -log(3-^). 

6 . ^-2log(;r24-2j7+2) + 3tan“^(.'r+l). 

6 . 2a: - 1- log 4- 6.r + 10) +11 tan*"^ (x -f 3). 

7. 


___ + ^2) .r + {ah 4- cd) 

ad-hc ad^hc^ * 


8 . 

9. 

10 . 

11 . 




(«4-c)A-4-(ft4-rf) 


2(6c — ad) ® (a - c)x^(b - d) ’ 

1 (g^ 4- 4- (ah 4- cd) 

2{ad-bc) ad-be 


2 >/ {ad - bef 4- (c/ - deY-^(eb — aff 

X tan~^ + cd+ef) 


1 , a^ +b 

^(ad-hc) ^^cx^-k-d' 


V («i/ -* 6c)* 4* (c/ 4- (c6 - ce/)* 

12. ilog (e*>'+2«*+3) taii-i-ti- 


\/2 


1. (i) log 


•Jx^-X 


Page 161. 

{x - I)(a; —5). 


(ii) ilog! 


(*-3)* 


(iii) i log {x(3 - ^)‘}; (iv) log {; 

(V) - i log {x - 3)+JjP log (a:+3)+f log (a; - 4) - log (a?+4)] ; 

'-"I 

where 2 refers to a cyclic interchange of the letters 6i, Ci 
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( (ai - a)(«! -6)(ai - c) log {x -(h) \ 

^ ,yJ,_ +lai + a )(ai + 6)(ct,+ c) log(a! + ai)/ 

where 2 refers to a cyclic interchange of a-i, hi, 

(viii) -i\j log {(.K-6)3(:r+15)7}; (j^) Jlog{{.r-7)(a'+17)3} ; 

/ ^ 11 /(.J;-7)7<.r-13)7) 

(X) Jiog{—(:,-Tr)“|- 


2. (i) - 


1 1 11 


4 glog{-7^+l); 

.... 1 a'(ar» + 3) 1 x 6 .r 5, Ar-IN 

24 (ar* - 14 {x^ - 1 )“ 16 1 32 U +1 / 


“&?-i?-^+301oga:- 


3(I--'1)3 2(,f-i)3 

_ J? 30log(a:-l); 


... 1 , 6 - a+ 6 . 1 ? 


/I 1 1,01 ■7'-3 


. 1 {2a — ^h)a^, . . ^ t j\ 

^-a-hF^+-(^br 

. ... 1 (.r-3)3 


3. (i) Tj—2 (- tan“i - - i tan“''|'); 

^'b^-a^\a a b bj" 


L_ r(2ii:£!M!zf!) f .,,.-1 f - (a3 -(P){h'^ -(p) .-1 x-l . 


.... , 1 r(a^ _,.I 

(iii) +(a2 — c^).v - c (a^ - c^) tan“*- ; 
o c 


' tan-i - - ^ tan-i ^ 

c a 


(iv) tan’‘'.r - 7- taTi~*.rV2 J 
v 2 


. V ad-he 1 
-/c 


tan~^ (-J + 


of — he 1 


<// fc-edsjef 


{ad - 


(«<i - fc)(gd - he) s/cd 


tan^M xA/^; 


4, (i) log- 


(ii) f log (,172 - 1)+1- log (.i?2 4.1) - 2 log X ; 


\V » V*V 4 V'" * 4 V*" ■ '/ - 

(ni) - ^ log .r+J log -1) - J log {x^ - 2) + ^ log (.i'® - 3); 

^ .2.37-1 1 _,2.17+1 

(n) V3tan-»-;^-;^te.n 

or j|tan"* ^ <»n-»» which is the same thing; 
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(iv) tan (v) ^ tan"* ; 

2 a +ax+ a^ ’ 

.... 4 ^ .2.r-l 2 ^ .i2^+l 

(vn) -p.tan'*^-— 7 ^-p:tan *— 

' ^ ^/3 V3 x/3 \/3 

1 . 1 r , 

or ^ tan-i ^ _ -2 - tan-' ^ 


2 . 2724 - 1 ’ 


. ...V 1 , . 272^,^^241 , 1 4 . . 

4\^ ^^.^-W241^2n/2 
1 


.r >^2 
1 - ^ 2 * 


,07-1 . 


6. (i) ilog(o7-2)-^—-ilog(aj2^2a:4-4)-^tan~i-^, 

11 9 4o 7 -i-1 

(ii) §log(l+^) -ilog(l+2x + 4a:2)_g -_+^tan-»-^-- ; 


I 1 


24 _.x, 

5JS tan-* 5; 


(iii) a;+^log(a^-l) + JjJlog(a;‘'+4)-g —2’ 

.. , 1, (^+1)2 1 1 


, , 1, a~*+l 1 1 . 

<*") 4*o«(a._“l)2 Zx-V 

(Vi) log-^j-\^ + itan-*^. (vii) l^logT^^-^; 

-^5^-W 

“ ^ - r w ) {ii ‘P («>’+^)}; 

~6{^{rTp+^:7^i)+s>og('*’-i)-Siog(-»®+^+i); 

11^ o 1 2n; 

<*>■ -28 2?33-r^-l»g(2x-3)+3^1‘>g(^+^)+^^‘«'°-‘-5- 

- /-VI ^ .11 

(ii) -1 log(x _ 1) -1 ^ +2 log(*»+1) + ? tan-** -1 ^; 

(iii) 2tan-**+~ 


(iv) 


c®43aZ> 

8c« 


^iX ab X ^ ah — 07(c^ —o^ a46 1 

c 2<?^ ?4^ 8c^ (?43^ 4 (?4^^‘ 


8. g^{«-+2log(x^-l))j ^{fl■+21og(^/2+l)}. 


8 . (i)f; (ii)-^. 


10. logj. 
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11 (i) 41og(2a:~l)~log(jtr+2)-f log(4;®+l)-“4tan“*^; 

(ii) 4? - 2 log I log (or -1) 4-i log ( 4 ?+1) + J log ( 4 -''*+1) - J tan’’^a?; 


2 ““2 


1-4^ ’ 


(iv) i Qog (47 +1 ) ~ cos “ log ^47* - 2a47 cos ^ 

- cos ^ log (a:^ - 204? cos ~ + 2 sin ~ taii“ 


- 47 -acos--- 

. n • 37r, , 5 

+ 2 sin “ tan"* . . . . 

5 . Ztt 

a Bin ~-~ 

5 . 


-- ... I , 1, 47-1 5 ./5, 47\/5-\/3 

[cot ^ cosec - log cot |], 


log cot iJ, where ^=sec“>^—; 


,... 1 5 , 28 590, , 6" 1 ,6‘.23, ,, 

^W + 274r2 + 27i: 243^°^'*’‘^2<. 3« 5^-3'*'2'. 3* 

+Jlog (.P-1)-log (^+1) ; 

(iii) (2s/^-v'3-l)|. 

1 9r—1 

19. -1 log (x+1)+J log - a;+1)+;;^ tan-> ■ 

20. — tan"* J (Vtan + V cot 47). 

21 . (i) V|^+i ^^^^.^og{a^/i¥^l + 

where {z^ - = 6 ^ ^ ^2 4 . ^ 


^ 2n/ 3. ,2\/47-f\/cf 2 . -2\/47-\/a 

22. tan"^ — 7 ™- 7 ~ tan ^-=—. 

Va v3a v3a v3ce 


23 

(473 + 3.t7+l)2* 


[ 1 sin£^_^ 
4 cos* 47 


8 cos’* 16 


1 1 -f sin 4 7"jl 

® 1 - sin 47 Jo 




„ 1 1 4 . 1 _L_ ___ 1 __L_ + 

"• ~(n-l)a(a -«)"-> (n - 2) (r - a)”^“ (n-3)a* 

(^-«)+^;P-” log^;. 


c«!5| 
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26. Xf n be even, = 2m, 

(a-b )”* 


If n be odd, ==2?/i + l, 


m - 1 (j! - a)*" 




27. log 


+ 

e^(e^+l) 


m /d' “ b\^ 1 (.r — a)^(.r ~ 2m +1 


m /d'~~b\ 
T\d'-a) 


h — a 

28. 


2 

'\-x' 2 


tanb“^ 




■2-1, 

- logl—+ 


30. ~log(l-.r2)-~- 


2.r 2.1-3 1 


l+j; 


9 ■*' 3 \-:r 


46. Ijet A "aa^ + ha + c, B ( 7 = « y - -f 6y + c, 






P' 


2A 


{a- fiy(,a.-yf’ {a-0)(0 - y){y - a){{a-fif^ {a-yy‘V 
and Q,^ Q '; It^ H' similar expressions obtained by a cyclic incer- 
change of letters, 

■•■ X - i8 ^~/-y ■*■ ^ (•>?-“)+§' l<'g 'fg (^ - yX 


n 


ivi “b / 




CHAPTER VI. 

Pauk 200. 

(i) [(ac+he)0 + (ba- «<') Iog(c'siii 0+ecC8 ^)]/(c2 + e2) ; 

(ii) ^^logtan(f+3^"); 

(iii) aK - log (<7 + Zx cos 6^), where 

tan I (a<b) ; 

V 1 , , 14* cos a cos .!r 2 ^ x\ 

(iv) -r— cosh""^---— taiili“^ (tan - tan )*, 

' sin a cos a + cos X sin a \ 2 2/ 

(v) _^^log tan -^.r*f (vi) log (cos 6/4-sin 6>); 

Oii) I log ^>+T+k^]’ 

(viii) coah-i5^2i(i^5::!3)^. 

3 ~ V10 cos (x - tan”"* 3) 

(x) [ax 4* b log {a cos 4* Z> sin 
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2. (i) I log 2; (ui)^_; (iv) 

n . * <1 1 1 + a COS X 

3. X CHS a + Bin a cosn~*--- 

cos a -H cos X 

4. (i) -7TrL^= tan~^ f-7:=rS=^ 

aVa2-/32 / 

/••> 1 r «„i-1 ^ 2 - cos A-— sin ] 1 2+ 3 cos .r+ 3 sin j;”) 

' ' 2 L V2 1 - cos - sm V 7 s /2 3 + co 8 X'+sin J’ 

..... 1 , sin .i? 7 (l+ cos.r) 

On) 3i°e-(r:r2^5i¥F- 

5. i tanh x, 

- 5 sin.r 4 ,,5 4-4 cos .r 

6. (i) ^---—cosh — -; 

' 9 4 4-5 cos X 2i 44-5 cos x 

(ll) -.j— jy, / -Ti—To —TT——^etc., by Art. 173 ; 

a^~~ b^J a-hb cos x a^~b^ a + b cos x 

^ iii) -.y^ tan6^ - tan“* ~ ^; 

' ' a^4-o^ \ a) 

* /*r" jc 2 ^ 

(iv) /= / -r-^-, where tan 7= v, and tlien use (ii), 

' ;U + V//-‘ + c-'‘cos(,i;-y)J ’ ^ V ' '' 

7. (iii) o ’ ■ 4^ -{(1 + cos aY - sin a ); 

' 2 sura cos a ' ' 

(i v) 7v—r 7,-~-{2(14- cos a)^ - sin a(2 4- cos*^a)}. 

6 sura cos a ' ' ' 

8. sin 0 cos 0 log (14- tan ^) “ | + ^ )' 

9. (i) a/2 sin a; (ii) tanh“"*^tan^^y^sin a. 

10. (i)W2«6; (u)Wi2; M 2(jrrf+*7^;7;5) = 

(iv) Tr{a^ + ^)l4w^/3^; (v) 7r/4, 


-- TT + ^ -rt ^ 24-3<g^ 

16. (i) 2\/tan .r; 


,0 2 ^ 2he^4-a 

13 . _ tan ^ :.-r . 

V 4fec - V 4/^c — d^ 


.... y. a I (M f/ Biuit- 

— ^2 _ j ^41 ^cQg^ —52 ^^^coso? 


= etc. (Art. 173) ; 


..... 1 ^ ^ -6\ 1 a sin 61 - 5 cos 6/ 

^^ 4.^2 a/ 4 - 6 * a cos 6^-1-6 sin ^ 

17. (i) ^ tnn-'(| tan |)-~ tanh->(2 tan |); (ii) ir ; 

-S{log(«+6coB^) + 


a4*6cos47i 
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... sin20, co86< + sin0 1 , „„ 

18. w _ iog™-^_.^^^-logsec2^ ; 

(ii) - coah"”^ (cos 0 +sin 0 ); (iii) coseC'^^S cos^^^ j 

19. cos”“*^—^^4.2\/3tanh“^j^V3tan^ ; 

20. cosec~^(H-sin2^). 21. sec"^(cos 6? + sec^). 

22. (i) -2\/l-8in.ar; (ii) - 2 n/i - ain x - n/s log tan ♦ 


23. cosh ^ cot 2 . 


24. 


sin x — a: cos a? 


26, log log tan .r. 


cos :r 4-^ sin a: 

26. (i) tan~^ a’ ~ log (1 + 4?^); (ii) 3.?; tan^^^ § log (\+x^)\ 

(iii) J.rtan”*.^7~ilog(l+*a?®)- 

_ 1, l-sin^ 1 I l~\^sin^ , . . 

27. ^ log —2 —p log-F-> where oo —tan 6. 

2 ^14*sinl9 V2 ®l+\^8in^ 


«« li .L .’tX 1 1 \/34-tan;r 

28. 2logtan(2 + -J, 

1 - sin X 1 


8**’^l+8in;i: 4s/2‘'''^ 1+Vasina?' 

(ii) 


ilog 


\/34-tan;r 

~ > 

X 

1 --\/2 8in^ 


/.V 1 1 8in(^-a), 

* sin 2a ^^sin (^^4-a) ’ 


ain 0 - ain a 
2 sill a sin 0 + sin a ’ 


;log 


A/> Sa^ + 4ab-b^ 8a, a + 6. 

30- (■) 


(ii) 


4a® - 2a6 -1 
26® 


a®-6®, a+b, 

log-—, 


,.... b-2a . 2a, a-\-b 


S^Cw-aio"-’ (a+6)"-»}“n-2{a"-* (o+6)"-^} 

4a2-i!>®f 1 1 in 

ta"“^ (a + 6)"“^jJ' 

unless w=»l, 2 or 3, when a logarithmic term occurs from one of 
the integrations. 

^ , sin (a? - a) 

32. 

* 2 - 
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43. (i) ^{^8in^;+(a;-l)cosa;} ; 

(ii) (3^‘+2^)/3(l+^‘^)^; 

(iii) ~ (sin 46^-4 sin 2^-12 cos*^), where tan ^==(2074-1 )/\/3* 


44. 2 


_ oo^a _ 

sin (a - b) sin (a - c) 


log sin (:i7-a) 


sin a cos^a 
sin (a - b) sin (a ~ o)* 


46. (iii) Puta:-faloga;=a;y. 

_ 008 a; - sin a; 

^ ^ (ic -1) COB a; - (as-Ti )"sm« 


(ii) i 


(a: +1) cos a; -f (as “2 
(as - ijcos as - (as +1) sin as 


- as® a.as2^a2 


CHAPTER VII. 
Page 221. 

sJx^~kx+J^ 


+ tan-> and ; 

.. X 1 

-35(a+6p)‘''36^’ 

..... 1 bj 

X Ilf” as 7 ras I"! 

i^a+^?'^12aL8a(a + Ap*)>’^8\4a(« + 6^)‘''^^"J J’ 

where lo=° i^ “> ^ 


X_ 1 
'2F^ 


[' 


^ , , kx-J^ , .. _, 

W^} ' 

or if of unlike sign and 


~7^~ 


136 X? 


45 6 


Ji, 


Wx 32<i®<3(+5.r*”'8a*(a+6a>*)® 32o* * 

if5be+«=l^, 
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Page 267 . 

4. If /m.n denote the given integral, 


^m,n 




m — 1 


+ -|i 3 13.11 + 13 . 11 .a/- 


6. With a similar notation, 

/ X r ^ I r . 

(а) _ 2 aa ■*«-! » 

(n-2)a^{a^+.v^) ® 

(б) + ffl» , 

(p+n + iW' (i>+»+f 

j.M-a 


(d) (»»-»i+l)/„„ = - 


(j»-2)a3/^3,n; 


(o3 + .t:3)ir-‘ 

+ ( 2 re-l)o« 

W 2n + 2j) + 2 2?i + 2jH-2^"-’'” 

7. (1 .r^)* == - (2w +1) hn-^u where the integrals/ 2 „+i. 


a. 


2714-1 


4 - 


2 w 4 -l 




n r ti-i acos,r4-wsin;r , n(7i-l), 

11. /„ = «»*cos- .X—+ 


e“ r 


^cos^.r(a cos .r + 4 sin x) 

4.3 r 1 

+^-^^|cos. 7 ^(a co 8 ^ 4 - 28 in^)-f 2 . 1 .- 

12 . ( 1 ) 7 „ = - :r" cos .r 4 * sin .r - n{n - 1 ) /„_2; 

( 2 ) Y„-« Sin ,r +^q:^ 

, • « 1 asin.*?? 8ina.*?4-7icos.rco8«.r . , 

/„= -s.n«-i:r-,- 

Q ainh ^ 

16. (m even) ^ ^ ^ gj ^ ~ , 

/ -jij. »»(«-l){»i- 2 )(w—. 3 )... 3.2 2 co 8 h-^ 

"rar* 
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18. 


+ 




r + ... 


Z7n 3//i (3m - 2) 3m (3wi ~ 2) (3m - 4) 

m(m-l)...2_m(m-l)... I 


34. If m2 


3m(3m — 2).,.(m + 2) 3m(3m —2)...(m + 2) m 
— ^ + 4a 6’ j _ n/ 6** ’^4ac 


1 /_ m^rX 


2c 


2c 


, and 62 > 4 ^^ 

f dx 1 ri 1 •^'“1 

ja + 6.r24-c.c4'~7pr^Lt mJ’ 

1 r , . 1 .2kxcosd> , ^ , 2A;.r sin dn 

=43PL®“ “P+^+‘=“®®‘= J’ 

where a~ck*; 

and cos 2(6—-where b^<4ac. 

2v/ac 

If F=4ac, the integral 

f - -.("mtan"'— - w tan"“i-V if 6 ^ > 4ac, 

1 / , ,2^.rcos<6 . j .. 2A;.r sin 

if 62 < 4ac, 

~ xf "~F~" tan”* s—f-T. 2 )’ ~ 

6 \ J 2 a 6 2a4-6.rV 

[Bektrakd, /. C,y p. 36 ] 


36. (a) In^In^2 


\^2ab 

tanh”“*.r 
n ~ 1 * 


r (y*-2) .y coa.r+a in.'y n-2 , 

\P) n— (7j_ iWji —2) 1 


(7) 


(w-l)(?i-2) 
h^-ce~^ 


(a+6c*+ cc”*)' 


- = - (71 - 2)4«2 + (2w - 3) a 4.1 + (n -1 )(46c - a^) /„. 


40. 


h-\-€X 


(a+2bx+c:i^Y 


- 2 (w- l)(6*-ac)4~(2w-3)c4-i« 


43. ~(a + 6)(5a2-2a6 + 562). 

44. 4~24-i + 7«--2=~^j|-|fiin2(w-l)A', 


• r. / «v8in4.r. sin 2(7i~l).r”j 

n( 2 x- 7 r) + cotx-\- 2 \ (?i-l)sm 2.r4-(« -2)—^-J* 

49 . See Art. 202. 

CHAPTER VIII. 

Page 286. 

VJTi-1 


1 , _v'a: + 2-V3. 

II) (h) 3 (.-i)*+s^.»-V-3 !- 


1. (i)log 
(iii) 



8d4 


AiraWERS TO EXA3yiPLES AND PROBLEMS 


2. (i) 


(iii) ~\^2tanh""W2 ^_j_2 5 

,- 3 f^\/x+\ 1 . >/2(.r+l) 

(iv) 2 V^?+l+^tanh-V 2 ^q:^-;y-tan -—. 


(ii) 


3 . (i) -cosech""^^ j 

(iii) sinh~'.^7 + sinh’"^ ; 

y/2 1+^ 

_ ;J?+1 1 . \/2 

(iv) V^+ 2 j; + 3-8inh“'-^;^-^9inli“*^q-^. 

5 In '^2c()t6l + 3-l 1 ,^^ </2^F<^ + 3-V3 

^7¥miW+3 + l Vs °®\/2cofc# + 3 + N/3‘ 


— X 
I -X 


- { V^6 ^ 1)} 

+ Va-Tft { Va ^ +1)}} 

7. sinh””^!^^ sec 2^^. 

8. [|*+|+g + ^+g]+^sinh-^x-2V2sinh-‘^. 

9. (i)«in-.H^^; 


(ii) 




(iv) (a)-Lsinh~^^— 

a^/2 a4*^ 


(5) 1 sinh-^; 

^*^/2 a — ifl ? 
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1 ,_,%ah-(a + b)x 

10. — 7=7 cosh-* —. 
s/ab (a-b)x 

12. cosh"’ —SJL z + ^ cosh"’if pi >q with a 


Jp'i-q .JW + ^Pli-^q 

modification if < q. 

13. (i) -sinh-’—(ii) ^scc-’| 


(ill) --tan ^ 


14. 


(i) 


sj2 J\ ~x^ 

<“>.T3 Vt - 


15. (i) 


V/x — X 


tan~ 


Vj£-x - 


JX-fi 


coth‘ 


-’Vi 


X-^ 

X, — fi 




(>i) 


..... 1 , (^• + ])(.r-+3) 


Page 314. 


1. (i) 2taxi~^Jx 

..... 1 , ,4-307 

(«.) -^^cosh ; 


(ii) 2tan“^^l + 2.^7; 

1 1 -.r 


(iv) - sinh~^ 




. - ] , 2o:+l . , , 1 1-07 ... xJx-l 

(,,) s!x-+.t+ \ - 2 ainh-’ - smh ^ ; (vi) ; 

« 

(vii)-- sinh“i (-) ; (viii) 2 cosec“* ( n/^ H—/-- )• 

nai V VO?/ 

(i) -^cosh->{-f^^}; 

{ 207+11 


„ /•. 10 4 ^l4x''‘-2x + l 9 . ^_,^l‘ix^-2x+l 

6. ( 1 ) jgcosh ’-V - —. . --smh 1^— 


with similar results for other cases. 

„ 1 . _,(a2+62).r2-(a‘ + 6‘) 

'• 2a6®“* {^^^){a^ + b‘^-xY 


.1 A A 2ao*+ ^ 7 ^ X 

Vc2-'a» ^.t^+iax + l^ (a<b<c), 


(ii) -=-==—sm ^\/-rrT- 9 -i-7-== cosh *~‘V-o-7—«» 

' ^ sja^ -c^ ^07^+a2 as/a^-<^ ^ ^ 
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8 . (i) 


^y(co8 a - cos j3) (cos a - cos y) 
2 


- , cos;r+cosa cos 
X cosn~‘ ^ ' ■ " 


_Jl_ 1 

1 


cos a — cos j3 cos a — cos y 
for the case cos a > cos /? or cos y, with modifications for other cases 
1 


(ii) 


^ain (a - J3) sin (a - y) 


X cosh 


tan a: — cot a cot a — cot j3 ~ cot a — cot y 


cot J3 - cot a cot y - cot a 


.v^ ~ a.c + a^’ 

1 r ^ . /l -a:^+10.r-13 

Va 3a.'“”- ro.r + 9 

^ “ ^‘2 ar-- lO.r+9 J’ 


Vo 


(ii) -% cosh"* —^--^ 2 :: cosh" . , 

. In - 1 ^/2 {.V “ 2) 


(iv) 


10 . , , 1 13 . . 

~ sinh~* — r -sinli 

3 x-\ 3 V 1 O 

jar~2, 
a'-4 * 


_ _J.si„h-> 

Jh^e 


(6-c)(6-rf) VArs 



c-a 2 1-1 

JEI 


(c-6)(c -<^) Vc~a 

^ .r — c 


o?-a 2 . 

{d-b)(d -c) 

'VJT; 

» 

- cosh * V -y--r-T- + "T"- V • 



n. (i) 


s/.r^4'.r‘^4-l 


(ii) cosh 

*4/ \ / 

13. (i) a ^ ^ tanh”‘ tan |), where cos l)=x^ ; 


(ii) tan-»{.r(Vl +.r‘+.r“)4} ; (iii) ^cosh"* ^6 . 

.4 1 f 1 . ■ \ 

• 1.-1 A tan^r "X 

.«.„h 


if 62 >£i; 3^ with other forma for other cases. 
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IsL^ >3 2^;2-10a!H-17 

20. -Un->2__4_. 

21. (i) sec”* (cpa^p-f sec.r); (ii) - 

• i 

25. If 5i=^ 2 » —===r- sinh 


• »7 ^...,1.-1 A. I 2af -h 49i 

‘V^ rito+i7 j- 


— «3 


aVa2+c^‘ 

b-iJ5E5 

,—1 


_ -_i=^ sinh-> • 


30. ^-sin-‘f5^. 
72 .r^+l 


31. (0 

34. (ii) «‘Vit^n' 


35. (i) sine-^e-^log 


^/s"H" t<in ^ 
V5 - tan 2 


, where .^'sscos ^ ; 


(ii) - J[tan 6> - 2 log tan ^ + f log (tan ^ -1) 4- J log (tan ^ + 1) 

+J log(tan2 6/-f]) 


41. 

(i) sin->(^sin2^) 

; (ii) sin" 

45. 


<“> 7fe{ 

52. 

,.v 1 . ,.^2 

1 1 

W 2 

2 (6«-.r<)V 


3t.an-t gs/-r_.+ 7^ 
\/3<t 


-tan-'?-^;7^'^^''| 
v^3a J 


logtan(^+j)+^, where sin <#>=72 sin 6*. 


CHAPTER IX. 
Page 326. 

1. (i) log.2; (ii) (iii)|; ( 

3. 2; 4. 72/a; 6. 1/72- 


liv', (2k-l)m-9)...l 
^ ’ 2k{2k-2)...2 


Page 353. 

I /.V cos lit? ^ ^ 

* ;p cos a? - sin ;i? ’ :r(l~-log^)’ 

3. (i) 2(n-l){ao-6*)J^=^^+(2n-3)tfJ^^5. 

■.1.0. 3l 
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.... f .17 co&^mx d 

(ii) I cos»i^sm*.r a4?=— 5—75 ^- 

^ ' J — dx cos nix 


4.3 


„ d sin^. 3 ; . 4.3. 2 . 1 sin mx 

COB^mX-j -h/ 


' dx cos nix (tn^ — 4^) ~ 2 ^) m 


(m2~4^)(m2~2^) 

4. jsoosh Ai^5,^_16x+14 x/s >2 


6^-16^+14' 


6. « cos(«< + e + tan->P”-tan-^); 


(PP' + y y V) sin (/u-+a) + ( py - y'P)» cos (JI^ 4- a) 

P-i + y'3nii ’ 

/^=a —'yn^+..., \ 

... ,/ 

and P\ Q' are the corresponding expressions, with Capitals instead 
of Greek letters. 


a 

where 


8 . 


9. 


3 4 
2’ e* 


12 . 2 . 


13. 1. 


15. i log tan ^1 + 0 Il-ir>x>'^, 

Principal Value= i log | - tan (|+^)} =l >og (7 - f) 


32. r 


16. 2-log2-7r. ui,. 

41. Principal Value=^ log [See Art. 347 (c).] 

e* 


47. (i) 


;p-|-l ’ 


(ii) p 


c 

x— \ ^ 


(iii) p VrH’ 


(iO -2 [log {1 +[CT)}] 

(0 




cos a; + sin .r 

(vii) - 2 ^/ 1 -.rlog( 1 +.r 2 )4-8v'T^^ 

-4{ptanh->2|^+5tan-*^^}, 


where 


J55 \/24*l 02 \/2 — 1 


CHAPTER X. 
pAas 377. 

12. The integrand becomes oo at the limit 0s=a, but remains real and 
finite from ^=0 to ^*=a, and the rule of differentiation is not 

established for this casOt But putting sin sin-sin g, the diffi¬ 
culty disappears. ' * . 
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2X ~ 1 / ^r} 

14. AX ^ ^ , where A.r. 

2 —M J 

16. height of the cei)troid being ~ of the height of the 
Hegiiient. 

17. A straight line through the origin. 

19. Tlie density at each point varies inversely as the square of the 
abscissa. 

20 . y = (d.r + /?)* A, /?, being constants. 21 . If F{x) = A jjx. 

38. The first — — . The second =-4* The rule foi* the reversal of the 

4 4 

order of integration is not established when the subject of integra¬ 
tion becomes infinite at any point of the range of integration. For 

—' 7 :-., dx is infinite. 

(a^-f- 

39. The case reduces to ^ c,oi^2/Ardv = e-^* dx. 


CHAPTER XII. 
Page 415. 


1 . 

2 . {a) c^sinh (/>) ; 

. Trah 1)^ j—^ —-,7r ah 

(«) (i) (ii) X-^sinwlog^; 


3. (1) 

. ,,, Trah 


(c)/i(log/t~ 1) + 1, (/i>l); 


I X- 2 sin to log -; (/) J - 1 ). 

( 2 ) Area bisected in either case. 


4. (i)-^|-^?(.vV,^-rc.+6^si„-.g; 

(2) If v4, = ^^[^Cv'6*'^ + 62sin-iQ j^ds/a-'^^ + a^sin-’^J, 


the four regions are 


~A,-A,-\-ed, 
“ 4 “ A 1 A 2 cdf 

— Ai + Ai^ — cd, 
h 

- -f Aj-f AgFccf. 


5. 4a^v 


6. 37r«‘^. 


7. 2(4“7r). 11. 


E.I.C. 


31-2 
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io /-V . / ’X 4 2 

13. (i) (ii) 


19. a2(^3®+473-p- 


16. 17. 

21. 24. I 


Page 428. 

1. (a2-i2)tan->^+a6. 2. 


Tra^ ^ 

4w * 

n even, 

TTtX® . , TTft^ 

^; « odd, ^ . 

aVl 

1 'i 

tc-y- 

eVa* 

/i^r 

(i) ’rj 

,“■+ 2 '', 

V .... . 2a® + />2 

J; ( 11 ) 2 —cos 


5. " 


8. 5>ra». 


. + _i/«\ /,«—5 

= <--oa 


10. "(10t+9s/3). 


12 . “ . 


^ 1 ^ ^ ~n//^^ 


4. 


^ Kill a I + v/ sill 

_ r. A 


mn fS\ rt®_ , ,- .— 

sill 6/ [fcan“^ V si ii a - taii“' si 


15. Area of lozenge — j^( lf> - OjS). 


17. 

4 


19. 


0. 

It! V 6 / 


Page 429. 


1. (y^^E _1 

V 2 ^12 




3. {2log(V2+l)-l|^2}a» 

- — h-a , «. , ,5 

7. 


2. (7r-2)a*. 

4. a®, 7ra^»j2. 


8. 37ra2 

19. -^ 

2(l-«“) 


17. 16iroV3s^- 18. iraVa. 

COS <9 /-— — sin6> 


r e4*cos<9 ,—^ sm6> 1 

|tL H-ecos6^ ^ l+<?cos^^J 


21. ^ 3 [ 2 i“{(a + 27r)*«®*“ - (;9 + 27r)»e®^- 26{(a + 2ir)e^'“-(^4 2T)e“^ 

+ (e2*«_e2!'P)y!w 

- ^t26»(o»e^ - /S'e'**’^) - 26(ae*'“ - («’=** - e**’^)]. 
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22 . 

TeU 

) «• t''*' 

24. 

2 : 

1. 

25. 

/7_ 7 

12"^7 12 

+ 5 ,„g!LtM, 26. 

4^3 ^3 

27. 

(i) 

37ra® 

8“"‘ 

30. 

(tt + 2) 

1)2 

31. Tra^ cos~i -r. + cosh" 

6^ 


33. a' 


35. A=</jS*-6^-6cos~*^, where R‘—{p-af+q^. 

i-K ai6i8in(gi,-g,) 

2 sin 0^ siii 62 + 6 /^ cos 0i cos O2 


i'-i)- 


ah 


tan“^ 


ab Hin( O 2 — O i) 


I , where - a^~bj^ 


sill 0i sin 02 + b'^ cos 0i cos 6 ^ 2 ’ 

Tral 53 . ^ log 3 - • 54. sink c [sink 2c + c]. 

56. At the cusps. 


62. 

55. Jb)“. 


57. 


Area of loop of first 


= 157 sq. cm., about, 


Area of loop of second =^~v^2 = 222 sq. cm., about 


(a =10). 


58. (7r+l)«< 

CHAPTER XTII. 

Page 466. 

1. Double the area swept out by the portion of the tangent intercepted 
between the original curve and the first positive pedal. 

3 , 

16^5 a 16(«^ + 60" 


~ least if h — a. 


7 . TTa{a — b). 

14. = 20. ttc*, c being the constant. 

25. r+ o tan where c is the diameter of the circle. 

L 2c2 J^’ 


31. The vertex. 


34 . A circle of radius a ; 7ra®. 


CHAPTER XTV. 

Page 478. 

(i) Density=/Ary ; (ii) ; (in) 

o 
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2. (i) 


(q‘hl)(2p^q + 3)* 


- 2i? + 9 + 3 - 0^+1 2jp + ^+3 .... „ 2jp + g' + 3,, a 

(ii) — pa; y==2^- -a ; (in) iB^ —-—i/a®. 

^ g + ij 2^)-fg-+'4 2p + g+7 


(^=l«nKtL); 

(ii) 

^ J/^2. 

(7H-2)(7i + 3)"“' ’ 


_ - - 3 24-7»®. 

^ ’ •^ 5 34- w?‘ ’ 

(ii) 

_ al57r — 44 _ a 

■^~5 Stt-S ’ ■^“Stt-S ’ 

(i i) = 1- , Jf = 1 6^ 

li 

II 



6. (' Moment of Inertia about base— A being the perpendicular 
from the vertex to the base; 

^(AL^ + JM‘ + A^V‘}, wliere A is the angular point and L, J/, JV 
the mid-points of the sides. 

Page 484. 

1. (a) = ^ ] 2a being the angle of the sector, and a the 

- ' radius; 

7i I 2 

2. ii?’ —-rct, g = 0, a being the diameter ; 

?i 4 - 4 ^ 

(i) (ii+^ + jua ^; (ii) Ma ^; 

3. (6) If (2?i, gi), {P 2 » 9 ' 2 )j (P 3 j 23 } coordinates of J, Z?, (7, viz. 


_ P+1 -«/’+» - <? + l/>/+“-6, 

*• ^'■p + 2 ^“9 + 2 

. ?-f 1 p _P-Hl w“ 2 ^+® 

~ 9 + 3 6 >+i - 6 ,«+* ’ " ~ p + 3 cta^’+i - 

7, Area=~’(2ir+3v/3); 

(1) |i=0; (2) Jfa* • 

' 2(3s/3-2r) ^ ^ B^a-Sir 
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2«. 32 


2<.32 


8. {\) Ma}h\ = 

(ii) C=%~ Mah^ (J+b\ 
00 

9 . x=x-~(y-c\ y--=\{y+^y 


Page 492. 

1 /-x « >{t /- x aV-h'-m?, ,an . ah 

1 . ( 1 ) ( 11 ) ta.. 

2. (i) 77r«2/2» ; (ii) 

7. ttPc^H -^“.,1* 157ra6/2’. 

L ( 1 - 62 ) 1 ^-* 

16. (i) ai>. (ii) 7rabl2. 

17. lll^ct■V2‘^3‘». 21. iB = 8ov'2{log(v/2 + l)-,^ov/2}/!r(4v 5). 

25. 2(a*‘u:^ + iy)'*=(a*-62)'^(aV'“-6y‘‘)'’. 26. 7r(a- + /)2)c b. 


CHAPTER XV. 

Paoe 521. 

^ 1 2.^1 

Y -..- ^ . ^L L —being the radius of the circumcircle. 
48111^ siiijB sin C ^ 


CHAPTEK XVI. 

Page 533, 

1, « [2 + n/ 3 cosh-i " J • 2. A cycloid. 

4. -( 4 ?,^+^!^) • 

Page. 538. 

1 . (i)a(da-0.); (ii) ^^.1^.%,. 

(iii) 2a(co8^-cos^): 

(iv) 2a { (tan -J-tan |l)+l(tan»|- tan^l) }; 

(v) a -^coah-Hl + 6 cog’^ d)] (cf. Ex. 1 , p. 633) ; 

(vi) |](4+9taii>^)*J^. 
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Page 641. 


1. (i) A circle; 

(ii) A catenary ; 

(iii) An involute of a circle ; 

(iv) The tractrix ; 

(v) An equiangular spiral; 

(vi) A cycloid ; 

(vii) 0 + 2 sin-* + 2 

— = const. 


10 . 

15. 

17. 

25. 


Page 546. 

Sa 

y* 

Page 570. 

4(*/73. 

(i) — the area ; 

(ii) the area ; 

(iii) 0 or Stt, according as the origin lies within or without the area, 

there being one convolution about the pole ; or if there be 7i 
convolutions, 2^7r. 

Equiangular spirals. 12. 5a. 13. Involute of a circle. 

2a[3^/3 + 3>/2 + log(v^24“l)], 4a being the latus rectum. 


Epicycloid. 2 
,i=a^(ZJ + C)M, y = a'^^{B-C)IA, 


19. 4a. 


where A — j^tan xj/ — ^ — |^«€)c ij/ + cos ’A 

t-f logtan(f H-W and 


[E. T.] 


27. 

29. 

31. 

39. 

40. 


2r cos K 


cos a 

Area = :r (a^ + 26^)* 

sin d<f> 


28- »=r6 

30. 


1 -wV _ 

^ 1 / • 2 
J (sm^ * 


« = 2a (sec^ ^ -1). If c=0, the involute is = 4a 4 - 2a). 
d^ - 62* 

CHAPTER XVII. 

Page 600. 

2. = ^mod. ^^=1'31102,.. square units. 
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2 . 


With notation 
in Calc., i 
Art. 458, 


Page G36. 
(b~a, A— 2a\ 
b>a, ^ = mod. 


10 . 


[b<a, .4=2a2j^A:i--^4 J, mod. 

^ — 0/ + s/'i/ ~ 4- ( y - s/ j/- ~ 

23 

or -4rfc3v/-.3. 


24. (i) tanlr 




4- . 3 ; — 2 


(ii) i tanh~i — L«—ly2L-, where -^,v^ - a.v + a ; 

- 2 — - 


(iii) 2 tanh~^ —^ ; (iv) tanh”^ 

^ ^ ,7; + 3 ^x+l ^ .r+l ^l“2.r4-4.r“ 


(V) co«h-^±:^; 
(vii) 2 tanh""^ (^+ l)^.r; 

.. 

(xi) tanh" 


(vi) tanh-i ^^-j V-t» + l ; 
(viii) tanh“hrv^.r^+1; 

(x) tenlr*.r'\^y~: 




(xii) tanlr 


-1 ■’•\ /i+''>' 


i+.>- 


CHAPTER XVIII. 
Page 609. 


= 2ak' 


■'h 


dm 


I {am^ - hy^ + ^ahn^'' 

being the parabola, the const, of inversion, and (/e, 0) the 

pole. 


10. 

1 1 

r ~ 1 ca''~^ ’ 





12. 

j— 

2 

/ \ 

' H-C08 1> 

x^ - 2x (!Osh 7i 4-1 

s/(T+ 

cos v) (cosh u - cos v) 

1 + cosh u 

x’^- 2x cos r 4-1 



n/2 

/ V ’ 

f co«2 

\ 



?; 4 1 

cos 5 (cosh v> - cos r) ' 

A 

, 71 

yosh^ 

1 



14. {x - 1) + log F^{x - v/#- i) 15. ^ ^ 


17. 


(i) 




(ii) 


1 

a® 


tan“^ 
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TT 

19. ct — 2 “ ^ cos~^e. 24. X co« a + sin a log sin (x - a). 

25. (i) = + 

li];=(ir+14log2 + 10)/50; 

.. j 1 rHin 66 ^ , 3 sin 46^ 15 singly , i ^ _i 

(ii) -^— 951 —g—I- 2 -^ 2 -HlOfc^ V, where 6 ~tfin 


wr- 32 ^ 


(iii) 


[^ 3 ; 


16 
bn 
'0 ■"■64'* 


f sin.r 5^ x\ 

> 15 - .3 cos .r f) 2 j 


CHAPTER XIX. 


Page 723. 

3. “?'!-)tan a sin'-’a (>\~0P^^ r^ — OP^). 

6 . Evoluto of roulette of the cusp is a four cusped hypocycloid 
Intrinsic e<piation of envelope of axis with notation of Ex. 2 , Art. 
070^ is 

«—rt sin 

20. See Art. 657. 

25. Tlje rolling of a catenary upon a straight line. 

30. 5=ai/'~3«sin^^-l-^^ + con 8 t. 


‘K-- 


f)+7cO82 0 


CHAPTER XX. 

Pagk 772. 

„ . a ri , z^-Ri + JH 2; 

I 72 - " 7 ^ 72 :.«) 

6 


] 02 
e' 


where s—coa^y and 0 is the azimuthal angle of a 


point on the curve. 


CHAPTER XXL 

Page 790. 


2. ir^as. 

6 . 


Q 8^/2 3 

3. 


5. gTa3(31og2-2). 


For surface from O — Oi to B — revolution about 
the y-axis, 


/x~a cos 1 
= 5 sin B/)’ 

S=^na j^sin 0^a*sin*^ + 5* cos*i9 

+ ^ y -a log I ae sin B + s/a^ sin*^ + cos*^# \ 
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8. 10. About axis, gira*(37r-4); about base, 

7r*rt3 2 a 47ryi®«3gijj5 

471' 22- A oiicular cylinder. 

27. ^(^a + c -V«-c){ a(c-2a)^a + c + (2a®+ ac + 2c“)v^a -c}. 

29. ^{(l + 2A)^-1}. 


CHAPTER XXII. 


Page 862. 


1. In each case F = ^ (A + sjAB-\-B)^ where A = height of frustum and 

A , B the areas of the ends. 

2. a being the radius of the sphere and E the spherical excess. 


8 - 

21. where A = | 



a, by 

K 

^ 2 ) ^ 2 ) 


C 

(^1 

^2 


9 . j^Trahc. 


29. 2(^2-^.){a‘ + a'*+{/8+/J')^«±^‘|. 

2 2 1 -y l-y .. 

31- \ Itj;(«i^^''-«2^+’'){(4/8y+^-(4y82)^-'^}(tan-i6,-tari->62). 

39. ^"^?*^(acosh(i —sinha), —cosh - siuh ^'a‘ + b^), 

-—- (^a*4-62 + c^ cosh >/a^ + 6® + — sinh>/a^ -f h** 4* c®)* 

(a 2 4*62 + c®)^ 


43. 

50. 


Envelope ?/ = ± (x* - a^)+=0. 

^^■1 e-i ___ 
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